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Foreword

• Shape optimization aims at finding the “best” design
of a physical device Ω with respect to a measure of
performance J(Ω).

• This discipline has raised a tremendous enthusiasm
in the academic and industrial communities.

• Most numerical algorithms rely on a notion of
“derivative” for the mapping Ω 7→ J(Ω)...

• ... which, in turn, calls for a definition of “small
variations” of a given shape Ω.

• We introduce a method to appraise the sensitivity
of J(Ω) with respect to the graft of a thin bar to Ω.

• This task relies on a connection with the mathemat-
ical field of small inhomogeneities.

Optimization of a landing gear
(courtesy of Ansys).

“Optimized” addition of thin bars to a
shape with poor topology.
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Different sensitivities with respect to the domain (I)

A typical shape and topology optimization prob-
lem reads:

min
Ω

J(Ω) s.t. C(Ω) ≤ 0,

where

• Ω is a shape, e.g. an elastic structure.

• J(Ω) measures the physical performance of Ω.

• C(Ω) is a constraint functional.

⌦

⌦

• Most numerical algorithms rely on the “derivatives” of Ω 7→ J(Ω) and Ω 7→ C(Ω).

• Multiple notions of derivative with respect to the design exist, which are based on
as many descriptions of “small variations of shapes”.
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Different sensitivities with respect to the domain (II)

¶ Hadamard’s boundary variation method.

Variations of a shape are considered under the form

Ωθ := (Id + θ)(Ω),

where θ : Rd → Rd is a “small” vector field [HenPi].

⌦

•x
✓(x)

This gives rise to the notion of shape derivative J ′(Ω)(θ) for a function Ω 7→ J(Ω):

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o(θ).

� A. Henrot and M. Pierre, Shape Variation and Optimization, EMS Tracts in
Mathematics Vol. 28, 2018.
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Different sensitivities with respect to the domain (III)

· Nucleation of a tiny hole.

Variations of Ω are considered under the form

Ωx0,r := Ω \ B(x0, r),

where x0 ∈ Ω and r � 1 [NoSo].
⌦

•
r
x0

This yields the notion of topological derivative dJT (Ω)(x0) for a function Ω 7→ J(Ω):

J(Ωx0,r ) = J(Ω) + rddJT (Ω)(x0) + o(rd).

� A. A. Novotny and J. Sokołowski, Topological derivatives in shape optimization,
Springer Science & Business Media, 2012.

7 / 63



Different sensitivities with respect to the domain (III)

¸ Graft of a thin ligament.

One third means to define “small” variations of Ω is:

Ωσ,ε := Ω ∪ ωσ,ε,
where

ωσ,ε :=
{
x ∈ Rd , d(x , σ) < ε

}
is a tube with thickness ε� 1 around a curve σ [NaSo]. ⌦

�

"
!�,"

<latexit sha1_base64="JulmPmDhRodFt3sn2oZhYcnmkPE="></latexit>

Such variations pave the way to a notion of topological ligament derivative:

J(Ωσ,ε) = J(Ω) + εd−1︸︷︷︸
≈|ωσ,ε|

dJL(Ω)(σ) + o(εd−1).

This topic has been seldom investigated in the literature. Unfortunately,

• The mathematical derivation of such asymptotic formulas is very difficult.
• The resulting formulas are difficult to use in practice.

� S. Nazarov and J. Sokolowski, The topological derivative of the dirichlet integral due to
formation of a thin ligament, Siberian Mathematical Journal, 45 (2004), pp. 341–355.
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Guidelines of this work

• We approximate the considered “one-phase and void” shape optimization problems
by two-phase problems, featuring an “ersatz”, nearly degenerate phase.

• This allows to approximate rigorous topological ligament asymptotic expansions by
formulas pertaining to the field of small inhomogeneities.

• We present a formal energy method to obtain such expansions with a minimum
amount of technicality.

• We use the derived formulas to add bars to a shape in an optimal way, in several
practical contexts.
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Shape optimization of elastic structures

Shapes are bounded Lipschitz domains Ω ⊂ D in Rd .

• They are clamped on a fixed subset ΓD ⊂ ∂D.

• Traction loads g : ΓN → Rd are applied on ΓN ⊂ ∂D.

• The remaining part Γ = ∂Ω \ (ΓD ∪ ΓN) is traction-
free.

D⌦
�D

�N

g

The elastic displacement uΩ ∈ H1(Ω)d is the unique solution to
−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ,

where A is the (homogeneous) Hooke’s law of the material.

11 / 63



The ersatz material approximation (I)

We approximate this setting by “filling the void” D \ Ω with a soft material ηA, η � 1.

D⌦
�D

�N

g

≈

D⌦
�D

�N

g


−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.


−div(Aηe(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Aηe(uΩ)n = g on ΓN ,

Aηe(uΩ)n = 0 on ∂D \ (ΓD ∪ ΓN),

Aη =

{
A if x ∈ Ω,
ηA otherwise.
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The ersatz material approximation (II)

We may as well use a smoothed version Ãη of Aη.

D⌦
�D

�N

g

≈

D
�D

�N


−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.


−div(Ãηe(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,

Ãηe(uΩ)n = g on ΓN ,

Ãηe(uΩ)n = 0 on ∂D \ (ΓD ∪ ΓN),

Ãη = (smoothed)
{

A if x ∈ Ω,
ηA otherwise.
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The ersatz material approximation (III)

• A quantity of interest J(Ω), depending on Ω via uΩ can be given an approximate
counterpart by the same token.

Example: The shape functional

J(Ω) =

∫
Ω

j(x , uΩ(x)) dx where j : Rd
x × Rd

u → R is smooth

can be approximated as

J(Ω) ≈
∫
D

j(x , uη(x)) dx , up to modifying j .

• In the same spirit, we aim to construct an ersatz material approximation

Jσ(ε) ≈ J(Ωσ,ε), where Ωσ,ε = Ω ∪ ωσ,ε.
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The ersatz material approximation: perturbed setting (I)

• Let A0(x) be a smooth Hooke’s law in D.

