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1. INTRODUCTION

Asymptotic expansions of the voltage potential in terms of the “radius” e of a diametrically small (or
several diametrically small) material inhomogeneity(ies) are by now quite well known [4, 11]. Let w. denote
the inhomogeneity and let 0 < a. < co denote the conductivity inside the inhomogeneity. The potential wu,
converges (in the far field) to a limit “background” potential ug, which is independent of the conductivity a.;
this convergence (and for that matter the approximation rate of any finite number of terms in the asymtotic
expansion) is uniform with respect to a. [21].



As was shown in [10], the existence of the first two terms of the asymptotic expansion carries over to a
situation much more general than that of a finite collection of diametrically small inhomogeneities, namely
that of an arbitrary set w. whose Lebesgue measure converges to zero. The convergence statement here is
modulo the extraction of a subsequence, and so it is really a compactness result. Furthermore the convergence
is not generally uniform with respect to the inhomogeneity conductivity a..

Thin inhomogeneities, whose limit set is a smooth, codimension 1 manifold, are indeed examples of
inhomogeneities for which the convergence to the background potential uy or the standard expansion cannot
be valid uniformly in a.. Indeed, by taking a. close to 0 or to oo one obtains either a nearly homogeneous
Neumann condition or nearly constant Dirichlet condition at the boundary dw. of the inhomogeneity. This
boundary, however, does not shrink to a single point as ¢ — 0, as is the case when the inhomogeneity is of
small radius, but rather it “converges” to a codimension 1 manifold, o, which has positive capacity. Neither
the problem with homogeneous Neumann boundary condition nor the one with constant Dirichlet condition
on ¢ has ug as its solution; consequently, the convergence of u. towards uy cannot take place uniformly in
e.

The purpose of this paper is to find a “simple” replacement for ug, say u?, with the properties that:

(1) u? may be (simply) calculated from the limiting domain 2 \ o, the boundary data on 9, and the
right hand side.

(2) u? depends on ¢ and a. through its boundary conditions on o,

(3) ue — u? converges to 0 uniformly in a., as ¢ tends to 0.

Such a convergence result is useful for theoretical as well as for practical purposes:

e For theoretical purposes, it easily allows one to identify the (¢ independent) limit of the potential
ue, when the behavior of a. is more precisely known.

e For numerical purposes, it allows to trade a problem posed on a very thin domain, which may be
difficult to simulate due to the requirements of a very small mesh size, for a problem posed on a
fixed domain with a single additional interphase boundary condition; see the numerical experiments
in [22].

We also briefly discuss the derivation of the next term in a “uniform” asymptotic expansion of u.. From a
practical point of view, knowledge of the first two terms would give a very effective tool for the determination
of w from the knowledge of far field data of u., in a fashion that would work independently of the conductivity
ac; see [3] for the description of such a reconstruction algorithm in the context where the conductivity inside
the inhomogeneity is constant and does not depend on €: a. = a, where 0 < a < 0.

There are other studies of asymptotic expansions, specifically related to thin inhomogeneities. In [7], the
authors establish a first-order asymptotic expansion of u. when the conductivity coefficient a. is independent
of €; they consider both the case of a closed, and an open curve o as far as the limiting set of the inhomogeneity
is concerned. They rely on very sharp regularity estimates for u. near the boundary of the inhomogeneity; this
analysis is carried over to the Helmholtz equation in [6]. In [5], a (closed) thin conductivity inhomogeneity is
considered and analyzed in the case where the coefficient a. degenerates to 0 as € — 0, using I'-convergence
techniques. This situation is also investigated in [1] in the context of the minimization of non linear energy
functionals, and in [9] in a situation where the boundary of the inhomogeneity is oscillating. In [22], the
resistive limit a./e — 0 is considered, a case of particular relevance as an approximation to the behavior
of the membrane of a biological cell. In this very particular situation, the authors establish the existence
of a limiting potential. The analysis is very different from the one presented here and relies on matched
asymptotic expansions in all three subdomains: the interior region, the membrane, and the exterior region.
It seems difficult to extend such an analysis to the general case studied here.

The technique we use here to verify the uniform approximation property of u? estimates the norm distance
between u. and u? in terms of the gap between the corresponding energies, using both the primal and dual
formulation. This technique goes back to at least [20]. It has the additional nice feature that it only relies
on uniform regularity estimates for the approximate solution u?, not for u..

€9

2. PRELIMINARIES AND MAIN NOTATIONS

2.1. Setting of the problem.



Let Q C R? be a bounded domain with smooth boundary, and ¢ be a closed C*>* curve, included in © and
lying at positive distance from 99Q. The closed curve o divides Q into two subdomains 2~ and Q*. Q= (resp.
Q7) denotes the subdomain interior (resp. exterior) to the curve o, and unless otherwise specified, n stands
for the normal vector to o, pointing outward from Q. For any subset V C Q we denote V* := V N Q*
(remark that, with this notation, 9V* # 9(V*)). If u is any function defined on €2, we denote by u® its

restriction to Q. If ™ and u~ have traces u*|, and u~|, on o, we denote by [u] := u*|,—u"|, the jump
of u across . Moreover, when v is sufficiently regular, we denote by
ou™

=, (@) =l Vu(e £ tn(z)) - n(z)

the exterior and interior normal components of Vu at x € o. The associated normal jump across o is
denoted by [g—m.

Except for the thin inhomogeneity the domain 2 is occupied by a conductive material, with conductivity
1. The thin inhomogeneity (with mid-surface o, and width 2¢; see Figure 1) is

we :={x +tn(z),z € 0,t € (—e,¢)} ;
and it has conductivity a.. The conductivity 7. in the entire domain is therefore given by
1 ifre\wg,

1) wo={ o el

We assume that a. € (0,00) is a scalar constant, but this constant may change with e. In particular, a. may
go to 0 or co as € — 0.

A potential ¢ € H'Y2(0Q) is applied to 99, and Q has a charge distribution f € L?(©2). The electric
potential u. in Q is the solution to

—div(y.Vue) = f inQ,
(2.2) { U = @ on 0f) .

It is well-known that under the above hypotheses, the system (2.2) has a unique solution u. € H*(2). The
following notations will prove useful

e For any open subset U C R% L2(U) denotes the subspace of L*(U) composed of functions u such
that [, udz = 0. There is a natural mapping L*(U) 3 u (u - ﬁ Jyu da:) € L3(U). By a small

abuse of notation, for any function u € L?(U), we shall write:

),
u—— | udx
Ul Ju

e For sufficiently small § > 0, F5 denotes the following closed subspace of L?(2):

fgz{feLZ(Q), supp(f) € Q\ ws , /Qfdz:O} :

This Hilbert space may also be identified as F5 = L2(Q+ \ w5) x L3(Q~ \ ;).

HUHLg(U):

L2(U)

The goal of this paper is to understand the uniform asymptotic behavior of the potential u., as the width
2¢ of the thin inhomogeneity goes to 0, — uniform, that is, with respect to the conductivity a. inside the
inclusion. More precisely, we will derive an approximate problem posed on the fixed domain Q \ o (with
boundary conditions on o, depending on ¢ and a.), whose solution u? is uniformly close to u. as € — 0,
independently of the behavior of the sequence a..

Remark 1. Let us briefly comment on the hypotheses of the above model and the possible generalizations
of our results.

e We assume that the background conductivity ~yg, that is, the conductivity outside the inhomogeneity,
is equal to 1. This is only a matter of convenience, and it would be straightforward to replace it by
a smooth, variable conductivity distribution vy (z), with 0 < ¢y < Yo(z) < ¢1.
e We have chosen for simplicity to restrict our analysis to the case of two space dimensions, but it
carries over to thin inhomogeneities in higher dimension as well; the curve ¢ then gets replaced by
a closed, smooth (codimension 1) hypersurface.
3



FIGURE 1. Setting of the thin inhomogeneity problem.

e We also assume that a. is constant inside w.. As we will show, the limit behavior of u. is completely
different depending on whether a. degenerates to 0 or to co as € — 0 (and at what rate). We do not
currently know how to (rigorously) generalize the analysis presented here to the situation where a.
is variable inside w. and degenerates to 0 on some parts of w. and to co on other parts.

2.2. Some facts about distances and projections.

In this subsection, we present some material about distances and projections, as well as a version of the
coarea formula that will prove very useful when calculating integrals on a set of the form w.. The context
is the same as in Section 2.1: ¢ is a closed curve of class C>® defining two subdomains Q~, Q% of a larger
(smooth) bounded domain © C R?. For any z € €, let d(z,0) := minye, d(z,y) be the Fuclidean distance
from x to 0. The signed distance function dg- to the interior subdomain Q7 is defined as:

—d(z,0) ifxzeQ”
Vo € Q, dg-(x) = 0 ifrxeo
d(z,0) ifzxeQt

It is well-known that the projection mapping
Do : T — the unique y € o s.t. d(z,y) = d(z,0)

is well-defined on a sufficiently small tubular neighborhood ws of o; see e.g. [18], prop 5.4.14; the maximum
thickness of such a neighborhood depends on the curvature of o. In the remainder of this note, we shall
assume that

(2.3) w1 C £, and p, is well-defined on w; .

This hypothesis is only a matter of scaling, and all the analysis adapts mutatis mutandis to the general case.
Properties (2.3) allow us to define an extension of the normal vector field n : ¢ — S! to the whole w; as:
n(x) := n(p,(x)); other quantities which are intrinsically defined on o can be extended likewise. Thus, for
any point x € wy, we shall denote by x(z) the curvature of o at the point p,(z).

The derivatives of do- and p, are (see e.g. [2]):

K(z)
Vdo- (z) = n(a), v2<dg><x>< REOTRE g)

(2.4)

1 ____ 9
Vpa(a:):< O )
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where the above matrix identities are expressed in the orthonormal basis (7(x),n(z)) of R%. Here 7 denotes
the 90 degree clockwise rotate of n(z), in other words the extension of a smooth tangent field on o, and V2u
stands for the Hessian matrix of a function w.

These observations, together with the coarea formula [12] yield:

Proposition 1. Let g € L'(Q2). Then,

/we gdz = /,,/ y)f‘lw Y1+ k(y)dao- (2)) du'(2) ds(y) , e <1,

where dut is the one-dimensional Hausdorff measure on the pre-images p;*(y)Nw., and ds(y) is the Lebesgue
measure on the codimension 1 subset o.

Remark 2. This formula may seem ill-defined at first glance, since g being only integrable over €, it is
a priori not defined on all the one-dimensional sets p,!(y), y € 0. However, it turns out to be defined on
almost every such set (see [15], §3.4.3, Theorem 2), and that is sufficient.

