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Damage models without or with plasticity

without

— quasi-static, rate independent evolution law
— scalar damage variable
— variational approach

softening

with




Justification of “standard’

" laws

v Drucker-llyushin Postulate
The strain work must be non negative in every strain cycle

%O"d&“ZO, vC
C

¥ In perfect plasticity
The D-l postulate is equivalent to the Hill principle of
maximal plastic work which is equivalent to the convexity of

the yield surface and the normality rule

Drucker-Ilyushin <= Hill

v For brittle scalar damage laws
P stress-strain relation

o= 20, aelam

p yield criterion : damage grows only when the strains (or
the stresses) reach some yield surface which is damage

dependent
» Théorem (J|M, '89)

Drucker-Ilyushin <= Standard Law

yield criterion :

oY
O

(g,a) < w'(a)




Endommagement sans plasticite

rupture fragile



General form of standard non regularized damage laws

Vv constitutive relations

1,
o—¢ relation : o= a—f(e, Q)
irreversibility : & >0
o

yield criterion (g, ) < w'(a)

o
energy balance : (g—z(s, a) + w’(a)> & =0

v energetic interpretation
the strain work is a state function equal to the sum of the
elastic energy and the dissipated energy

/(? o de = Wiz, a) = (e, o) + w(a)

€

dissipated

elastic

A\ 4

Y(e, a) = LE(0)ijri€ijck

“linear” case




Hardening and softening conditions

v Strain hardening

strain space

v Stress softening

stress space

—2E(a)e-e <w(a)

a — E'(a)/w'(a) increasing

a — S'(a) /W' () increasing




v Examples

» Ambrosio-Tortorelli model
o

E(o) = (1 — a)?Eq

w(a) = wy o?

no elastic range

E

» A model with finite critical stress and stress softening




Construction of the gradient damage models

v Definition of the strain work density function

Wie,a,Va) =

N|—

E(a)(e — ™) - (e — ) + w(a) + Twil(a)*Va - Va

/() = material characteristic length

v Choice of the damage parameter

W(e,a,Va) = w(a) + twi £2Va - Va + LE(a)(e — ) - (e — ') a € |0,1]
v Constitutive inequalities

E(0) = Ep > 0, E(1)=0 E(a) > 0, E'(a) <0

w(0) =0 w () >0 wi; =w(l) < +o00

stress softening = |a — S'(a)/w'(a) increasing

S(a) = E(a)™! = compliance tensor




v'the global evolution problem
»the global total energy

E(u, ) = /QWt(s(u),oz,Voz)dV — fr(u)

»the evolution problem in its variational form

| Irreversibility

ap >0

2. First order stability condition

gé(’U;t,Oét)(’U - utaﬁ o th) Z 07 Vv € Ct7 \V/B e S 5 S 1

2’. Complete stability condition

V(v, B) admissible and h small enough, & (us, ay) < E(uy + hv, oy + hf)
B>0

3. Global energy balance

d o0&
agt(uta Gft) — a—tt(uta at)



AR AR

»the evolution problem in its local form

N

rdiVO't—|-ft:O in €
{ on = F; on Opf)
Lug = Uy on Jpf
Stress-strain relation : oy = E(ay)(g; — i) in
Irreversibility ooy >0 in
Damage condition  : 1S(ay)oy - oy —w'(oy) + wil?Aay | <0 in Q
Consistency condition : (%S’ (o)os - o — w' () + | wil2 Aoy ) =0 in €
0 0
Boundary condition gat > 0|, ﬁdt = on 0f)
on on




Construction of a solution with damage localization in | D

M Att:O,O':O'C,CE<LU):O

At t> 0 1. o decreases from o, to 0,

2. damage localization in (z; — D, x; + D)
»damage localization

—0?S'(a) + 2w/ (a) = 2w %" =0 in (x; — D,z + D)

1.0

.8i a(xi + D) = CM’(:BZ' + D) =0

first integral

t
// - w1202 = 2w(a) — o2(S(a) — S(0))

»until rupture

=)

a(x;)) =1

damage profile ||z — 2| = ¢ / L[ dg D=1/ / 1‘/ YL g
— Ly | — 5 = o
« 2W(6) 0 2W(Oé)