• The “background displacement u0 is the
H1(D)d solution to:
−div(A0e(u0)) = 0 in D,

u0 = 0 on ΓD ,
A0e(u0)n = g on ΓN ,

A0e(u0)n = 0 on ∂D \ (ΓD ∪ ΓN).

D

!�,"

�
�D

�N
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A0

• In a perturbed situation, the properties A0(x) are traded for A1(x) in a tube

ωσ,ε := {x ∈ D, d(x , σ) < ε}

with “small” thickness ε� 1 around a curve σ.

• The perturbed elastic displacement uε is the solution to:
−div(Aεe(uε)) = 0 in D,

u0 = 0 on ΓD ,
Aεe(u0)n = g on ΓN ,

Aεe(u0)n = 0 on ∂D \ (ΓD ∪ ΓN),

where Aε(x) =

{
A1(x) if x ∈ ωσ,ε,
A0(x) otherwise.
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The ersatz material approximation: perturbed setting (II)

The perturbed version of a quantity

Jσ(0) :=

∫
D

j(u0) dx

reads
Jσ(ε) =

∫
D

j(uε) dx .

D

!�,"

�
�D

�N
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A0

• Intuitively, the asymptotic expansion of J ′σ(0),

Jσ(ε) = Jσ(0) + εd−1J ′σ(0) + o(εd−1)

measures the sensitivity of Jσ with respect to changing material properties from
A0 to A1 in the thin tube ωσ,ε.

• When A0 is obtained from Ω ⊂ D by the ersatz material approximation, i.e.

A0(x) =

{
A if x ∈ Ω,

ηA if x ∈ D \ Ω,
where η � 1,

J ′σ(0) is an approximate sensitivity of J(Ω) with respect to the addition of ωσ,ε.
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A glimpse of “small” inhomogeneities (I)

To set ideas, let us consider a model problem in the conductivity setting.

• D ⊂ Rd is a smooth bounded domain, filled by a material with smooth
conductivity γ0 ∈ C∞(D).

• A smooth current g is applied on ∂D such that
∫
∂D

g ds = 0.

• The “background” potential u0 is the unique H1(D) solution such that∫
D
u0 dx = 0 to the boundary-value problem{

−div(γ0∇u0) = 0 in D,
γ0

∂u0
∂n

= g on ∂D.

• In a perturbed situation, D contains inhomogeneities with conductivity
γ1 ∈ C∞(Rd), occupying a “small” subset ωε b D.

• The perturbed potential uε ∈ H1(D) satisfies
∫
D
uε dx = 0 and{

−div(γε∇uε) = 0 in D,
γ0

∂uε
∂n

= g on ∂D, where γε(x) :=

{
γ1(x) if x ∈ ωε,
γ0(x) otherwise.
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A glimpse of “small” inhomogeneities (II)

• A general representation formula for uε in the low-volume limit |ωε| → 0 was
derived in [CapVo]: for x ∈ ∂D and a subsequence of the ε,

uε(x) = u0(x) + |ωε|
∫
D

(γ1 − γ0)(y)M(y)∇u0(y) · ∇yN(x , y) dµ(y) + o(|ωε|),

where

- The probability measure µ describes the “limiting position” of the subsets ωε.

- The polarization tensorM(y) accounts for the “limiting behavior” of a
rescaled version of the field uε inside ωε.

- N(x , y) is the Neumann function of the background problem.

• The relevant quantity to measure the “smallness” of ωε is the volume |ωε|.

• This formula can be refined when particular geometries are assumed for ωε.

� Y. Capdeboscq and M. S. Vogelius, A general representation formula for boundary
voltage perturbations caused by internal conductivity inhomogeneities of low volume fraction,
ESAIM: M2AN, 37 (2003), pp. 159–173.

19 / 63



“Small” inhomogeneities: examples (I)

¶ Diametrically small inhomogeneities read

ωε = x0 + εω,

where ω b Rd is a given bounded subset.

Then,

• µ is a multiple of δx0 ,

• M involves the solution to an exterior prob-
lem, posed on ω and Rd \ ω.

• References: [ASe, CeMoVo]
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<latexit sha1_base64="KtWHHvD8oikpfXpiOsCaPHTAe5I=">AAAB+3icdZBLSwMxFIUz9VXrq9alm2ARXJUZKeqy4MZlBfuAzlAy6Z02NJkMSaZYhv4VNy4Ucesfcee/MdNWqK8DgcN37iWXEyacaeO6H05hbX1jc6u4XdrZ3ds/KB9W2lqmikKLSi5VNyQaOIuhZZjh0E0UEBFy6ITj6zzvTEBpJuM7M00gEGQYs4hRYizqlyu+FDAkfX9CFCSa8RxWvZo7F3Z/ma+oipZq9svv/kDSVEBsKCda9zw3MUFGlGGUw6zkpxoSQsdkCD1rYyJAB9n89hk+tWSAI6nsiw2e09WNjAitpyK0k4KYkf6Z5fCvrJea6CrIWJykBmK6+ChKOTYS50XgAVNADZ9aQ6hi9lZMR0QRamxdpdUS/jft85p3UfNu69VGfVlHER2jE3SGPHSJGugGNVELUXSPHtATenZmzqPz4rwuRgvOcucIfZPz9gmMUJS7</latexit>!"

<latexit sha1_base64="icHFEMp8jMueVRbaFIYa5Sy83VQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeAF48RzAOSJcxOepMxMzvLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnmw4xRDSQcJjzmj1knNrpI4oL1yxa/6c5BVEuSkAjnqvfJXt69YJjGxTFBjOoGf2nBCteVM4LTUzQymlI3oADuOJlSiCSfza6fkzCl9EivtKrFkrv6emFBpzFhGrlNSOzTL3kz8z+tkNr4JJzxJM4sJWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoJILIVh+eZU0L6rBVTW4v6zULvM4inACp3AOAVxDDe6gDg1g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHjfOPEw==</latexit>!