As explained above, the normal vector field n and the tangent vector field 7 on o can be extended as
orthonormal vector fields to a tubular neighborhood of o. The coordinates (£ - 7, - n) of a vector £ in this
basis will be denoted (&-,&,)-

It is convenient to express the two-dimensional divergence operator in the local basis (7,n).

Lemma 2. Let £ be a vector field of class C* defined on a tubular neighborhood of o. Then,

R

. 9 9

Proof. We calculate

5(&) = V()T
= (VETT + VTTf) T
= (V&) 7+ (Vr7)- &,

and similarly, %(gn) = (V&n) - n. For the latter identity, we relied on the fact that Vnn = Vnin = 0
(which follows, e.g. from (2.4)). Since div(§) = tr(VE&) can be evaluated in any orthonormal basis,

div(¢) = (V&T)-7+(Vin)-n
22) = ZE D+ HE N - (V7)€

By differentiation of 7 -7 = 1, one obtains (V7 7)-7 = (V7L 7). 7 = 0. Similarly, by differentiation of
n-7 =0, and use of (2.4), one obtains

(Vrr)-n=(Vrin) - r=—(Vnl7). 7= _71+:d9_ .
The desired result follows from a combination of these two observations with (2.5). O

Remark 3. Arguments similar to those of the last proof reveal that

0%g B 0%g K @
oton oot 1+ kdo- O’

for any function g of class C? on a nelghborhood of . Thus, for any such function, Lemma 2 allows us to
conclude that the vector field —5Z 7 + 89 n is divergence-free.

3. A GENERAL ARGUMENT TO ESTIMATE THE DIFFERENCE BETWEEN ENERGY MINIMIZERS

In this section we introduce our main tool for assessing the convergence of minimizers of variational
problems, defined on possibly varying domains. We also present the special considerations required to apply
this tool to inhomogeneous Dirichlet problems, which are of most relevance to the present studies.
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3.1. An energy lemma.

The following lemma may be viewed as a generalization of a rather standard fact about the difference
between minimizers of quadratic functionals.

Lemma 3. Let V., W, be two families of Hilbert spaces, and let H be another Hilbert space, which continuosly
contains all the V. and W.. Consider also a. : Vo x V. — R and b, : W. x W, — R two families of symmetric
bilinear forms that are continuous and coercive. For any £ € H', define the energy functionals E. and F.
(whose dependence on £ is omitted) by

Yo eV, E.(v)= %as(v,fu) —L(v)

Yw € W, F.(w)= %bs(w,w) —f(w) .

E. and F. admit unique minimizers vt € V., wt € W, due to the usual Lax-Milgram theory. The gap

between vﬁ and wf can be controlled in terms of the gap between the corresponding energies as follows

(3.1) sup |[vf —wll|ly <4 sup |E.(v)) — Fo.(wh)| .
el g <1 lell pr <1

Proof. Let £ be an arbitrary linear form in H’. By the standard Lax-Milgram theory, we know that vf and

L

w are characterized by the fact that

(3.2) Yo € Ve, ac(vhv) = L(v), Yw € We, bo(wh,w) = f(w) .

This in particular implies that

(33) BL(f) =~ 00t), Fuluf) = —0(wf)
Consequently, for any £ € H', one has
(3.4) (0! —w) = 2| - () — Fu(uwt)]
Now, define the bilinear form ¢ : H' x H' — R by

Ve, 0y € H' ) q(fy,4s) = £ (v —w) .
Using (3.2) we obtain that

q(t1,62) = ac (vl 022) = be(wlt, we)

from which it is clear that ¢ is symmetric. We are thus in position to use the polarization identity for g:

1
q(ly,l2) = 1 (q(ly + Lo, by + L) — q(ly — Lo, b1 — £3))

to conclude that
sup  |q(¢1,¢62)] <2 sup |q(4,0)| .

eyl g <1, [1€]] g <1
12!l s <1

In combination with (3.4) this last inequality yields

sup sup [0 (v —w?)| <4 sup |E(vf) — Fe(wp)]
121l <1 1161 <1 1€]] 7 <1

which immediately gives

sup vl —wi|lg <4 sup |Ec(vf) — Fx(wy)] -
st 1€l <1

This completes the proof of the lemma. |
Remark 4. Suppose the spaces V. and W, are only “weakly” contained in H, in the sense that there exist
linear continuous mappings P. : V. — H, and Q. : W. — H through which they may be identified with

subspaces of H (we might even allow for the possibility that these mappings are not injective). Change the
quadratic functionals slightly to accommodate for these mappings:

1
Yo eV, E.(v) = §a€(v,v) — PX(v) ,
6



Y € We, Fu(w) = gbew, w) - Q2U(w) |

with P’ and @F being the adjoints of P. and @), respectively. The equivalent of Lemma 3 now asserts that

€

(3.5) sup ||Povl — Q.wll|ly <4 sup |E.(v)) — Fo(wh)| .
el g <1 €]l <1

Remark 5. Some comments are in order about the meaning of Lemma 3, and the way we intend to use
it. Our purpose is to prove an estimate for the difference (v. — w.) between the minimizers v. € V¢, and
we € W, of two energy functionals E., and F.. In the applications ahead, v. and w. are solutions to some
elliptic PDEs whose coefficients, or domains of definition, depend on €. Of course, such an estimate can only
be realized in terms of the norm ||-||g of a “larger” space H, which “contains” all the V;, W.. Lemma 3
states that such an estimate can be obtained in terms of the difference between the corresponding minimized
energies - a quantity which should in principle be simpler to compute. To be more precise such an estimate
may be obtained provided we are able to calculate the energy differences in a slightly more general context,
namely in the case when a (common) additional, and rather arbitrary linear term ¢ € H’ has been added
to the energies E., F.. Somehow, this additional linear term plays the role of a “sentinel”, and is meant to
“observe” functions in V, and W, or at least the features of these that are expressed in the space H through
which they are “seen”.

3.2. Extension of Lemma 3 to the case of inhomogeneous Dirichlet boundary conditions.

The purpose of this subsection is to describe the adjustments needed to the framework of the previous
lemma when dealing with inhomogeneous Dirichlet boundary conditions.

3.2.1. A short remark about minimization of functionals over sets of functions satisfying an inhomogeneous
Dirichlet boundary condition.

Let © C R? be a bounded Lipschitz domain, and V be a Hilbert space of functions over 2, such that the
trace mapping

Vou s ulage H?(09)
is well-defined, continuous, and has a continuous right inverse (e.g. V = H'(Q)). Let Vo = {u € V, v = 0 on 9Q}

be the associated homogeneous space. Let a : V x V — R be a continuous and coercive bilinear form over V',
and £ : V — R be a continuous linear form over V. We are interested in the following minimization problem:

(3.6) min E(w), E(w):= %a(v,v) —l(v) ,

the solution, u, of which solves the variational problem

{ a(u,v) =£(v) forallvel

(3.7) U= on 0f)

As is well known, (3.7) (and thus the minimization problem (3.6)) has a unique solution v = U +u, € V,
where u, € V' is a right inverse of ¢ for the trace operator (i.e. u, = ¢ on 09Q), and u € V; is defined by:

(3.8) Yo e Vo, a(u,v) =£(v) — alug,v) .

The existence and uniqueness of u are straightforward consequences of the Lax-Milgram Theorem. From a
slightly different point of view, % can also be regarded as the unique solution to the following minimization
problem:

Fu) = gélvno F(v), F(v):= %a(v,v) — L(v) + alug,v) .

By using (3.8), we actually have

(3.9) F(@) = —ya(@,a) = ~ (@) + %a(uw,ﬂ) .



We return to (3.6). As a straightforward consequence of the definition of u,,

1 1
min  E(v) = min Ey(v), where Ey(v) := —a(v,v) — (v) + a(uy,, v) + za(uey, uy) — €(uy,).
v=<:€ox o veVy 2 2

Note that the quantity Ey(v) differs from F'(v) by a term which is independent of v. Owing to the previous
considerations, Fy has a unique minimum point v = u, and
min B(v) = a(@@)+alug, @) — 6@) + Salu,u,) - ((u,)

vEV
v=¢ on OQ

= ga(u,u) —L(u) ,
or, by use of (3.9),

Bw)= min B) = —30@)+ za(ue, @) + 5a(ug, uy) — (uy)
(3.10) v=:€un 20
= —3l(u) + Fa(ug,u) — 50(u,) -

This last formula is particularly convenient since it is an affine expression of E(u) in terms of u, depending
on the data £ and ¢ of the problem (3.7). It is the equivalent of (3.3) in the context of variational problems
of the form (3.7), posed on affine function spaces.

3.2.2. The energy lemma, the Dirichlet version.

The following result adapts Lemma 3 to the case when inhomogeneous Dirichlet boundary conditions are
considered.

Lemma 4. Let Q be a bounded domain in R?, and let V., W, be two families of Hilbert spaces of functions
defined on €, such that, for any € > 0, the trace operator

V.ov — ’U|aQ€ H%(aQ)

is well-defined, continuous, and has a linear continuous right inverse ¢ — v, (similarly for W, with a
mapping ¢ — wy). Let H be another Hilbert space, which continuously contains all the V. and W,. Denote
also by a. : Ve x Ve = R and b. : W x W, — R two families of symmetric bilinear forms that are continuous
and coercive. For any ¢ € H3 (09Q), ¢ € H', consider the minimization problems:

. 1
min  Ee(v), Be(v) = 5a(v,0) = £(v),
v=p on Q

. 1

Inin F.(w), F.(w)= §b6(w,w) —l(w),
w=¢p on 0N

which admit unique minimizers vf’*” eV, wg’“’ € W, (again, the dependence of E., F. on { is omitted).

