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CONTINUUM MECHANICS

Find (u,o) such that:
» Compatibility:

» Constitutive relation:

o="f(g..)
» Balance of momentum

div(e) =0
» Boundary conditions

u=ugonly

o(n)=FyonTlf



CONTINUUM MECHANICS

Find (u,o) such that:
» Admissibility for u:

u=ugon Tl +regularity
» Admissibility for o
div(e) =0
o(n)=FyonT¢

» Constitutive relation:
o="f(g..)
withe = 2(Vu + V'u)



CONTINUUM MECHANICS

Resolution:

Minimization of an energy functional / Principle of Virtual Work

under constraint: o =f(e,...)




LIMITATIONS OF CONSTITUTIVE LAWS

Complex Materials:
» continuum inherits all the complexity of the smaller scales

Advanced theoretical framework:
» non-linear, history dependent,...
> &,0 are 2" order tensors

Too simple experiments:
» homogeneous g, o

» mainly uniaxial

' <g>,<e> o=f(¢) / #

— extrapolation

n x HOMOGENEOUS

S




CONTINUUM MECHANICS

Find (u,o) such that:
» Admissibility for u:

u=ugonfl,+regularity

» Admissibility for o
div(e) =0

U(n) =FyonTl¢

» Constitutive relation:

withe = 3(Vu + V'u)



LIMITATIONS OF CONSTITUTIVE LAWS

» “Engineering” approach
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LIMITATIONS OF CONSTITUTIVE LAWS

» Photomechanics
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LIMITATIONS OF CONSTITUTIVE LAWS

Stress calculation
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LIMITATIONS OF CONSTITUTIVE LAWS

Constitutive Equation Gap [Chrysochoos et al.]
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LIMITATIONS OF CONSTITUTIVE LAWS

FEMU [Lecompte et al., Leclerc et al....]
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PARAMETRIC V.S. NON-PARAMETRIC

» Parametric techniques (using a constitutive equation)

+ provide for the optimal set of parameters

+/- tell that the constitutive equation is not correct
- how to improve it
- kinematically consistent direct FEA

» Non-parametric (without using a constitutive equation)
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TOWARDS A NEW PARADIGM USING DATA BEYOND LAWS

A » Min distance w.r. data under BE constraint

’ (Q > use beyond laws

» Kirchdoerfer & Ortiz (2016)

Goals
» estimate heterogeneous material state fields

» strain

» stress
>

» no pre-supposed constitutive equations



TOWARDS A NEW PARADIGM USING DATA BEYOND LAWS

P » Min distance w.r. data under BE constraint

’ (Q > use beyond laws

» Kirchdoerfer & Ortiz (2016)

1. Inverse data-driven —non-linear elasticity

2. Mixed reduction —plasticity

W
0
E //‘
0
0
0w w50

ERED
stepl]




DATA-DRIVEN COMPUTATIONAL MECHANICS
M\ > (&, 0f) = material state
N *
‘— N

(o) » (ee,0¢) = mechanical state

ie» Oie

> ie mapping

. ] N 1 N
solution = arg min 5 ze: We (Ce(ee — ) + —(0e — Uie)2>

€e,00¢,i€ Ce

» Balance of momentum
Z WeBgjoe = fj
e

» Strain compatibility

€ = Z Ber/'
j

written for truss lattice



DATA-DRIVEN IDENTIFICATION

(e, i)

o

e) .

. ox

‘— N
e

> (¢, 0%) = material state

» (e0,00) = mechanical state

> ie mapping

min
" -
€c,0¢ ,0¢,1€

solution = arg

» Balance of momentum

» Strain compatibility

written for truss lattice

1 * 1 *
5 XQ: We (Ce(ee — ) + E(Ue - Uie)2>

Z WeBgjoe = fj
e
€ = Z Ber/'
j



HOW IT WORKS....

Starting from strain measurements

A
g

the mechanical points can only move vertically



HOW IT WORKS....

Starting from strain measurements

but the material states are unknown



HOW IT WORKS....

Starting from strain measurements
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Example (3 snapshots, 40 material states, 650 mechanical states)
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HOW IT WORKS....