<latexit sha1_base64="kVI7zL/7z5NJ2AuDSVlp/r2QsSc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPBi8cK9gPaUDbbabt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKQw5HnfTmFjc2t7p7hb2ts/ODwqH5+0TJxqjk0ey1h3QmZQCoVNEiSxk2hkUSixHU7u5n77CbURsXqkaYJBxEZKDAVnZKV2L0ylROqXK17VW8BdJ35OKpCj0S9/9QYxTyNUxCUzput7CQUZ0yS4xFmplxpMGJ+wEXYtVSxCE2SLc2fuhVUG7jDWthS5C/X3RMYiY6ZRaDsjRmOz6s3F/7xuSsPbIBMqSQkVXy4aptKl2J3/7g6ERk5yagnjWthbXT5mmnGyCZVsCP7qy+ukdVX1r6v+Q61Sr+VxFOEMzuESfLiBOtxDA5rAYQLP8ApvTuK8OO/Ox7K14OQzp/AHzucPddOPnA==</latexit>•

A 3d diametrically small inhomogeneity
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“Small” inhomogeneities: examples (II)

· Thin inhomogeneities have small thickness about
a codimension 1 entity:

ωσ,ε =
{
x ∈ Rd , d(x , σ) < ε

}
if d = 2,

and

ωS,ε =
{
x ∈ Rd , d(x , S) < ε

}
if d = 3,

where σ b D and S b D are (open or closed) curve
and hypersurface in R2, R3, respectively.

• µ is an integration measure on σ or S ,

• M is diagonal in a local basis (τ1, . . . , τd−1, n)
attached to σ or S .

• References: [BeFranVo, KheZri]

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="vHgC6m0ki0EyE/iDliEzbjGzVnw=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cIZoFkCD2dnqRNL0N3jxBC/sGLB0W8+j/e/Bs7G6jxQcHjvSqq6sUpZ8YGwZe3tr6xubWd28nv7u0fHBaOjhtGZZrQOlFc6VaMDeVM0rplltNWqikWMafNeHgz9ZuPVBum5L0dpTQSuC9Zwgi2Tmp0DOsL3C0UAz+YAQV+qVwpXVZQuFSWpAgL1LqFz05PkUxQaQnHxrTDILXRGGvLCKeTfCczNMVkiPu07ajEgppoPLt2gs6d0kOJ0q6kRTP158QYC2NGInadAtuB+etNxf+8dmaTSjRmMs0slWS+KMk4sgpNX0c9pimxfOQIJpq5WxEZYI2JdQHlXQgrL6+SRskPr/zwrlyslhdx5OAUzuACQriGKtxCDepA4AGe4AVePeU9e2/e+7x1zVvMnMAveB/fxXqPOQ==</latexit>�

<latexit sha1_base64="nxqFFdIwiRa5RlbF/Qu4UIbe7d4=">AAACBHicbVA9SwNBEN3z2/h1amlzGAQLCXcS1FKwsVQwGsgdYW4zSZbsx7G7FwhHChv/io2FIrb+CDv/jZt4hRofDDzem2FmXppxZmwYfnpz8wuLS8srq5W19Y3NLX9759aoXFNsUMWVbqZgkDOJDcssx2amEUTK8S4dXEz8uyFqw5S8saMMEwE9ybqMgnVS29+LlcAetIvYsJ6Ao3gIGjPDuJLjtl8Na+EUwSyJSlIlJa7a/kfcUTQXKC3lYEwrCjObFKAtoxzHlTg3mAEdQA9bjkoQaJJi+sQ4OHBKJ+gq7UraYKr+nChAGDMSqesUYPvmrzcR//Naue2eJQWTWW5R0u9F3ZwHVgWTRIIO00gtHzkCVDN3a0D7oIFal1vFhRD9fXmW3B7XopNadF2vntfLOFbIHtknhyQip+ScXJIr0iCU3JNH8kxevAfvyXv13r5b57xyZpf8gvf+BY/dmKU=</latexit>!�,"

<latexit sha1_base64="koFctDINs52Hq7bSq+6mUYUPqHc=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgadkNUXMMePEYwTwgWcLsZDYZMjO7zPQKYckvePGgiFd/yJt/42weoMaChqKqm+6uMBHcgOd9OYWNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFesBRwE6yaaERkK1gknt7nfeWTa8Fg9wDRhgSQjxSNOCeRSH0g6KFc815sDe261Vq9e1bG/UlakgpZoDsqf/WFMU8kUUEGM6fleAkFGNHAq2KzUTw1LCJ2QEetZqohkJsjmt87whVWGOIq1LQV4rv6cyIg0ZipD2ykJjM1fLxf/83opRPUg4ypJgSm6WBSlAkOM88fxkGtGQUwtIVRzeyumY6IJBRtPyYaw9vI6aVdd/9r172uVRm0ZRxGdoXN0iXx0gxroDjVRC1E0Rk/oBb060nl23pz3RWvBWc6col9wPr4BSkiOXg==</latexit>⌧<latexit sha1_base64="7rg1tI4FJVPe3vuhcJaccY8wyjQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGqDkGvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cfICNRY0FFXddHcFieDauO6Xk9nY3Nreye7m9vYPDo/yxydNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxuZ37rEZXmsbw34wT9iA4kDzmjxkp12csX3KI7B3GLpXKldFUh3kpZkQIsUevlP7v9mKURSsME1brjuYnxJ1QZzgROc91UY0LZiA6wY6mkEWp/Mj90Si6s0idhrGxJQ+bqz4kJjbQeR4HtjKgZ6r/eTPzP66QmrPgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM0mZ0NYe3mdNEtF77ro1cuFankZRxbO4BwuwYMbqMId1KABDBCe4AVenQfn2Xlz3hetGWc5cwq/4Hx8AwA7jQg=</latexit>n