Then, for any s > 1/2, the following estimate holds

(3.11) sup [l —wl®||lp <4 sup  |E.(vl%) — F.(wb®)).
el gr<1 el gr <1
el s o) <1 lell s a0y <1

Proof. For any elements ¢ € H*(002) and ¢ € H', (3.10) implies that
1
|Be(v2%) = Fe(we®)|= 5| =000 = wl?) + ac (v, v2%) = be(we, wl?) — £(vy —wp)] -
Consider the space H := H' x H*(09) equipped with the norm

11(6, )= max ([[€]|z7, [l 00))
and introduce the bilinear form ¢ : H x H — R, defined for (41, ¢1), ({2, ¢2) € H by the expression:

q((t1,01), (b2, 02)) = —L1(VE %2 — w2 #?) + ac(vy, , vE2%2) — be(wy, , W2 ¥?) = Lo (vy, — wy, ) .
8
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The form ¢ is symmetric. Indeed, introducing vh = vf”“ — vy, and wh = wfi’%‘ — W,,, one obtains

Q((el, Wl)v (£2a ‘PQ)) = —51(1)52 - éi) + aE(Uva?fﬁ - bE(wwnwﬁQ’W) - El(”«pz - wtpa) - 62(1}@1 - wtm)
= —as(v£1*¢1,v£2) + be(wi#r, wgz) + a: (v, , Uﬁz#&) — be(wy,, wﬁm@z)
761(”% - wtp2) 7}2(”/&@ - w%) o
= ac(Vpy,Vpy) — ag(vgl,v?) — be(we,, we,) + bg(wﬁl,wgz)
—l1(Vgpy — Wey) — la(Vy, —Wy,) -
The polarization identity now yields

sup |q((€17¢1)7(€259@2))| <2 sup |q((£790)a(£v QD))‘ )

H(e1 01111, <
I elli<1 el

and therefore by the same technique as in the proof of Lemma 3

sup [l —wl¥|lp = sup sup  [q((£1,0), (£2, p2))]
[1el] gpr <1 [1(L2,02)[[|IST ||| s <1
HNell s an) <1t

IN

sup |q((€17@1)7(£279@2))|
[11Ce1,e1) <1,
[ (£2,02)l1<1

< 2 sup g((4,9)(4 )]
(€e)|I<1

= 4 sup  |B.(vf%) - Fo(wb?)|.
el gr <1

HSPHHS(OQ)Sl

This is the desired estimate. O

N

Remark 6.

(1) For the estimates (3.1) and (3.11) of Lemma 3 and Lemma 4, it is sufficient (on the right hand
side) to envoke the supremum for ¢ belonging to a dense subset of H', due to the continuity of the
mappings £ — vt £+ wt.

(2) Lemmas 3 and 4 do not generally hold when the energies E. and F. contain additional linear terms
c. € V/ and d. € W/ (i.e. contain linear terms from a larger class than H')

1 1
E.(v) = §a€(117v) —ce(v) — £(v), F.(w)= ibe(w,w) —d.(w) — L(w) .
In this case it may still be possible to control the difference |[vf — wf|| in terms of the difference
|E. (v8)— F.(w!)| between the corresponding energies; however, this control will in general be ‘weaker’,
and may require assumptions that are not so naturally formulated in an abstract framework.

4. DERIVATION OF THE 0™ ORDER APPROXIMATION OF u.

In this section we formally construct a uniform 0*"-order approximation to the solution u. to (2.2). This
approximation u! is, as explained earlier, the solution to a “simpler” problem with the same data f,p, but
posed on a fixed domain. Some of the coefficients of this “simpler” problem depend on € and a., and as we
have explained in the introduction this is inevitable. Later, in Section 6, we shall rigorously prove a uniform
approximation estimate for u2. To be more precise at that point we shall prove that there exists a constant

C which only depends on the data 2, o, f and ¢, and not on € and a., such that:
l[ue —ul]|< Ce .

The norm ||.||, and the dependence of C on f and ¢ will be specified later.

To construct the approximation u?, we rely on the fact that u. is the minimizer of an energy functional
E., and that the flux (y.Vuc) is the maximizer of a dual energy ES. We begin with the construction of an
approximate energy E? to E., and then we shall search the desired approximation u? as the minimizer of
E?. We also analyze the dual energy E¢ to obtain additional information about the behavior of the flux

(7e Ve ), which we shall need for the proof of the estimate of (ue — u?).

4.1. Asymptotic expansions of the energy functionals associated with u..
9



4.1.1. Asymptotic expansion of the primal Dirichlet energy.

As is well-known, the solution wu. to (2.2) is the unique solution of the minimization problem

1
(4.1) min  E.(u), E.(u)= f/ Ve | Vul? da:—/ fudz .
u€H1(Q) 2 Q Q
u=¢ on 9N
First, we transform part of this energy expression by means of the mapping H. : w; — w,, defined by
(4.2) H.(z) = po(z) + edg- (z)n(x) .
A straightforward calculation based on (2.4) yields
1+endg— 0
(4.3) VH, = I+rdg— ,
0 €

where the above matrix is expressed in the local basis (7,71) of the plane. For any function u € H'(w.) we
denote by @ := u o H,; a change of variables now leads to

/|Vu|2dx = /((detVHE)VHgl(VHgl)T)Va~Vﬂdx

B E/ 1+ kdg- (0 2dm+1/ 1+ endg- (00 2dx
N v, 1 +erdg- \ 0T e Jo, 1+ kdg- \On ’

Using this change of variables, we may now equivalently restate Problem (4.1) as

(4.4) min  F9(u,v) ,
(u,v)eVY
u=¢ on OQ

where the set V0 is defined as
VO = {(u,v) € H(Q\@z) x H'(w1), Vz € 0, v(z £n(z)) = u(z £en(z))} ,

and the rescaled energy Fig is given by

— 1 ca 1+ kdg- [Ov 2 a 1+ erdq- [ Ov 2

FO(u,v) = = Vul?d E/7—61—5/7—(1—/d.
e (u.v) 2/9\%| ultde + = L Thendg \or) o) Tirdg \on) ™ AL

Obviously, the equalities featured in the above definition of the space VTO are understood in the sense of

traces. We now proceed to formally simplify this problem. Retaining only the leading order contribution in

the definition of the energy functional F? (and of the space V9) we are led to the approximate problem

(4.5) min  F2(u,v) ,

(u,v)evo
u=¢ on 9N

where we have introduced the function space
(4.6) VO ={(u,v) € H'(Q\ o) x H'(w1), s.t. Vz € 0, v(z £ n(z)) = ui(x)} ,

and the approximate energy

1 €a ov\? a 1 o\
FO = - 24 ") 1 do-) | — d = — [ — dr — dr .
2 (u,v) Q/Q\UVM T+ 5 /WI( +HQ)(8T> m+25/w11—|—lidg <8n> i /qu x

This problem can be further simplified, by performing the “inner” minimization in v and expressing the
result in terms of u. The Problem (4.5) can thus be rewritten

1
(4.7 min 7/|Vu|2d:z:f/fud:c+Gg(u) ,
uEHl(SZ\(;Z) 2 Jq Q

u=¢ on 9

where

(4.8) Go(u)— min Ea&/ (1+ rdg-) @ 2d.¢c+a€/ # @ de
’ S veH (wy) 2 /., @\ or 2e J,, 1+ Kdg- \On '

v(z4n(z))=ut(z), zco
v(z—n(z))=u" (z), z€0
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This problem can be solved in terms of u which would give rise to an explicit expression for G%(u). Before
doing so, we note that the two terms of the energy are of different orders when ¢ — 0; one might therefore
naturally expect that the behavior of the minimizer v of the previous expression to leading order should

be dictated by the term = fwl I +;~:1dQ, (%)2 dx . From the Euler-Lagrange equation associated with this

minimization, it follows that v should satisfy

1 ov ow

1 e —
vu}EHO((JJl)’/ 1+md5278n8nd =0.

If we introduce the coarea formula of Proposition 1, this simplifies to
Yw € Hi(wy), // anx—i—t ))g (x+tn(z)) dtds(x) =0 .

Choosing a test function w of the form w(z+tn(z)) = ¢(x)y(t), with arbitrary ¢ € C*>°(o) and ¢ € C°(—1,1),
we now arrive at

1
d
[ o) [ S+ tn@)w®dds) =0,
o -1
from which we conclude that for any x € o, and any function ¢ € C°(—1, 1),
td
[ et @)y =o.

As a consequence, for any x € o, the function t — v(z+tn(x)) is affine. Introducing the boundary conditions
for v (¢f. 4.8), we now arrive at

Ve € o, t € (-1,1), v(z+tn(z)) = %[u](m) + %(u"’(m) +u(x)) .

Substituting this expression for the minimizer in (4.8) we obtain
2 2
0 €ae v Qe 1 v
G2 (u) / (14 dg- H)<87) dx—|—2 /W11+d9_f<;(an dx
ea ? a L ov 2
= s// (1 + tr)? < (x4 tn(z ))) dtds(x)+i// ( (x4 tn(zx ))> dt ds(z)
2 J, J_1 \On
2
_ Eas// < v(x + tn(z )))) dtds(x)JrZ—;/ (u+fu’)2 ds
8u+ ou~ out BZF 2 a. L N2
= —// ( 67-(x)+t(67'(x)_87-(x)>) dtds(m)—kg/g(u —u”)" ds,
where Proposition 1 was used for the first identity. Finally, after integration in ¢
2 2
0 cae Ju* ou~ Ou™ du~ %/ b2
(4.9) Gelu) ~ 3/U<<8T>+<6T>+8T or d8+45 U(u u?)" ds.

Let us draw some conclusions of these formal calculations: (4.7) and (4.9) suggest to search for an
approximation u? to u. by solving
(4.10) min  E2(u) ,

wEVy
u=¢ on AN

Q

where V,, denotes the space
(4.11) V,={ve H (Q\ o), v|s,v |,€ H (o)} ,

and the approximate energy E reads:
(4.12)

1 ea out\? ou—\>  out ou a 2
0/ N _ L 2 < e + - -~
Ee(“)2/mgv”' AR /<( 6T> +(8r) "o %) ds”s/g(“ um)ds /Qf”dz'
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We also note that according to these calculations the (rescaled) potential (u. o H), inside the inhomogeneity
w1, should be approximated by the function v? € H(w;), given by

(4.13) Vo €o, te(—1,1), 2z +tn(z)) = =[ud](z) +

4.1.2. Asymptotic expansion of the dual energy and its maximizer.

Before turning to a rigorous study of the function 4 and its distance to u., we perform in this section a
formal study of the dual energy ES corresponding to F. in the spirit of [19].
The dual energy principle associated with E. asserts that

min  F.(u) = max FE(§),

we H1(Q) ceL2(0)?
u=¢ on 9Q —div(&)=F
with
1 [ _
(4.14) E()= [ ¢npds—+ / e d
o0 2 Q

The last extremal problem admits (7:Vu,) as the unique maximal argument. We shall now apply the same
strategy as in the previous subsection, namely, to split the integral % fQ v 1€|? dz into two, one over Q \ Wz,
the other over w,, and rescale the second one by using a change of variables. The following lemma provides
a hint of what is the relevant rescaling when the objects in question are vector fields:

Lemma 5. Let U,V be two smooth subdomains of R?, v : U — V be a diffeomorphism of class C'; let
€ € L2(V)? be a vector field, and f € L*(V). Then the (weak) divergence of & equals f if and only if the
vector field |det(V)|(Vp) ™" (€ o ¥) € L2(U)? has divergence |det(V)|f o ¢. In particular, € is (weakly)
divergence-free if and only if |det(Vip)|(Vep) ™" (€ 0 4)) is.