Example (3 snapshots, 40 material states, 650 mechanical states)

true constitutive equation —— true constitutive equation

L+ (g.0D)

-0.4 03 -02  -0.1 0 0.1 0.2 0.3 0.4



)

<
-
<
()
—
|
L
a0
T
=2
>
(2
N
>
=
—
—
%]
<
—
w
1
o
L
[a
>
20
%]
n
m}
o
—
(%]
[T}
=2
<<
I
o
(@]
N

Setup (40 snapshots, 2400 elements)

™
~

>

>

O
+
8

8

w

- ~—
]
S
_)

—_ D

3E€y
S +
+ 8
oG
S S
(G
I

10

s

[N gaTan v
SRR,

aTAY
s
KR

o A TAT AN T ATATATAT YAV ATA= (s AN (S AT AAVA QY ANS VAT
S e e L

LR S i
NPTV e v ..nmwﬂl Ry

€

KRN
XK mMu‘vArobwh
RRERAAL

]
=,
A

Kz
A
N AR
DS XA
0k AR

K]

T
DR X)

RN

AR IR RIARIARA

3




2D PLANE STRESS HYPER-ELASTICITY (SYNTHETIC DATA)

Material state database (500 states)

250
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2D PLANE STRESS HYPER-ELASTICITY (SYNTHETIC DATA)

Stress reconstruction

predicted oy, /G relative error in o,
0.35 s
0.3 . ‘ 0.45
0.4

0.15

0.1

0.05
0.05

A. Leygue et al.. Data-based derivation of material response. CMAME, 2018.



SILICONE RUBBER EXPERIMENT (N\ARIE DALEMAT)

Experimental setup

Load cell (5 kN)

Membrane with
speckle pattern
for DIC:

1 displacement vector

per subset (grid)

Camera (29 Mpx)

Grip system
with gutters

» Silicone rubber RTV ~ non-linear elasticity + incompressibility
» 2D thin membrane =~ plane stress
» 150 29 MPix images 1



SILICONE RUBBER EXPERIMENT (N\ARIE DALEMAT)

Stress reconstruction (30 000 000 mechanical states)
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SILICONE RUBBER EXPERIMENT (MARIE DALEMAT)

Comparison with uniaxial tensile test data (10 000 material states)
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TOWARDS A NEW PARADIGM USING DATA BEYOND LAWS

> use beyond laws

(€cr0e)
[ Q » Min distance w.r. data under BE constraint

» beyond Kirchdoerfer & Ortiz (2016)

1. Inverse data-driven —non-linear elasticity

2. Mixed reduction —plasticity
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PROBLEM STATEMENT

Assume a constitutive law has already been calibrated. One can com-
pute the stress field &% balancing the external load. It differs from the

actual one

X _ =X =X
O, =0, +0p

Only the correction &7 is searched for.
» &% is self-balanced
> o) = 5%+ LLPf
The minimization problem is reformulated:
solution =arg  min  E(& + LLPY, e o, ie")

. €y
PJX,E’*,O"*,IEX J

» No additional constraint
» The basis migh be reduced
» The correction might be local



PLASTICITY

Specimen and model for synthetic image generation:

Cy:E=168 GPa, v=0.25
linear isotropic hardening: o,=285 MPa, H=1.48 GPa

Force [kN/mm]

w

o

0 0.2 0.4 0.6 0.8
Macrscopic strain [%]

14
35 steps



PLASTICITY

> D|splacement

Ux [pixel]
15 120100 80 60 40 20 00 20 40 GO 80 100 120 150

0005 10 15 20 25 50 55 40 46 58 o5 60 65 70 78 80 85 90 95 100

» Total strain

» Reduced zone (elements such that |le|| > 0.2%)




PLASTICITY

|n|t|a Von Mises stress (elastic)

Von Mises Stress [MPa]
200 00 300 |WO WO H00 IO W00 FDO 3} W00 400

» Corrected Von Mises stress
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» Reconstructed Von Mises plastic strainusiges, = oand mrep) = o
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PLASTICITY

Stress/Plastic strain plot:

full o,e,€, history
e mechanical states, + material states
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> 100000 points on a manifold of dim 6 in a space of dim 12 (¢,0,&p) 14



PLASTICITY

Model reduction
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A priori 3N8P — 2NRP modes — only one half should be considered

14



CONCLUSION

Highlights

» Stress field can be reconstructed from

» DIC displacement fields
> force measurements

» no parametric phenomenological relation is required
Possible improvement & prospects

» best database ~ DDI for history dependent materials
» coupling with IRT (releasing the max diss. condition)

» non-proportionnal loadings
> .
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