A 2d thin inhomogeneity

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="m8HleiWN5j+j83ycUbHQWHitm2M=">AAAB6HicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cEzQLJEHo6NUmbnoXuHiEM+QIvHhTx6id582/sbKDGBwWP96qoqucngivtOF/W2vrG5tZ2bie/u7d/cFg4Om6qOJUMGywWsWz7VKHgETY01wLbiUQa+gJb/uhm6rceUSoeR/d6nKAX0kHEA86oNlL9rlcoOrYzA3HsUrlSuqwQd6ksSREWqPUKn91+zNIQI80EVarjOon2Mio1ZwIn+W6qMKFsRAfYMTSiISovmx06IedG6ZMglqYiTWbqz4mMhkqNQ990hlQP1V9vKv7ndVIdVLyMR0mqMWLzRUEqiI7J9GvS5xKZFmNDKJPc3ErYkErKtMkmb0JYeXmVNEu2e2W79XKxWl7EkYNTOIMLcOEaqnALNWgAA4QneIFX68F6tt6s93nrmrWYOYFfsD6+AddAjO0=</latexit>

S
<latexit sha1_base64="0XD/CfekMn0XWAvvVuNt1S279h0=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EieJCSSFGPBS8eK9oPaELYbKft0s1u2N0USuzBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuZFCaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmEqkk0CCCCdmOsAJGOTQ01QzaiQQcRwxa0fBm6rdGIBUV/EGPEwhi3Oe0RwnWRgrtI1/E0Mdhdn/uj7CERFEm+CS0y27FncFZJl5OyihHPbS//K4gaQxcE4aV6nhuooMMS00Jg0nJTxUkmAxxHzqGchyDCrLZ/RPn1ChdpyekKa6dmfp7IsOxUuM4Mp0x1gO16E3F/7xOqnvXQUZ5kmrgZL6olzJHC2cahtOlEohmY0MwkdTc6pABlphoE1nJhOAtvrxMmhcV77Li3VXLtWoeRxEdoxN0hjx0hWroFtVRAxH0iJ7RK3qznqwX6936mLcWrHzmEP2B9fkDdKmWWQ==</latexit>!S,"

<latexit sha1_base64="gUUL8Er28ed0KXfHhYOxWTtvWJY=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8LbtL1BwDXjxGMA9IljA7mU3GzM4sM71CWPIPXjwo4tX/8ebfOHmBGgsaiqpuuruiVHADnvflrK1vbG5tF3aKu3v7B4elo+OmUZmmrEGVULodEcMEl6wBHARrp5qRJBKsFY1upn7rkWnDlbyHccrChAwkjzklYKVmF0jWC3qlsud6M2DPDSrV4LKK/aWyJGW0QL1X+uz2Fc0SJoEKYkzH91IIc6KBU8EmxW5mWEroiAxYx1JJEmbCfHbtBJ9bpY9jpW1JwDP150ROEmPGSWQ7EwJD89ebiv95nQziaphzmWbAJJ0vijOBQeHp67jPNaMgxpYQqrm9FdMh0YSCDahoQ1h5eZU0A9e/cv27SrnmLuIooFN0hi6Qj65RDd2iOmogih7QE3pBr45ynp03533euuYsZk7QLzgf33HOjv0=</latexit>⌧2
<latexit sha1_base64="BSLdVjjPO8Kn0QAYlnIDt7ZAgVQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8Lbshao4BLx4jmAckS5idTJIxs7PLTK8QlvyDFw+KePV/vPk3Tl6gxoKGoqqb7q4wkcKg5305a+sbm1vbuZ387t7+wWHh6Lhh4lQzXmexjHUrpIZLoXgdBUreSjSnUSh5MxzdTP3mI9dGxOoexwkPIjpQoi8YRSs1OkjTrt8tFD3Xm4F4bqlcKV1WiL9UlqQIC9S6hc9OL2ZpxBUySY1p+16CQUY1Cib5JN9JDU8oG9EBb1uqaMRNkM2unZBzq/RIP9a2FJKZ+nMio5Ex4yi0nRHFofnrTcX/vHaK/UqQCZWkyBWbL+qnkmBMpq+TntCcoRxbQpkW9lbChlRThjagvA1h5eVV0ii5/pXr35WLVXcRRw5O4QwuwIdrqMIt1KAODB7gCV7g1YmdZ+fNeZ+3rjmLmRP4BefjG3BKjvw=</latexit>⌧1

<latexit sha1_base64="NL5XLIRdVh1L0dCA5Wn+yHWonWc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadkNUXMMePGYgHlAsoTZSScZMzu7zMwKIeQLvHhQxKuf5M2/cfICNRY0FFXddHeFieDaeN6Xk9nY3Nreye7m9vYPDo/yxycNHaeKYZ3FIlatkGoUXGLdcCOwlSikUSiwGY5uZ37zEZXmsbw34wSDiA4k73NGjZVqspsveK43B/HcYqlcvCoTf6WsSAGWqHbzn51ezNIIpWGCat32vcQEE6oMZwKnuU6qMaFsRAfYtlTSCHUwmR86JRdW6ZF+rGxJQ+bqz4kJjbQeR6HtjKgZ6r/eTPzPa6emXw4mXCapQckWi/qpICYms69JjytkRowtoUxxeythQ6ooMzabnA1h7eV10ii6/rXr10qFiruMIwtncA6X4MMNVOAOqlAHBghP8AKvzoPz7Lw574vWjLOcOYVfcD6+Af5ejQI=</latexit>

n

A 3d thin inhomogeneity
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“Small” inhomogeneities: examples (III)

¸ Tubular inhomogeneities are of the form

ωσ,ε =
{
x ∈ Rd , d(x , σ) < ε

}
,

where σ b D is an (open or closed) curve in Rd .

• µ is an integration measure on σ,

• M is diagonal in a local basis (τ, n1, . . . , nd−1)
attached to σ.