Proof. We have, successively,
div(é) = f Vp e C®(V /5 Vpdr = — /fpdx

vp e CE(V), fdet(vw)ug o) (Vp) ot dr = — L|det(vw>|<fow><pow>dx
& weerw). [ ldevilEow) - ((ve) ") Vipov)dr=- /U [det(V)|(f 0 %) (po ) do

o vpecE), [ 1det(Ve) (V) (Eov) - Vide = - /U det(Ve)|(f o )P da
2 |det(Vw)|(V¢)_1 (€ o) has divergence |det(Vy)|f o),

which proves the desired result. O

=
=

S

Remark 7. In the same way we established Lemma 5 we may establish that if £ € Hgi (V) with £ -n =g
on 8V in a weak sense, then |det(Ve)|(Vep) ™' (Sotp)-n=go z/1|6%z/}| on OU.

/wi Pde =

where we have denoted & = det(VH.) (VH.)"" (€ o H.). We also calculate that
9
or

For any ¢ € L%(Q)?

det(VH:)(§ o He) - (§0 He) dx

1

1 T ~ =~
) (WVHE VHE) §§dx,

—

1+ €KdQ—

H.|=|VH.r-1|= T rd
o0

12



Performing a change of variables on w,, and using these two identities in combination with (4.3), Lemma 5
and Remark 7 we are led to rewrite the maximization problem for EY in the form

(415) max FECO(57 /’7) )
(&,meveD
—div(§)=f
—div(n)=0

where

(4.16) Vo = {(5,77) € Hqiw(Q\ @7) x Hyiy(wr), Vo €0, Yror

and the functional F0 is given by

— 1 1 14 erdg- € 1+ kdg-
FO(¢ n) = cnods — = 2 de — / 2dx — / ————nadx .
¢ (5 77) ~/69 § npds 2 A}\ws ‘€| ! 2ea w1 1+ Kkdq- G 2ac w1 1+ erdq- T

Here we have used that the support of f is away from w, (sig:e [ € Fs for some fixed § > 0).

As before, only the leading order terms in the definitions of V.0 and F<0 are now retained in the construction
of the approximate extremal problem

(4.17) max  F(¢,n) .

(&,mevoe
—div(&)=f
—div(n)=0

The approximate set V< is
(4.18)

Ve — {(577]) c Hdiv(Q\U) % Hdiv(w1)7 /[fn] —0,and Vz €0 (1+ :)nn(l‘ +n(x)) :g
and the approximate energy F<° is

1 1 1 €
(4.19) Fﬁo(fm):/m&-mpds—Q/Q\ P do— o | oo [ (Urdg i do

cas J,, 1+ rdo- 2a,

Note that we have included the integral constraint fa [€,] = 0 as part of the description of the set V0; this
additional constraint is a consequence of the interface conditions imposed on ¢ and 7, and the constraint
div(n) = 0, and so it leaves the maximization unchanged. To simplify (4.17) further, we remark as in Section
4.1.1 that the extremal problem in 7 can be solved explicitely (at least approximately) in terms of £. Indeed,

we rewrite (4.17) as
1 2 c0
seHrgfL(}s(i\;) { 895 e ds = 2 /Q\o kI e — G2 (5)} ’

~div(e)
Sy l€n1=0
where
(4.20) GL(€) ;= min { ! / L n? dr + c / (1+ rdg-)n? dx }
) —Ziev‘?;?io 2eae w1 L+ rdg- ! 2a, w1 "

Here the set W< is given by
, L e +nte) =160 |
W =30 € Hyw(wr), Ve €o ( n :
(€ Hantor) (1 - Oz~ n(x) = & (x)
We then proceed to calculate explicitely the expression (4.20). Intuitively, the minimizer 7 should be char-

acterized to leading order by the minimization of the term 25% fwl 1—5—#773 dx. The associated Euler-
€ Q—

1
— pGdz=0,
/&71 1+f€d9—n<

for any ¢ € Hgiy(w1) s.t. — div(¢) = 0, and (1 &+ k(z))¢n(z £ n(x)) = 0 . Since for any ¢ € C°(wy), the

field (—g—:f, g—f), is divergence-free (see Remark 3), and has a vanishing normal component (2£) on dw;, we

or
obtain . o0
9.z =0;
/wl 1—|—I€d9—77 an **
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and now using Proposition 1,

// - (x + tn(x)) w(x—i—tn(x)) dtds(z)=0.
Due to the same argument as in Section 4.1.1, we conclude that the quantity n,(x + tn(x)) is independent
of t € (—1,1), that is, there exists a function a : ¢ — R such that
Ve € o, t € (—1,1), n(z+tn(z)) =alx) .

We now rely on the divergence-free property of 17 to complete the calculation. Using Lemma 2, one has, for
any fixed z € o and t € (—1,1),

T o+ tnfa)) + G2+ tn(0) + (o + tnfa)) = divn)o + tn(e)) 0.
that is, letting 2(t) = n,(x + tn(x)),
) 4 T —4(0) = — s 2 (el t(0)) = e (@)

which is nothing but an ODE for z. A simple calculation now gives that there exists a function b: 0 — R
such that

t da b(x)

oz + t - ——
in(7 + tn(2)) 1+ tk(z) O (z) 1+ tr(x)

Owing to the boundary conditions for 7, in the definition of the set W, the functions a and b must satisfy
Vz € o, { —0%(@ *ble) = gjir(x),
ar(@)+b(z) = & (x),

which after straightforward manipulations leads to

2 (e + tn(@))) = 6 (@), and

(4.21) g
e+ @) = 3 (1 6+ H;(@@z(mgm»).

These expressions are unfortunately not as explicit as those obtained in Section 4.1.1, and in particular they
do not lead to a similarly simple variational problem for £&. However, they do (approximately) connect the
exterior and interior components, £ and 7, of the maximizer of F<°, which hopefully is close to that of F<0.

5. STUDY OF THE APPROXIMATE FUNCTION ug: UNIFORM ENERGY AND REGULARITY ESTIMATES

In this section, we study properties of the solution u? to (4.10), which is our candidate for the 0*® order
term of the asymptotic expansion of wu..

We assume the data to be such that f € L?(Q) with support away from o, and with fQ, f dx =0 — this
is expressed by requiring that f € Fj for some fixed 6 > 0 (see the definitions in Section 2.1); we also assume
that ¢ € H'/2(0Q). After first proving ex1stence and uniqueness of the solution u?, our main purpose is to
establish energy and regularity estimates for u? (and its derivatives) which are unlform with respect to ¢
and the sequence a. (see Subsections 5.3 and 5.4).

5.1. Existence, uniqueness, and a classical formulation of (4.10).

Let V5o be the subspace of V, - the latter being defined by (4.11) - composed of functions with vanishing
trace on 0f). We define the following semi-norm and norm on V:

2 2 out ou= + N2 2 2 2
luly, = o |Vu|® do + - ) {5 ds+ [ (v —u™)%ds, |[ully, = [|ullf2(q)+luly, -

14



We note that due to a standard Poincaré inequality the seminorm ||y, is actually a norm on V; o, equivalent
to |[u|[}, . The variational formulation associated to (4.10) is

(5.1) Find u? € V, with u%|pa= ¢, such that

2¢ea oudt gvt Ol Ov— 1 [Oult Jv—  Oul~ duvt
(U € € € - € 5
W& Vo, Q\o Vg - Vo do + 3 /a' < or Or + or Or + 2 ( or Or + or Or )) ds

+%/(ug+—ug_)(u+—v_)ds:/fvdx.
2e J, Q

Proposition 6. The minimization problem (4.10), or equivalently the wvariational problem (5.1), has a
unique solution u? € V,.

Proof. The existence and uniqueness of u? follow from the standard Lax-Milgram theory — the only point
which deserves comment is the (non uniform in € and a.) coercivity of the bilinear form involved in (5.1) on
the space V; . This coercivity follows from the inequality

1 1 1 1
(5.2) Ya,b € R, g(a2 +b? + ab) = 6(a2 +b%) + 6(a +b)? > 6(a2 +b?),
and the fact (noted above) that the seminorm |-|y, is a norm on V; o, equivalent to [|-[[{, . O

Problem (4.10) can be stated in a “classical” form. Indeed, using smooth test functions v € C2°(2\ o) in
(5.1), we first see that u? satisfies

~Au = finQ\o,

in the sense of distributions. If f and ¢ are smooth then it is fairly easy to prove that u? is actually C%“ up
to the boundary 9 and up to the curve o, and it solves the equation —Aul = f in a classical sense. The
proof of regularity is a very standard elliptic regularity argument, that we leave to the reader, however, in
Sections 5.3 and 5.4 (and the appendix) we shall show exactly what a priori estimates hold uniformly in &
and a.. Now using again (5.1), and an integration by parts, we obtain that

0+ 0- 0+ gyt 0— 9y 0+ 9y 0~ Gyt
(5.3)/(_8% v++8u6 v‘) ds+2€a6/(6u8 vt Qul” dv +1(au8 dv™  Oud 81})) ds

on on 3 or or ' or Or 2 or or = O0r Ot

+;—Z/(u2+7ug’)(v+—v’)ds:0,

for all functions v € V, . Using this last equality with test functions v € H*(Q\ o) such that v = 0 on 9,
v* is smooth on o, and v~ = 0 on o, we obtain that

ot ea. (0% 0%l e, o0r o
€ € € G _ -y =0 )
on + 3 ( or? + oT?2 ) 2e (us us") ona

Symmetrically, by exchanging the roles of v~ and v, one obtains

oul~  ea. (0%udt 9%~ ac, or o
- — 5 t2—5 ) —5-(u." —us)=0ono.
on 3 or or 2e
In summary, u? is a solution to the following problem on Q \ o
—Aul = f inQ\o
o - u% = on 0f)
5.4 aue EQe 9 U 9 u57 _ Qe 0+ _ ,0—) —
(5.4) 50— + 5° (255 5 s=(udt —ul")=0 ono
oul” _ ea. (02wt | 50%ulT ac (, 0+ _ ,0—Y _
on 3 oT2 oT2 - g(ue — Ug ) =0 ono

Let us also notice that insertion of v € C2°(€2), v =1 in a neighborhood of o, into (5.3) yields

ou?
U{an] ds=0.
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This identity, in combination with the fact that fQ, fds =0, gives

Oult s — oud=
on N on

o

(5.5) ds=0.

g
5.2. The dual energy maximization problem for ul.