1
dissipated energy |G, = 2/ / VvV 2wiw (o) da
0




Le probleme modele



v Problem of a thermal shock
T

L1

s th(gs) = —a(Ty — Ty) fo( —2=) T
. heat diffusion er (72) a(Ty 1) (2\/k—t>
v model E(o) = (1 —a)’Eg w(a) =wia ¢
VA =

v numerical method
— time discretization
— alternate minimization algorithm: ul' = argmin, & (u, o)

n+1 __ . (on
o " = argmings,.  &(u, )



Case | Ty — T < aTECO : no damage, no crack o. = v wiEg
o
Oc A~ - 14
Case |1y — 171 > E Eoa(Th — 1T1)
0

—— — ST T T YV




J' ‘r\’\\'j‘(}'l 4

Ceramic parameters: Eo=340 GPa, G; =42 J.m—2, 0. =340 MPa, v = .22
(from G. and o. one deduces £ = .05 mm)
Temperature gradient To-T1 = 380°.

(a) Experimental crack pattern in a slab (10 mm x 50 mm x 1mm) after a
thermal shock (from Jiang et al. [2012]).

(b) Value of the computed damage field.
Numerical simulation: 20 x 106 d.o.f., mesh size h =.01mm
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La question du trajet des fissures
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drying

transverse cracks

debonding
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La question de la nucléation des fissures



Nucléation en fond d’entaille
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Material E [MPa] v K. [MPay/m] o, [MPa] source
ALO; — 7%Z10; 350,000 0.24 4.1 200 03]
PMMA 2,300 0.36 1.03 124 (39, 93]
Plexiglass 3,000 0.36  1.86 104.9 [86]
PVC HS0 85 032 0.32 251 [48, 51]
PVC H100 125 0.32 0.26 4.02 [48, 51]
PVC H130 175 0.32 0.34 5.70 [48, 51]
PVC H200 310 0.32 0.57 9.38 [48, 51]
Steel 205,000 0.3 52 1170 [48, 89]
Duraluminium 70,000 0.3  50.6 705 [86]
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Endommagement avec plasticite

rupture ductile



perte de rigidité et déformations résiduelles



Damage alone

N —

E(a)e - e +w(a) + wif’Va - Va

Plasticity alone

=
~

I
N|—

E(c —eP) - (e —€P)4+ oy p

Damage with Plasticity

W

L
2

E(a)(e —&P)- (e —P) + w(a) +|oy(a)p

+wi’Va - Va

oy (a) decreasing from o9 to 0

N C
=/ =€P- ¢
P=13



Evolution law (variational approach)

v Stress-strain relation

v Plasticity criterion

<|oy (@)

v Damage criterion

o = E(a)(c — &P)

Flow rule : e¥ =p

O'D

oy ()

1
2

S'(a)o - o+ 2w 2 Aa < W' (a) +|of

2 critical stress

op = oy (0)




v Onset of damage 0, < Oc

.--I-.........
n
Ta, Y

L TS
L
L J




Uniaxial local response

. 2w’ (0
v Case where plasticity occurs before damage |op <0c =14/ (g))
o Po g Po
oy ¢ —> o) 7 < >
E-P-DP E-P-D-R

Evolution of the damage criterion during the P stage

2
55'(0)oy” < w/(0) —[|oy(0)| p

S'(0)

Onset of damage : [pg = ————— (02 — 7,,°)
2|y (0)] '

Then damage alone or damage with plasticity according to w(«), S(«), oy («) properties



Example k> 1
w(a) = 32£(1 - (1 - )

Homogeneous response

o

[N

Er
k(1 —62)a,
Po =
20E,
k(1 + 62)a,
Er =

20E




Eo v oy Example k> 1 6="L<1
E () -0 g w(a) = X% (1 - (1 - a)?) oy (a) = (1 - a)a,

2Ey

Response with damage localization

Nucleation of a cohesive crack at the center of the damage zone

@ o
1

Op

damage profile
¢, _ Tkt ([
¢ 2 Eg

dissipated energy to create a crack cohesive law




v" numerical method
— time discretization

Ei(u,a,e?) = /Q <% E(a)(e(u) —eP) - (e(u) — &P + w(a) + wil*Va - Va) dx

+ /QJY(Oé) <pz'—1 + ||eP — €f_1H>dx — fi(u)

— alternate minimization algorithm:

ntl

&

= argminaZm_lgi(U?a Q, (5p)?)

(5p)?+1 = argmin,,&; (u;’, Oé?“, eP) local problem=projection



Relelelole
OO000

E(a) = (1 - a)’E, wio)=Za|  |oy(a)=(1-a),

(/L =0.01
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