• References: [BeCapGoFran, CapGrieKno]

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>

D
<latexit sha1_base64="vHgC6m0ki0EyE/iDliEzbjGzVnw=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPw0yImmPAi8cIZoFkCD2dnqRNL0N3jxBC/sGLB0W8+j/e/Bs7G6jxQcHjvSqq6sUpZ8YGwZe3tr6xubWd28nv7u0fHBaOjhtGZZrQOlFc6VaMDeVM0rplltNWqikWMafNeHgz9ZuPVBum5L0dpTQSuC9Zwgi2Tmp0DOsL3C0UAz+YAQV+qVwpXVZQuFSWpAgL1LqFz05PkUxQaQnHxrTDILXRGGvLCKeTfCczNMVkiPu07ajEgppoPLt2gs6d0kOJ0q6kRTP158QYC2NGInadAtuB+etNxf+8dmaTSjRmMs0slWS+KMk4sgpNX0c9pimxfOQIJpq5WxEZYI2JdQHlXQgrL6+SRskPr/zwrlyslhdx5OAUzuACQriGKtxCDepA4AGe4AVePeU9e2/e+7x1zVvMnMAveB/fxXqPOQ==</latexit>�

<latexit sha1_base64="nxqFFdIwiRa5RlbF/Qu4UIbe7d4=">AAACBHicbVA9SwNBEN3z2/h1amlzGAQLCXcS1FKwsVQwGsgdYW4zSZbsx7G7FwhHChv/io2FIrb+CDv/jZt4hRofDDzem2FmXppxZmwYfnpz8wuLS8srq5W19Y3NLX9759aoXFNsUMWVbqZgkDOJDcssx2amEUTK8S4dXEz8uyFqw5S8saMMEwE9ybqMgnVS29+LlcAetIvYsJ6Ao3gIGjPDuJLjtl8Na+EUwSyJSlIlJa7a/kfcUTQXKC3lYEwrCjObFKAtoxzHlTg3mAEdQA9bjkoQaJJi+sQ4OHBKJ+gq7UraYKr+nChAGDMSqesUYPvmrzcR//Naue2eJQWTWW5R0u9F3ZwHVgWTRIIO00gtHzkCVDN3a0D7oIFal1vFhRD9fXmW3B7XopNadF2vntfLOFbIHtknhyQip+ScXJIr0iCU3JNH8kxevAfvyXv13r5b57xyZpf8gvf+BY/dmKU=</latexit>!�,"

<latexit sha1_base64="koFctDINs52Hq7bSq+6mUYUPqHc=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgadkNUXMMePEYwTwgWcLsZDYZMjO7zPQKYckvePGgiFd/yJt/42weoMaChqKqm+6uMBHcgOd9OYWNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFesBRwE6yaaERkK1gknt7nfeWTa8Fg9wDRhgSQjxSNOCeRSH0g6KFc815sDe261Vq9e1bG/UlakgpZoDsqf/WFMU8kUUEGM6fleAkFGNHAq2KzUTw1LCJ2QEetZqohkJsjmt87whVWGOIq1LQV4rv6cyIg0ZipD2ykJjM1fLxf/83opRPUg4ypJgSm6WBSlAkOM88fxkGtGQUwtIVRzeyumY6IJBRtPyYaw9vI6aVdd/9r172uVRm0ZRxGdoXN0iXx0gxroDjVRC1E0Rk/oBb060nl23pz3RWvBWc6col9wPr4BSkiOXg==</latexit>⌧<latexit sha1_base64="7rg1tI4FJVPe3vuhcJaccY8wyjQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGqDkGvHhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cfICNRY0FFXddHcFieDauO6Xk9nY3Nreye7m9vYPDo/yxydNHaeKYYPFIlbtgGoUXGLDcCOwnSikUSCwFYxuZ37rEZXmsbw34wT9iA4kDzmjxkp12csX3KI7B3GLpXKldFUh3kpZkQIsUevlP7v9mKURSsME1brjuYnxJ1QZzgROc91UY0LZiA6wY6mkEWp/Mj90Si6s0idhrGxJQ+bqz4kJjbQeR4HtjKgZ6r/eTPzP66QmrPgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM0mZ0NYe3mdNEtF77ro1cuFankZRxbO4BwuwYMbqMId1KABDBCe4AVenQfn2Xlz3hetGWc5cwq/4Hx8AwA7jQg=</latexit>n

In 2d, tubular inhomogeneities coincide
with thin inhomogeneities

<latexit sha1_base64="h6Arzk9B4qVWGZFPwc/UdgT3Si8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77LqNWuVei2PowgncArn4MEV1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/lSuMwA==</latexit>
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A 3d tubular inhomogeneity

22 / 63



“Small” inhomogeneities: extensions and applications

• These questions have been considered in various more challenging physical
settings, such as

- that of the linearized elasticity equations [BeFran, BeBoFranMa]

- that of the Maxwell system [AmVoVo, Grie].

• These asymptotic formulas pave the way to multiple numerical methods for the
detection or the reconstruction of small inhomogeneities [AmKa].

• They also allow for the optimization of the placement and shape of
inhomogeneities:

- Topological derivatives in shape optimization [NoSo].

- Optimization of the placement of tubular inhomogeneities [present work].
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1 Introduction: different means to account for shape sensitivity

2 From topological ligaments to thin tubular inhomogeneities
The ersatz material approximation
A glimpse of “small” inhomogeneities

3 Asymptotic expansions in the context of thin tubular inhomogeneities
The model case of the 2d conductivity equation
Extensions

4 Applications
Insertion of a bar in the course of a shape evolution process
Optimization of the scaffold structure in additive manufacturing
A “clever” initialization for truss structures optimization
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The model context of the conductivity equation

• For simplicity, we consider the model setting of the conductivity equation.

• The functions u0 and uε ∈ H1(D) are the solutions to the respective equations:
−div(γ0∇u0) = f in D,

u0 = 0 on ΓD ,

γ0
∂u0
∂n

= g on ΓN ,

γ0
∂u0
∂n

= 0 on ∂D \ (ΓD ∪ ΓN),

and


−div(γε∇uε) = f in D,

uε = 0 on ΓD ,
γ0

∂uε
∂n

= g on ΓN ,
γ0

∂uε
∂n

= 0 on ∂D \ (ΓD ∪ ΓN),

where γε(x) =

{
γ1(x) if x ∈ ωσ,ε
γ0(x) otherwise.