In this paper, it will prove convenient on several occasions to use the dual energy maximization principle
for u?. We remind the reader that the hypotheses for f and ¢ are:

feFs= {feLQ(Q), supp(f) C 2\ ws , /Qfdz—O}, and ¢ € H?(99) .

We write
E2(ug)
1 a + a \?  out dum
7/ |Vul? dz +€a€ . “>+ O ds
_ min 2 Jove 3 U or or Or
u€EVy
u=y on 00 4— (ut —u” ds—/fudx
1
§-Vudx—f/ €|? dx
Q\o 2 Q\o ’
2€a5/ <8u+ L Oum 1 <8u+ _ . Ou” +)>
+ wt + wT+ = W+ ——w ds
_ Hglbn max 3 J,\ or B or 2\ oOr or
u=g on 09 wfiﬁfi\zé(a) —?g ( +2+w 2+w+w ) ds
g
—|—% U(qu—u*)zds—Z—;/gfds— quda:
where the maximum in the last expression is achieved uniquely at £ = Vu, wt = %, wT = 88“—; and

z = (u" —u~). We can now exchange the min and max in the above formula (see [14]) to rewrite

1 e _ - <
E%(u?) = max §~ngods—f/ |§|2dm—i/(w+2+w 2 wtw )ds—a—/Zst .
o0 2 Q\o 3 o de o

In this last expression, the maximum is taken over all functions ¢ € L%(Q\ 0)?, w*,w™, 2 € L?(o) such that

_div(¢) = f in O uQ-,
(5.6) §Fn+ 5 28” %

—5:2=0 ono,

—%Z—O on o .

We note that, in this particular context, the above exchange of the minimum and maximum can be justified
very simply, since the functionals at stake are quadratic and we know explicitly the associated minimizer
and maximizer. . .

This last maximum is achieved uniquely at £ = Vu?, wt = %, wT = Bgii and z = (u0T —u27). We
thus end up with the following convenient alternative expression for the minimum energy E?(u?)

oul 1 ca oudt\? ou0—\?  9ult gud—
. EO 0y € _ = / 02 _ € / [ € € €
(5.7) = (uy) o On pds 2 Jons |Vug|* dx 5 /. o + o + 9 or ds
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5.3. Uniform energy estimates for .

The following lemma provides preliminary energy estimates for the function u?.

Lemma 7. Let Q C R? be a bounded Lipschitz domain, and o be a closed C*>* curve in Q, lying at positive
distance from 0. Let ¢ € H%(aQ) and f € Fs, for some § > 0. Then,

(1) There exists a constant C > 0, independent of € and a. (but dependent on Q and o) such that

1
Ae\2 ) 04 0—
L2<a>>+(g) ™ = w7 )

< C(IIfllz2@+el mrrza0)) -

8u2*
or

1 Oud*
V2] 2 (o) F(202)? (H

L2(o) ’

(2) There exists a constant C > 0 independent of € and a. (but dependent on 2 and o) such that
[udll 20 < C (1l Hlel mzeo) - end  [[wl]lnze-< C (1flle2@+ellmee) -

Proof. (1): By definition of p € H'/2(0), there exists u, € H*(2) which we may assume to have compact
support in O \@;s for some § > 0, such that u, = ¢ on N and [Juy||g1 ()< Cll¢l|g1/2(a0)- The variational
formulation of problem (4.10) may be expressed in terms of w, := u? — Uy

2¢ea, owr vt OwZ dv- 1 [Owl dv™  OdwI dvT
. 0,0 e’ d R € - — £ € d
(5:8) Vv € Voo Q\va Vuds+ 3 /( or Ot or Ot ( or Ot + or 87)) s
+%/(wj—w;)(v+—v7)ds=/fvdac— Vug, - Vudz .
2 Jo Q Q\o

Inserting v = w, as a test function, and relying on the inequality (5.2), we immediately obtain

2 . dw:
or

2
a, 112
) el

C (llell gz ooy Il 2y Nwellmr @) HIf 1 2@y [lwe = ml|L2@-y

owr
2
(5.9)  [[Vwel|lL2(q\0)Teae (H&_E Lo

for any value m € R (since [,_ f =0). Due to the Poincaré inequality for functions on Q* which vanish on
1), we have

[we || (@ +) < Cl|Vwe| 2o+
and from the Poincaré-Wirtinger inequality on 2~

1
127] Jo-

We

< Ol Vwel|r2-) -
L2(9-)

It follows from a combination of these estimates and (5.9) that
Haw6

L2(0) or

(5.10) < C(flle2@+ el con)) -

Qa, 3 —
) " (?> [l = w2 2o

Ve | L2 00y +(£ac) 2 <
L2 (o)

The desired result follows from this estimate and the facts that u? = we + Uy, [|ue||r1 (@) < Cll@llmi/2050),

and u, vanishes on o.

(2): The first inequality is a consequence of (5.10) and the decomposition u? = w, + u.,, combined with the

Poincaré inequality for functions on Q7 which vanish on 9Q. The second inequality similarly follows from

(5.10) and the Poincaré-Wirtinger inequality on the domain Q™. O
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5.4. Uniform regularity estimates for ul.

We now proceed to state the uniform regularity estimates for the function u?, which we shall require for
our later analysis. The results needed are stated in the following Theorem, whose proof is postponed to
Appendix A.

Theorem 8. Assume that Q and o are of class C>®, that the source term f belongs to Fs for some § > 0,
and that € H?(8Q). Then the unique solution u® to the problem (4.10) belongs to H2(Q\ o) N H2(0), and
the following estimates hold

(5.11) [udl g2 o)< CUIf I 2@+ el msr2a0)) 5
(5.12) (cac)® ’ OPugt Hf'?QUS_ n (%)% ‘5162* Qul”
' N 0% || 12(0) 0% || 12(0) € or o7 |l12(0)

< Cfllez ) +Hellmrzoa)
2

1/2
) stands for the H* semi norm of a function w € H*(V'), and the

1814,

where \u|H2(v):= (Z ‘Bﬁe‘g‘; HB(%B L2(V)

constant C' depends only on Q and o (and not on € and a. ).
Remark 8.

(1) The proof of Theorem 8 can be iterated, if one assumes higher regularity of Q, o, f and ¢. More

precisely, if Q and o are of class C™*, f € FsNH™ 2(Q) and ¢ € H™ 2 (8Q) for some m > 2, then

‘ o110

0P L2(Q\o)

for any multi-index S of length < m. Note also that these results are local. Thus, even if f only

belongs to Fs, for some ¢ > 0, but o is a C™ curve, then u? is of class C™ on any open set V such
that V € ws, and

< CIflzm-2@HIll -4 50 -

ol R
< CIf 2@+l 2 00) »
‘ 928 ) @ (09)

for any multi-index g of length < m.

(2) The two estimates (5.11) and (5.12) are of a quite different nature; they are complementary in the
sense that, depending on the behavior of the sequence a., one may prove more precise than the
other. Estimate (5.11) expresses the fact that all the derivatives of u? are uniformly bounded with
respect to € and a., provided that the data of the problem have enough regularity. On the other
hand, the estimate (5.12) is analogous to the preliminary estimates of Lemma 7: it does not carry
much information in the low conductivity regime (i.e., a. < €), but it is in some sense much stronger
than (5.11) in the high conductivity regime (i.e., a. > ¢€).

(3) Recall that, due to Lemma 7, ul|g+ (and not just its derivatives) also turns out to be uniformly
bounded with respect to & and a.. However, in general, this is not the case of u?|q-, which is only
uniformly bounded up to a constant.

6. PROOF OF THE ASYMPTOTIC EXACTNESS OF

We are now in position to verify the asymptotic exactness of u?, in other words to show that the gap

|ue — u?|| tends to zero as e tends to zero. The precise estimate we establish is the following

Theorem 9. Assume the “center” curve o is of class C*°, and that ¢ € H%(aﬁ). Let 6 > 0 be a fixed
positive real number, and suppose f € Fs. Let u. € HY () (resp. ul € V,) be the unique solution to the
minimization problem (4.1) (resp. (4.10)). Then the following estimates hold, for e > 0 sufficiently small

ue — w2l L2 \z5) < C (112 +Hel mireo0)) &

lue — w2l 2w < C (1 f 112+l 2 00)) €
where the constant C' is independent of €, and of a..
18



Proof. The technique used here is very close to that used in [21] — a main idea of which is already found in
[20] — it relies on two key ingredients:
e The uniform energy and regularity estimates for u? and Vu? presented in Section 5.3 and Section 5.4.
Interestingly enough, neither energy nor regularity estimates for the exact solution wu. are required.
e The general argument of Lemma 4, which controls the discrepancy between u. and u? in terms of
the discrepancy between the minimum values of the corresponding energies E. and E?.
Using the notation of Lemma 4, we choose V. = H*(Q)), W. = V,,, and H = F5 (and we identify H’ with
F5). The natural mapping P. : V. — H is
uloh\ay in Q% \ ws
H'(Q) 3 u+ Pou= 0 in ws e Fs .
ulg-\az— |Q*1\m| fQ—\m“ dr  in Q7 \ws
The operator P. (which, like V; and W, in this case actually does not depend on ¢) also naturally maps W,
into H. According to Lemma 4 (and Remark 6) the following estimates hold

| Ee (ue) — E2(ud)]

(6.1)  [lue — ud|| 2@ \z5) < C (12 +ell iz a0))

2
sery. ven!/2om (1|2 +lel 12 a0))

L smoot

| Ee (ue) — E2(ud)]

sery een'20m (||flz2@ el mzon)

f,¢ smooth

(62)  [Jue —wdllrz0\z5)< C 5 | (@Il mieeo) -

The idea is then to estimate the discrepancy (E.(u.) — E2(u?)) between the minimum values of the
energies by using particular ‘test functions’ in place of u. (or its gradient) which make F. (or its dual) mimic
the behavior of the functional E? near the limiting curve 0. The existence of such test functions is made
possible by the regularity estimates for u? stated the Section 5.3. Sections 6.1 and 6.2 below are devoted to

establishing the desired control over this energy discrepancy.
O

In the following, for the sake of brevity, we denote by C' a constant, possibly changing from one instance
to the other, which only depends on 2 and o, but is independent of €, a., f and ¢. We also use the shorthand

C(f,0) = C (IIfllL2@+ell iz 00)) -
6.1. Proof of the upper bound E.(u.) — E2(u?) < C(f, ¢)%e.

As a straightforward consequence of the definition (4.1), one has, for any function u € H*(£2) such that
u = ¢ on 0,
Ee(ue) — B2 (u2) < Be(u) — B2(ug) .
We proceed to construct a “test function” v which makes the right hand side of the above inequality small. To
this end, a natural idea is to exploit the equivalent form (4.4) of the problem, and use the pair (u2,v00 H-1)
as a test function, where u? is the unique solution to (4.10), and v? is given by (4.13). This is unfortunately
not possible as is, since the pair (u2,v?) does not belong to the space V0; indeed, it does not satisfy the

e) e
boundary conditions

i

v(x +n(x)) = u(z + en(z))
Vo €o { v(z —n(x)) = u(z — en(z))

o(z + n(z)) = u* (2)
Vo co { v(z —n(z)) =u (x)

but satisfies instead

To remedy this, let us define z. € H'(Q\ w;) as the unique solution to

—Az. =0 in Q\ W
ze =0 on 0f)
ze =ulT opy, —ul on wl

0

— ,,0—
Ze = Uz OPg — Ug

19
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By construction, the pair (u? 4 z.,v?) belongs to V0. Let us now work toward estimating the function z;
as an easy consequence of definitions,

Ce (JJud]lez(v+)+l[ul = mlle2(v-y) »

Ce (Il gav+)+[u — ml ga-

l|2elow. ller(ow) <
<

Here V is a neighboorhood contained in ws, for a fixed § with f € Fs and m = IQilfl fQ, u?. According to
Theorem 8 (and Remark 8), it follows that
[[2e]ow. et (o) < C(f, p)e -

By a very simple construction we may extend the trace z:|s.. to a function Z. defined on the whole domain
Q\ w; with Z. =0 on 99 and

1 Zeller @van) < Cllzellerow) < C(f, @)e -
A simple calculation gives that

V(ze — Z)Vz. de =0
Q\we
in other words

/ V2| do = VZ.Vz. dt
Q\wz Q\we

and so
(6.3) ||vzs||L2(Q\TE)§ ||VZ6HL2(Q\TE) < CHZE”CI(Q\WE) < C(f,p)e .

Now, using the pair (u? + 2.,v?) as a “test function” in (4.4), we calculate:

— 1
Fg(ug+zg,v2):§/ |Vl + Vz |2 dz—/f(ug—FzE) dx
Q\wz Q
+6a5/ 1+ kdg- <6v2>2dx—|—a€/ 1+ erdg- <3vg)2dz
2 Jo, 1+erdg- \ O 2e J,, 1+ kKdg- \ On

Vul + Ve 2 de = / \Vu2|2dx+2/
Q\wz Q\we
\Vul|? dz + C(f, ¢)% ,

We

Here

Vul - V2. d + / |V2.|? dx

O\we Nwe

IN

where we used (6.3) and the uniform energy estimate of Lemma 7. Similarly, one has

/szs dx

because of our assumptions about f, and the estimate (6.3), in combination with the fact that z. vanishes
on 0f2. Concerning the terms on wy,

ca. [ 1+4nrdo- [0\’ £a. 2\ 2

> /wlurmdg<ar) R /wl(lﬂdQ> gr ) wwr e

€0 oud+ 2 Oul~ g Qudt dul~ 2
3/0<( e > +< 5 ) + a5 > ds + C(f,¢)%e ,

where the first line is a consequence of the uniform energy estimates of Lemma 7, and the second line follows
by the exact same calculation that we performed in Section 4.1.1. Similarly, we obtain

a: [ L+endg- (002 “5/ 0 \2
2e Jo, 1+ kdo- <8n TS g U(us u2™)" ds+ C(f,¢)%
To conclude, let u € H*(£2) denote the function

O .
. ul4z,in Q\we,
= WoH 1 in w
€ £ ) E
20
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Combining all these estimates, we finally get

Ee(ue) = E2(ud) < Ee(w) — B2 (u) = F(u + 2, v2) — B (u) < C(f,0)% .
6.2. Proof of the lower bound: E?(u?) — E.(u.) < C(f, )%, and end of proof of Theorem 9.

In order to prove the lower bound, we rely on the use of the dual energies associated to E. and E°. More
precisely, based on the equivalent, rescaled form (4.15) of the dual problem to E,

E2(u)) — E-(uc) < E2(ul) — FO(&,m),

for every vector couple (£,7) in the space V0 defined by (4.16), and satisfying —div(¢) = f, —div(n) = 0.
Using the definition of F0 and the alternative expression (5.7) for E2(u?), we may rewrite this as

1 1 1+ erdn- € 1+ rdg-
6.4) E°(u’)—E <7/ 2d / 2d /7%
(6.4) - (ue) eue) < 2 Jovar €17 dz + 2ea. ), 1+ kdg- T 2a. ), 1+erdg- T 4%

ou? 1
—/ &-npds+ uatpds—f/ |Vl |? do
20 a0 On 2 Jove

2 N\ 2 _
S () () B e o e

In light of the discussions in Section 4.1.2 and 5.2, and particularly due to the formulas (4.21), it is tempting
to define a test flux € € Hy;, (2\ o) by & = Vu?, and 1 € Hg;y(w1) in such a way that, for z € o, t € (—1,1)

1 [8u2

9 (o + tn(a))) =

or

-3 Bn} (z), and

mte+tne) = 5 (5 [ 5] @+ 1y (G @+ ).

and insert (£,7m) into (6.4). Using the pointwise expression (5.4) for the boundary conditions for u?, we are
led to

. [ 0ulT oul~
( 0e (@ + tn(x)) ) _ 2 (% + %)
- 82 0+ 82 0— 62 0+ 82 0— _
(@ + () 3T (*t‘?%( o+ 5 ) - 55 ( i )*%(“? —uf ))

Unfortunately, such a choice of “test couple” is not admissible, since it does not belong to the space V.V.
Nevertheless, it “almost” belongs to this space, and we may use a “small” additive correction to remedy that
situation. We define z. € H'(Q \ @z) as the unique solution (up to a constant) to the problem

—Az.=0 inQ\w;,
%: on 0 ,
0ze _ .+ +
e =g, ondw,

Ze

5e =g ondw; .

Recall that in the last two boundary conditions, n stands for the normal vector to dwX, oriented in the

direction from Q= to QT. The function gt is defined by

Vo€ o, gi(z+en(z)) = fime(@+n(x)) - &(x+en(x))

= () (52 = 1) (@ + (@)
(1 + £(@)1a (@ + n(x) — & (@) + & (@) — Eala +en(a)
= (14 5(@) (52 — 1) (@ + (@) + &6 (2) = &l + en(a)) |




and g7 is defined by the similar formula

Voo, go(z—en(z)) = 12, (2—n(z)) - &ula — en())

= (1—k(x)) (ﬁﬁ(gﬂ) — 1) Nn(x —n(x))
(1= K(2) (@ — (2) — & (2) + & () — (@ — 2n())
= (1= #(@) (e — 1) (e — n(2) + & (2) = Eale — en(z)

so that the couple (£ 4+ Vz.,n) belongs to V0. The requirement that [, + g+ ds = [, —g- ds = 0 is

0
guaranteed by the identity (5.5) and the fact that f vanishes in we, so that fawi % ds = 0 as well. Using
the uniform regularity estimates of Theorem 8 (and Remark 8), we obtain that

||g;t‘|cl=a(aw€i)§ C(f7 (10)57

and a standard regularity argument (as for the Dirichlet problem in the previous section) now gives

IVze|lL2ar) < C (||9§r||c1,a(aw:)+\|95_||c11a(aw;)) < C(f,p)e -

It is now possible to use (£ + Vz¢,n) as a test couple in (6.4). Doing so, we obtain first

1 1
%/ €+ Ve |2 dr = 7/ |Vul|? do + Vul - Vz. dx—l—f/ |V 2 |? da
O\wr 2 Joer O\wr 2 Joer
(6.5) € 1 € 0 € ) e
é 7/ |vus| dm"'c(f»@) €,
2 Joe:
and
90
(6.6) / (E+Vz) npds= / e pds .
o0 el on
Besides,
1 1+ erdo- 1 / 1 )
d < (1+C d
2¢ea, /w1 1+ kdg- nede o< (14 5)25@5 w; 1+ Kdo- lr 4%

1 b,
_ (1+Ca)2€as/U/_lm(x—i—tn(a:))dtds

a. ot oul—\?
= (1+C¢) 1 /U( 5 + 87‘> ds
ae oult\? o=\ > oult\ [ Oul~
(1+O€)3L<(67)+<87)+<6T>(6T>>d87

where for the last estimate we used the algebraic inequality

IN

(a® + b + ab) .

1 1 1
R. = 2:7 2 2 = _ 2<
Va,b € R, 4(a+b) 3(a + b + ab) 12(a b)* <

W=

Using the uniform energy estimates of Lemma 7, we conclude

1 1 +erdg- o £a, / oult\?  [oul=\?  [0ult\ [oud- 9
. < .
(6.7) Sea /M T rdg " dz < — j ) o) {5 > ds + C(f, )%
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On the other hand,

1 do-
5/ —i—/ﬁgnidx
2a

1 + EﬂdQ—
w1

1
(1 + tr(2))*n2 (z + tn(x)) dt ds

9%ult 9%l cas (0%udt 920~ a 2
- (1 e | Tl |\ _Ele (U T U Ze (0t — 0
( +C<€ 8&;//; ( tgaE( 72 + 72 ) 3 < o712 972 )+ - (’LLE Ug )) dt ds
9200t §240

2 2
u? ud™ € gas [(O*udT 9%l ac, o0r o
— (1+Ce)° B /,,< 52 T 2 ) ds+(1+08)4a5/0<—3< 52 " 92 )+€(u8 —ug )) ds
e3a. O*udt  9%ul~ e3a,. 2udt 920\ ?
= (1+Ce) 1 /0< or? * or? ) ds+(1+0¢) 36 /(,( or? 72 > ds

ea udt 9Pl oy o Qe 0+ _ 02
—(1+Ce) 5 /J(aTQ— 5,2 )(ue —ug )ds—|—(1—&—C’6)E/U(uE —u. )% ds .