!�,"

n(x)

⌧(x)

x•
O0

O1

�N !�," �N

The base curve σ may be open (left) or closed (right).
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The main result (I)

Theorem 1.
The following expansion holds at any point x ∈ D \ σ:

uε(x) = u0(x) + εu1(x) + o(ε), where u1(x) :=

∫
σ

M(y)∇u0(y) · ∇yN(x , y) d`(y).

Here,

• N(x , y) is the Green’s function of the background operator;

• For any point y ∈ σ, the polarization tensorM(y) is a symmetric 2× 2 matrix,
whose expression reads, in the local orthonormal frame (τ(y), n(y)):

M(y) =

(
2(γ1(y)− γ0(y)) 0

0 2γ0(y)
(
1− γ0(y)

γ1(y)

) )
.
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The main result (II)

• This result is proved in [BeFranVo, KheZri] by using different techniques.

• The conclusion holds regardless of σ being closed or open.

- When σ is closed, u1 can be characterized by a variational equation.

- When σ is open, the interpretation of u1 as the solution to a “classical PDE”
is more difficult.

• This indicates that “the endpoints” of σ contribute only at higher order to the
expansion of uε. This phenomenon is observed in all known investigations about
thin or tubular inhomogeneities.

• In the following, we present a formal energy argument, which allows to “easily”
derive the correct formula (in the case of closed σ).
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The main result: sketch of proof (I)

Sketch of the proof:

We consider the error
rε :=

1
ε

(uε − u0)

which is the unique solution in the space

H1
ΓD (D) :=

{
u ∈ H1(D), u = 0 on ΓD

}
.

to the following variational problem:

∀v ∈ H1
ΓD (D),

∫
D

γε∇rε · ∇v dx = −1
ε

∫
ωσ,ε

(γ1 − γ0)∇u0 · ∇v dx .

Equivalently, rε is the unique solution to the minimization problem

min
u∈H1

ΓD
(D)

Eε(u), where Eε(u) :=
1
2

∫
D

γε|∇u|2 dx +
1
ε

∫
ωσ,ε

(γ1 − γ0)∇u0 · ∇u dx .
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The main result: sketch of proof (II)

Step 1: We derive a representation formula for the values rε(x) at x ∈ D \ σ in terms
of the values of rε(x) inside ωσ,ε.

This task relies on the Green’s function N(x , y) of the background operator:

For all x ∈ Ω, y 7→ N(x , y) satisfies
divy (γ0(y)∇yN(x , y)) = δy=x in D,

γ0(y) ∂N
∂ny

(x , y) = 0 for y ∈ ∂D \ ΓD ,

N(x , y) = 0 for y ∈ ΓD ,

N(x,y) can be constructed from (and behaves like) the modified fundamental solution
to Laplace operator in free space:

G(x , y) =
1

2πγ0(x)
log |x − y |.
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The main result: sketch of proof (III)

Using the definition of the Green’s function N(x , y), we obtain:

rε(x) =

∫
D

divy (γ0(y)∇yN(x , y))rε(y) dy ,

= −
∫
D

γ0(y)∇rε(y) · ∇yN(x , y) dy ,

= −
∫
D

γε(y)∇rε(y) · ∇yN(x , y) dy +

∫
ωσ,ε

(γ1 − γ0)(y)∇rε(y) · ∇yN(x , y) dy .

Now “using y 7→ N(x , y) as test function” in the variational formulation for rε, we get:∫
D

γε(y)∇rε(y) · ∇yN(x , y) dy = −1
ε

∫
ωσ,ε

(γ1 − γ0)(y)∇u0(y) · ∇yN(x , y) dy ,

and so:

rε(x) =
1
ε

∫
ωσ,ε

(γ1 − γ0)(y)∇u0(y) · ∇yN(x , y) dy

+

∫
ωσ,ε

(γ1 − γ0)(y)∇rε(y) · ∇yN(x , y) dy .
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The main result: sketch of proof (IV)

We rescale the thin tube ωσ,ε into that ωσ,1 with unit size, thanks to the mapping:

mε : ωσ,1 → ωσ,ε, mε(x) := pσ(x) + εdσ(x)n(pσ(x)).
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The main result: sketch of proof (V)

A change of variables now yields immediately:

rε(x) =

∫
ωσ,1

1 + εdσκ

1 + dσκ
((γ1 − γ0) ◦mε)((∇u0) ◦mε) · ∇yN(x ,mε(y)) dy

+

∫
ωσ,1

(γ1 − γ0) ◦mε

(
ε
∂sε
∂τ

∂N

∂τy
(x ,mε(y)) +

1 + εdσκ

1 + dσκ

∂sε
∂n

∂N

∂ny
(x ,mε(y))

)
dy ,

where

• κ : σ → R is the curvature of σ,

• sε = rε ◦mε ∈ H1(ωσ,1) is the profile of rε inside the rescaled inclusion ωσ,1.
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The main result: sketch of proof (VI)

Step 2: We get information about the behavior of the rescaled error sε inside ωσ,1.

The couple (rε, sε) is the solution to the two-scale minimization problem:

min
(u,v)∈Vε

Fε(u, v),

where the space Vε is defined by:

Vε =

{
(u, v) ∈ H1

ΓD (D)× H1(ωσ,1), ∀x ∈ σ,
{

v(x + n(x)) = u(x + εn(x))
v(x − n(x)) = u(x − εn(x))

}
,

and the two-scale energy Fε(u, v) reads:

Fε(u, v) :=
1
2

∫
D\ωσ,ε

γ0|∇u|2 dx+
1
2

∫
ωσ,1

(γ1 ◦mε)|det∇mε|(∇m−1
ε ∇m−T

ε )∇v · ∇v dx

+
1
ε

∫
ωσ,1

((γ1 − γ0) ◦mε)|det∇mε|(∇u0) ◦mε · (∇m−T
ε ∇v) dx .
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The main result: sketch of proof (VII)

An elementary calculation yields:

Fε(u, v) :=
1
2

∫
D\ωσ,ε

γ0|∇u|2 dx +
1
2ε

∫
ωσ,1

(γ1 ◦mε)

(
1 + εdσκ

1 + dσκ

)(
∂v

∂n

)2

dx

+
ε

2

∫
ωσ,1

(γ1 ◦mε)

(
1 + dσκ

1 + εdσκ

)(
∂v

∂τ

)2

dx+

∫
ωσ,1

((γ1 − γ0) ◦mε)

(
∂u0

∂τ
◦mε

)
∂v

∂τ
dx

+
1
ε

∫
ωσ,1

((γ1 − γ0) ◦mε)

(
1 + εdσκ

1 + dσκ

)(
∂u0

∂n
◦mε

)
∂v

∂n
dx .