Due to the uniform energy estimates of Theorem 8, the first two integrals in the last expression are easily
controlled by C(f,¢)%e2. When it comes to the third integral, one has

£a, *udt RN, o oo ca. oult  9%ul\’ : 0+ _, 02 ;
6 /a( o2 Or2 ><ua —u; ) ds 6 L( 92 o2 ) ds </U(u€ —u. ) ds>

IN

= (1+C¢)

(\}

1
2u0t  §2u0—\ 2 2 3
< % (EG/E/ <au7_82 — 817{62 ) ds (a;/ (ug+ — ug_)Q dS)
< C(f,9)%,
since the integral terms in the product are each bounded by C(f, »). We thus obtain the estimate
€ 1+ kdg- a _
w1 - o

4e

where we have again made use of the uniform energy estimate in Lemma 7. Application of the auxiliary
estimates (6.5)-(6.8) to (6.4) with the test couple (§ + Vze,n) finally yields

B (uf) = Ee(ue) < C(f,9)%
which is the desired lower bound on E.(u.) — E2(u?).

%/hﬁrwﬁfw+0@@%,

End of proof of Theorem 9. By a combination of the upper bound of the previous subsection and the lower
bound of this subsection we obtain

_C(f7 ‘9)25 < EE(UE) - Eg(ug) < C(f7 90)25 )
or
2
|Ee(ue) — E2(ud)| < C (I1f1lL2)+llell a1z a0)) € -

Insertion of this estimate into (6.1) and (6.2) now finally gives
llue — @l 2@ \a5) < C (1l 2@ +llell 12 00)) €

[Jue — Ue||L2 Q- \w5) < C (I1f1lz2 ) +H<P||H1/2(an))
and this completes the proof of Theorem 9. ]

Remark 9. The 0" order uniform approximation to w. is only unique modulo a function that is of the
order O(g), uniformly in € and a.. As a reflection of this, the energetic expression E? (of (4.12) is not unique
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either; a proof very similar to the one presented above (together with corresponding uniform regularity and
energy estimates) would reveal that the unique minimizer to

E\B(v)'*l/ |Vv|2dx+€a€/ ot 2+ v” 2 ds + = (v+—v7)2d57/fvdx
2 o 2/, or or 4e J, Q

is also a uniform 0" order approximation of ..

7. LIMIT BEHAVIOR OF u

So far, we have only discussed the approximation of u. in terms of the solution u? to another, simpler
minimization problem, which, however, still depends on € and a.. When the behavior of the sequence a. is
known more precisely as ¢ — 0, then explicit, ¢ and a. independent limit behaviors of u? (and thus of u.)
can be derived.

7.1. The general case.

Let us assume that ca. and “= both have a limit as ¢ — 0, including possible limits of 0 and co. Remark
that, in the general case, there always exists a subsequence €, — 0 such that this is achieved. Since ca. < “=
the limiting pair (limg_,o gag, lim,_g ag—f) has one of the five possible forms (oo, 00), (ag, ), (0,00), (0,bo),
and (0,0), where 0 < ap < 00 and 0 < by < co are arbitrary constants. The following result describes the
precise limiting behaviour of u? (and thus of u.) in each of these five cases.

Proposition 10. Let a. be any sequence of positive real numbers, and u? € V, be the unique solution to
the minimization problem (4.10). Suppose f € Fs, for some 6 > 0, and ¢ € H%(aﬁ), and suppose ea. and
% both have a limit as € — 0, including possible limits of 0 and co. The following five cases describe the
associated limiting behaviour of u?.

Case 1: ea. — oo (thus % — 00). The limit of u? is uX € H () := {uec HY(Q), u=cst on o}, the

unique solution to the minimization problem
1
(7.1) min  EL(u), EX(u) = 5/ |Vul? dx—/ fudzx
Q Q

ueH} ,(Q)
u=¢ on Q

and there exists a constant C independent of ¢ and a. such that

. C
[ug — uE|2 )< o (||f\|L2(Q)+||<P||H1/2(aﬂ)) .
£

Case 2: ea. — ag for a certain real value 0 < ag < oo (thus % — o0). The limit of u? is uye € H(Q)NV, =
{ue H'(Q), ul, € H'(0)}, the unique solution to the minimization problem

1 2
(7.2) min  EX(u), EX(u):= 7/ |Vu|? da + ao/ Ou ds —/ fudz
e 0 e 7 \O7 L

and there ezists a constant C independent of € and a. such that

Ea.

ao
-1
ao

-1

+

|£uxmamgc<

g
+ a) (112 +H el mir2o0)) -

€ €

Case 3: ca. — 0 and % — oco. The limit of u? is uy® € H'(Q), the unique solution to the minimization
problem

1
(7.3) min  Eg°(u), EF°(u) ::7/ |Vul? d;v—/ fudzx
L 2o o

and there exists a constant C independent of € and a. such that
0 o) €
02 = allrey= © (20 + = ) (oo tlelmacon)

€
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Case 4: % — by for a certain real value 0 < by < co (thus ca. — 0). The limit of u? is ul € HY(Q\ o),
the unique solution to the minimization problem

1 b
(7.4) min EY (u), EY(u):= 5/ |Vul|* do + ZO/ (ut —u")?ds —/ fudzx
e e 50 o 4 o

and there exists a constant C independent of € and a. such that

Eb()
o 1‘) (|\f||L2(Q)+H<P||H1/2(aQ)) .

€

Qe

ebo

—1‘+

142 = fllsaeyHlu = gy < € (200 +
Case 5: %= — 0 (thus ca. — 0). The limit of u? is u§ € H'(Q\ o), a solution to the minimization problem

1
(7.5) min  EQ(u), EQ(u):= f/ |Vu|? d —/ fudzx .
P 2 Jae 2

This solution is unique up to an additive constant on Q~. There exists a constant C independent
of € and a. such that

a
a2 = bl ey +Hlu? = ullzz-)< € (saz + =) (1fllza+Igll2o0) -

The proof of this proposition again relies on Lemma 4. It is in many ways very similar to the proof
of Theorem 9, but simpler, so we only provide a sketch. A complete proof would notably involve uniform
estimates for the limit problems in the spirit of Theorem 8. Before we proceed to the sketch of the proof,
some remarks are in order

e The functional spaces involved in the minimization problems (7.1),(7.2), and (7.3) feature functions
that belong (at least) to H'(£2), and thus do not jump across o. As a consequence, the derivation of
uniform energy estimates in the spirit of Lemma 7 does not require any assumption about f other
than f € L?(Q). The natural choice for the space H in the application of Lemma 4 is then L?(Q),
and so we obtain L?(f2) estimates of the discrepancy between u? and its limits. The assumption
fQ, f =0 is not necessary in order to establish the results of Proposition 10 in cases 1 through 3 .

e In case 4, the assumption fQ_ f = 0 is not required to ensure that the minimization problem (7.4)
has a unique solution. It is needed in order to insure that one may obtain energy estimates for “20
that are uniform with respect to by (see the proof of Lemma 7). Lemma 4 then provides a uniform
estimate for (u! — ugo) on QF, and a uniform estimate for the same difference on Q~, modulo a
constant .

e In case 5, the assumption [, f = 0 is required to ensure that the minimization problem (7.5) has a
unique solution, which is defined up to a constant in 2. Note that the convergence result expressed
in this case is independent of this constant.

Proof. (1): We use Lemma 4 with V. = V,, W. = H} (Q) and H = L?*(Q2), and proceed to estimate the
difference |E?(u?) — EZ (u)|. Since H. ,(Q) C V,, we have

E2(ud) - EX(uX) < E2(uX) - EZ(u)

€
1 e
= 7/ |Vu§|2dx+ga 0+—0 /fu dx—f/|Vu°°|2dx+/fu dx
2 Joro 3

= 0

To obtain an upper bound for (E (u32) — E2(u?)), we first rewrite B (uX) as

%/ |Vu2|? dm—/fug dx
= Ouse ds—f/\Vu de—/[}uﬁds.
oQ 871

EZ (u)



Since u3 amounts to a constant on o, and since f {—‘X’} ds = 0 (which is easily derived from the fact that

oo

% is the minimizer to (7.1)), we conclude that

EX(uX) = Quse ds —7/ |VuZ|? de .
o0
Now, introducing the dual energy principle for u? established in Section 5.2, we obtain

Qoo 1 1
) B < [ F=pds—5 [ VunP - [ conpdseg [
o on a0 Qo
+%/ (w+2—|—w_2—|—w+w_) ds—i—Z—Z/szs,

for any ¢ € L?(Q\ 0)? and wt,w™, 2z € L?(0) satisfying the relations (5.6). Insertion of £ = Vu, z = 0,
and
1 ut oue~
+ — 2 > ds —=—d
v ca, ( / on +/ on S) ’

wo = ! 2 Ous” ds + / Ous” s
T ea. on on
in the above relation yields

1 out 2 u~ 2 ut u~
oo (, o0\ _ 07,0 < o)
EZ(uX) Eg(u5>_w€/0<< o )+< o d>+( - d)( - d))ds.

The result follows by using energy estimates for u3S

(2): We rely again on Lemma 4 with V. = V,, W. = HY{(Q) NV, and H = L*(Q). As HY(Q) NV, C V,, we
have on the one hand
E2(ud) — Ego(uzs) < E2(ugy) — Egs(ugy)

1 ou\ 2 1 oue\ 2
= Q/Q\UVU |2dx—|—5a5/o( 870) d5—2/9|Vu2§|2dx—ao/U( 87’0) ds
ga. Ouge

ao/0< 37’) ds .

2% 2
e factor ag Oy ds is bounded by C(||f||rz2cq) + ||@||g1/2 2, uniformly with respect to ag (as
The f o o7 @) H/2(00)

IN

-1

ao

follows easily from standard energy estimates for the problem (7.2)).

On the other hand, the dual energy maximization principle for £gS(uge) reads

ao

Eoy (u2) max(/ enpds—3 [ 6P - /uﬂds),

where the maximum is taken over the set of functions ¢ € L?(2)2, w € L?(o) such that

(7.6) -div(é) = fin Q" andin Q7 , and [¢,] + QZ—U} =0ono.