Idea: The behavior of sε should be dictated by the minimization of the highest-order
terms in this energy:

sε ≈ arg min
v∈H1(ωσ,1)

F̃ (v), where

F̃ (v) :=
1
2

∫
ωσ,1

(γ1 ◦ pσ)

(
1

1 + dσκ

)(
∂v

∂n

)2

dx

+

∫
ωσ,1

((γ1 − γ0) ◦ pσ)

(
1

1 + dσκ

)(
∂u0

∂n
◦ pσ

)
∂v

∂n
dx .
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The main result: sketch of proof (VIII)

Writing down the corresponding Euler-Lagrange equations, we obtain that the
minimizer v ∈ H1(ωσ,1) of F̃ (v) satisfies:

∂v

∂n
(p + tn(p)) = − 1

γ1(p)
(γ1(p)− γ0(p))

∂u0

∂n
(p), p ∈ σ,

which is all that we need for the following.

35 / 63



The main result: sketch of proof (IX)

Step 3: We pass to the limit in the representation formula.

lim
ε→0

rε(x) =

∫
ωσ,1

1
1 + dσκ

((γ1 − γ0) ◦ pσ)((∇u0) ◦ pσ) · ∇yN(x , pσ(y)) dy

+

∫
ωσ,1

(γ1 − γ0) ◦ pσ
1

1 + dσκ

∂v

∂n

∂N

∂ny
(x , pσ(y)) dy ,

We now employ the coarea formula (as a curvilinear version of the Fubini theorem) to
rewrite integrals over ωσ,1 as nested integrals over σ × (−1, 1).

Proposition 2.

For any function ϕ ∈ L1(ωσ,1), it holds:∫
ωσ,1

ϕ(x) dx =

∫
σ

(∫ 1

−1
(1 + tκ(p))f (p + tn(p)) dt

)
d`(p).
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The main result: sketch of proof (X)

Eventually, a simple calculation yields

lim
ε→0

rε(x) = 2
∫
σ

(γ1 − γ0)(p)∇u0(p) · ∇yN(x , p) d`(p)

+

∫
σ

(γ1 − γ0)(p)

(∫ 1

−1

∂v

∂n
(p + tn(p)) dt

)
∂N

∂ny
(x , p) d`(p),

= 2
∫
σ

(γ1 − γ0)(p)
∂u0

∂τ
(p)

∂N

∂τy
(x , p) d`(p)

+2
∫
σ

γ0(p)

(
1− γ0(p)

γ1(p)

)
∂u0

∂n
(p)

∂N

∂ny
(x , p) d`(p),

which is the desired expression.
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Derivative of an observable (I)

The previous result allows to calculate the derivative of the observable

Jσ(ε) =

∫
D

j(uε) dx .

Proposition 3.

The function Jσ(ε) is differentiable at ε = 0, with derivative:

J ′σ(0) =

∫
σ

M∇u0 · ∇p0 d`,

whereM is the polarization tensor, and the adjoint state p0 ∈ H1
ΓD

(D) is the unique
solution to the equation:

−div(γ0∇p0) = −j ′(u0) in D,
p0 = 0 on ΓD ,

γ0
∂p0
∂n

= 0 on ∂D \ ΓD .
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Derivative of an observable (II)

Sketch of proof: At first, the dominated convergence theorem implies that

J ′σ(0) = lim
ε→0

Jσ(ε)− Jσ(0)

ε
= lim
ε→0

∫
D

j(uε)− j(u0)

ε
dx =

∫
D

j ′(u0)u1 dx .

Then, using the integral formula for u1 with Fubini’s theorem, we get

J ′σ(0) =

∫
D

∫
σ

j ′(u0)(x)M(y)∇u0(y) · ∇yN(x , y) d`(y) dx

=

∫
σ

M(y)∇u0(y) · ∇y

(∫
D

j ′(u0)(x)N(x , y) dx
)

d`(y).

Finally, the definition of the adjoint state and the properties of N(x , y) entail

p0(y) =

∫
D

j(u0)(x)N(x , y) dx ,

and the desired result follows.

39 / 63



1 Introduction: different means to account for shape sensitivity

2 From topological ligaments to thin tubular inhomogeneities
The ersatz material approximation
A glimpse of “small” inhomogeneities

3 Asymptotic expansions in the context of thin tubular inhomogeneities
The model case of the 2d conductivity equation
Extensions

4 Applications
Insertion of a bar in the course of a shape evolution process
Optimization of the scaffold structure in additive manufacturing
A “clever” initialization for truss structures optimization

40 / 63



The 2d linear elasticity context

A similar (albeit more technical) result holds in the context of 2d elasticity.

Theorem 4.

For an arbitrary point x ∈ D \ σ, the following asymptotic expansion holds:

uε(x) = u0(x) + εu1(x) + o(ε), where u1(x) =

∫
σ

M(y)e(u0) : ey (N(x , y)) d`(y).

The polarization tensorM(y) reads, for any symmetric 2× 2 matrix e ∈ S2(R):

M(y)e = αT (y)tr(e)I + βT (y)e + γT (y)(eτ · τ)τ ⊗ τ + δT (y)(en · n)n ⊗ n,

where the coefficients αT , βT , γT and δT are given by:

αT = 2(λ1 − λ0)
λ0 + 2µ0

λ1 + 2µ1
, βT = 4(µ1 − µ0)

µ0

µ1
,

and

γT = 4(µ1 − µ0)

(
2λ1 + 2µ1 − λ0

λ1 + 2µ1
− µ0

µ1

)
, δT = 4(µ1 − µ0)

µ1λ0 − µ0λ1

µ1(λ1 + 2µ1)
.
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Diametrically small inhomogeneities

• The previous formal energy argument allows to deal with diametrically small
inhomogeneities

ωε = x0 + εω, where ω b Rd .

• The “classical” formulas are recovered:

uε(x) = u0(x) + εdu1(x) + o(εd), where u1(x) :=M∇u0(x0) · ∇yN(x , x0),

and the polarization tensorM involves the solution to an exterior problem, posed
on the rescaled configuration ω ∪ (Rd \ ω).
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3d tubular inhomogeneities (I)

• In the 3d conductivity case, a similar expansion holds

uε(x) = u0(x)+ε2u1(x)+o(ε2), where u1(x) :=

∫
σ

M(y)∇u0(y) · ∇yN(x , y) d`(y).

• For y ∈ σ, the polarization tensorM(y) ∈ R3×3 is defined by:

M(y) =

(
π(γ1 − γ0)(y) 0

0 MNN(y)

)
,

as expressed in a basis made from τ(y) and the normal plane to τ(y).

• MNN(y) is the polarization tensor for a 2d disk-shaped small inclusion.
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3d tubular inhomogeneities (II)

• The derivative of the quantity of interest

Jσ(ε) =

∫
D

j(uε) dx

can be calculated as in the 2d case:

Jσ(ε) = Jσ(0) + ε2J ′σ(0) + o(ε2)

• Finally, similar (but much more complicated) expressions hold in the context of 3d
linear elasticity.
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The general strategy to add a tube to a shape

In order to graft a tube ωσ,ε to a given shape Ω ⊂ D,

¶ We convert the elasticity problem in Ω into a two-phase elasticity problem in D
thanks to the ersatz material method.

· We calculate the ersatz material approximations uη, pη of uΩ, pΩ.

¸ For “many” curve configurations σ (segments), we calculate the quantity

J ′σ(0) =

∫
σ

Me(uΩ) : e(pΩ) d`,

measuring the sensitivity of adding a tube (a bar) with direction σ to Ω.

¹ The curve σ realizing the largest negative value of J ′σ(0) yields the “optimal”
tube (bar) to be added to Ω.
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Optimal insertion of a bar in the course of a shape evolution (I)

• We minimize the compliance of a shape Ω under a volume constraint:

min
Ω

C(Ω) s.t. Vol (Ω) ≤ VT ,

where C(Ω) :=

∫
Ω

Ae(uΩ) : e(uΩ) dx , and Vol(Ω) =

∫
Ω

dx .

• We rely on the level set based mesh evolution method from [AlDaFre].

• Like with any boundary variation algorithm, the optimized shape is prone to falling
into local minima with trivial topologies.

• To remedy this, we periodically interrupt the optimization process to insert bars.
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Optimal insertion of a bar in the course of a shape evolution (II)

The “benchmark” 2d cantilever test case is considered.

• The shape Ω is optimized with a boundary variation algorithm.

• Every now and then, the process in interrupted and a bar is added to Ω at an
“optimal location”.
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Optimal insertion of a bar in the course of a shape evolution (III)

The optimization of a 3d bridge Ω is considered.

• We minimize the compliance of Ω

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx .

• A volume constraint is enforced.

• Every now and then, a bar is added to Ω at an “optimal location”.
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Optimization of supports in additive manufacturing (I)

• Additive manufacturing processes feature a layer by layer assembly of the shape Ω.

• Most of these technologies experience difficulties dealing with overhang regions.

• One remedy is to erect a scaffold structure S with Ω, such that:

- The compliance of the total structure Ω ∪ S has minimum value.
- S has minimum volume and... it does not itself present overhangs!

• To achieve this, we propose to

¶ Incrementally add vertical pillars to Ω, made of a different material.
· (Optionally) Optimize S further via a more “classical” algorithm.

Layer by Layer construction of a structure by
additive manufacturing

Supporting pillars for an overhang feature
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Optimization of supports in additive manufacturing (II)

The scaffold structure S of a fixed MBB beam Ω is optimized.

• We minimize the compliance of the total structure Ω ∪ S

C(S) =

∫
Ω∪S

Ae(uΩ∪S) : e(uΩ∪S) dx .

• A constraint is imposed on the volume Vol(S) of supports.
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Optimization of supports in additive manufacturing (III)

The scaffold structure S of a 3d chair
Ω is optimized.

• The compliance of the total
structure Ω ∪ S is minimized:

C(S) :=

∫
Ω∪S

Ae(uΩ∪S) : e(uΩ∪S) dx .

• A constraint on the volume
Vol(S) of supports is enforced.
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A “clever” initialization for truss structures (I)

• Truss structures are collections of bars.

• Many truss optimization methods rely on the
ground structure approach: an initial, dense
network of bars is iteratively decimated.

• We propose instead to start from void and

¶ Incrementally add bars to the structure.

· (Optionally) Take on the optimiza-
tion with a more “classical” boundary-
variation algorithm.

Example of a truss structure
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Initialization of a truss optimization
algorithm by the ground structure approach
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A “clever” initialization for truss structures (II)

We consider the optimization
of the shape of a 2d crane Ω.

• The compliance

C(Ω) :=

∫
Ω

Ae(uΩ) : e(uΩ) dx

is minimized.

• A volume constraint is
enforced.
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A “clever” initialization for truss structures (III)

The shape of a 3d mast Ω is
optimized.

• The compliance

C(Ω) :=

∫
Ω

Ae(uΩ) : e(uΩ) dx

of Ω is minimized.

• A constraint is imposed
on the volume of Ω.
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Thank you!
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