. . . . Oou
The maximum is uniquely attained at § = Vug, and w = ag—;°

pds —7/\Vua0\2—ao ( ) ds — &-npds
o0 3” o0

2 w2 - a 2

for any € € L?*(Q\ 0)? and wT,w™, 2 € L? (U) satlsfymg (5.6). We now insert £ = Vug?, together with

(10 (9u

Eg (ugy) — B2 (uf) <

wh=w =
€a. 87
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and z given by

a. Quet O?ur  Oule~ 0?u°

— = 0 ao (U 0 — ag 0

2¢ 0 or? 0 or?
The last identity holds true because of (7.6), and it insures that this choice of &, w™®, z satisfies (5.6). As a
result

a oue\ 2
EX(uy) — E2u?) < sag/anrQ d5+4—;/gz2 dsa0/0< aTO> ds
oo\ 2 oo+ 2, 00\ 2
ag oug € oug o ug
< -1 0 ) ds+ — 2 o) ds.
—  |ea. aO[,(@T) S+a5/a( on +do 8’7'2> s

These upper and lower bounds for E%(u?) — Eg9(uge), in combination with the appropriate apriori estimate
for ug?, lead to the desired conclusion.

(3) is in every aspect simpler to handle than the other cases, and is left to the reader.
(4): Here we take V. = V,, W. = H}(Q\ o) and

H{feLQ(Q), Qfo} )

We obtain an upper bound for (E2(u?) — EL° (ug)) by using v = u}® as a “test function” in the minimization

of E:

B2 (u2) — Eg(ug’) < B2(ug’) — B (ug))

2 2
1 bo |2 Eae dug** dug’~ ae bo+ . bo—)2
< = 012 d ds+ 22 | (ubot —ubo)2d
- Q/S]\Uvu()' vt 2/0 < or + or 8+4€ a(uo Uy )" ds
1 b
—7/ [Vude 2 dw——o/(ug°+—u8°_)2 ds
2 Q\o 4 o
a. 2
< C(zac+ |5 —1]) (Iellmra I @)

for a constant C, which does not depend on by, and ¢, a. . Here we used the fact that

1,5 5 1,5 5 1 9 1, 45 4
- _ _ Ay — < Z
3(a +0b +ab)—2(a +b%) 6(a b) 2(a +b),

and an appropriate apriori estimate for ugo. In order to establish a satisfactory lower bound on E9(u?) —

Ego (ug(’)), we first observe that, as an immediate consequence of the variational problem satisfied by ugo,

one has

oubet  oulm by, bo—
(7.7) 8071 = T(;% = 5(11()(“r —ug )ono .
Now, using the dual energy maximization principle for EY (see Section 5.2), and the fact that
1 b
3 /Q\ IVube|? da + ZO/ (ubot —ubo™)2 ds — /Q fule dx
8ub0 1 b b() b, bo—
(7.8) = ” 872 pds— 2/0\0 |V |* doe — Z/a (u™ —u )% ds ,
we obtain
bo 1 b
E(ub) — B9 (u?) < / Aug pds— f/ (Vube|? dz — —O/ (ubot —ubo™)2 ds — &-npds
a0 On 2 Joro 4 /s 20

1 2 5%/ 2 -2 ‘16/ 2
= d — + ds + — d
+2/Q\G|§| T+ G(w +w™?) st s,
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for any £ € L*(Q\ 0)? and wT,w™,z € L?(0) satistying (5.6). Due to (7.7), we may choose £ = Vul,

%(ug"Jr —ug°™) for insertion into the last line of the previous inequality. This yields

b
Epl) - B < § [ Fds- [t -y as

whr=w~ =0and z =

4e

(1) % [ b -y as

Qe

IA

o

1 2
< (2 -1) (Iellmsoe +HIfll@)”
for some constant C which is independent of by, and €, a.. Here we used the same algebraic inequality as
before, and an appropriate apriori estimate for ugo. In summary we have proved

€bo 2
b _ 1]) (Il /2 ooy HIfll )

€

EO(u0) — B ()] < © ( T

Qe
Le
€b0 ‘+

and by Lemma 4 this yields the desired estimate for |[ul — ul° || L2y +|[ul — ug‘]HLg(Qf).
(5): In this last case, we take Vo = V,, W, = {v € H (Q\ o), [,_ vdz =0} (a set over which the mini-
mization problem (7.5) has a unique solution), and

H:{feLQ(Q), f:o}.
-
The proof proceeds along the same lines as in the previous case(s), and is left to the reader. O

7.2. A closer look at the case a. = a, independently of ¢.

In this section we make some observations pertaining to the case when the coefficient a. is independent
of €, in other words when
a. = a, where a > 0 is a fixed real number.

Following the discussions in Sections 6 and 7.1, two 0*"-order approximations of the solution u. to (2.2) are
available in this case, namely

(7.9) u. = u +O(e) ,
which we shall refer to as the 0" order uniform expansion of u., and
(7.10) ue = ug® + O(ae + 2) ,

which we shall refer to as the 0" order “natural asymptotic” expansion of u.. The latter is just the one term
Taylor expansion of u. with respect to € (at zero). u§® is the unique solution to

—Aug®=f inQ, ug® =¢ on .

The particular form of the remainder term in (7.10) follows from (7.9) and case 3 of Proposition 10. We
recall that u? € V, is the unique solutions to (4.10) (or (5.4)).
From Proposition 10 we know that

e =

ul = ui® + O(ae + E) ;
a

and so a Taylor expansion of u? with respect to ¢ also starts with the term u°. We would like to understand
a little better the answer to the following question “in the process of correcting u§° to make it into a uniform
approximation to u. in terms of the conductivity coefficient a, will it suffice to add just a finite number of
terms in the Taylor series (of u?) ?”. For that purpose we now derive the specific form of the first-order
Taylor expansion

ud = ul® + cuy + Oq(e?) .

To this end, we follow the strategy employed before: as a first step, we define the (e-dependent) function
uy € V, by the relation u? = u$® + ey, and write a minimization problem satisfied by ;. We then approx-
imate this problem using heuristic arguments, and define u; as the solution to this simplified problem. In
spite of the heuristic nature of our derivation it is possible to prove that w7 = u; + O(g) — we shall, however,
omit the proof here.
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1%t step: Derivation of a minimization problem for uy. Due to the definition of u?, uy arises as the unique
minimizer in V, ¢ of the following energy

1
1 —
THw) =

(E2(u® +eu) — B2 (uf)) -

A simple calculation gives
(7.11)

1 ea out\? ou=\>  outou- a 2
1 _ 4 2 ca ou a + -
Ji(u) = €<2/Q\U|VU| dx+3/g<<87) +<87’> +8T 87>d8+45/0(u u”)" ds
- ou (out  Ou~
—|—Q\0Vu0 -Vudx—kea/a 87(3 (87_ + 8T>ds—/gfuda:
B 1 5 ga out\? ou=\>  out ou~ Puyr, .
= 5<2[;JVM do+ 5 U((ar) +<87> o or ‘“*“Z;BFTW tu)ds

a v N2 o [OuE L
—|—4/(u u”)” ds /8n(u u”)ds .

g g
2nd step: Simplification of the minimization problem of J!(u). It seems reasonable to assume that the
minimization process of J!(u) will principally seek to minimize the terms of order 0 as € — 0, that is, the
two terms

%/(u*—u*)2 ds — 350 (ut —u")ds .
[ea g n
2 dug®

The minimum of this last expression is achieved when (v —u~) = 2552

minimization process should then concentrate on the first order terms

1 2,,00
€ <2 /Q\U|Vu2 dxa/oaazg (u++u)ds>

Using the corresponding Euler-Lagrange equations, we are led to a candidate us € Vo (for the
approximation to uy) that is characterized as the solution to the following problem

on ¢. Subject to this relation, the

0tP-order

—Au; =0 inQ\o,

u; =0 on 0N ,
(712 w]=2%5 oo,

[6—1;1] = —2a6;1:§6 on o .

It is indeed possible to prove

Proposition 11. Let u; € HY(Q\ o) be the unique solution to (7.12). There exists a constant C, which
only depends on 2, o and a, such that

IV (u — ug® — eur)||L2(\0)2 < Ce® (12 +lell mirza0)) -

The proof of this is fairly straightforward, and follows by carefully considering the boundary value problem
satisfied by u? —uf® —eu; = (U —uy) . We leave the details to the reader. The fact that u; degenerates like
a and 1/a when a tends to co and 0 respectively, strongly indicates that the estimate u? — ug® = O(ae + £)
is the best possible. Higher order terms in the Taylor series of u? could be calculated, and they too would
degenerate when a tends to oo and 0. This would strongly indicate that no finite Taylor expansion of u? (at
zero) would achieve a uniform approximation to u — uniform with respect to a that is.

It is interesting to compare the above calculation of the first two terms in the Taylor Series of u? to the
calculation carried out in [7]. In that paper, the authors consider the Neumann version of Problem (2.2)
in the case that a. = a, and they calculate the first two terms in the ¢ — 0 asymptotic expansion of the
solution to the problem

—div(yeVus)=f inQ,
Ve %l:f = on 012,
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which we shall also call u., since the difference in the type of boundary conditions on 92 plays no role for
the discussion here. v, is as before defined by (2.1). The result in [7] is

(7.13) Yy € 09, uc(y) = ug”(y) + euily) + ole) -

In this formula, the function uy is defined in terms of the Neumann function N(z,y) of €, a polarization
tensor M(z), and the harmonic function ud°:

ui(y) = 2/ (a = DM(2)Vui® (z) - Vo N(z,y) ds(z); y ¢ o.

1

The polarization tensor M(z) is for x € o given by M(z) = ( 0

fl= O

) in the local basis (7(z),n(x)), and
the Neumann function is the solution to:

{ AyN(z,y) =46, inQ,
6%mN(guy) = ﬁ on 0,
where d, is the Dirac distribution centred at x = y. Equivalently, due to the jump relations for single and

double layer potentials (see e.g. [16], Chap. 3), u; € H'(2\ o) is the unique solution (modulo a constant)
to the following problem:

—Au; =0 inQ\o,
%:0 on 0f) ,
—~ Oug®

[u1]~: —2( — %) 8705 _ ono,
[%] =-2(a—1) Baﬁg on o .

We immediately notice that the boundary value problems satisfied by u; and @, imply that the difference
u1 — Uy is uniformly bounded with respect to a. If the same thing were to happen for higher terms in the
Taylor Series, then it would be very consistent with the fact that the difference u. —u? is uniformly bounded
with respect to a; it would also strongly suggest that no finite Taylor expansion of u. would lead to a uniform
approximation (uniform in a, that is).

8. DERIVATION OF THE 15T ORDER APPROXIMATION OF

In the previous sections, we have derived a uniform 0*-order approximation (u?,v%) € V, x H'(w;) to
the couple (ue|o\or, ue 0 He) € H' (Q\ @) x H' (wy). Properly speaking, we only proved that u? is a uniform
approximation of u.|o\g: “far away from the curve ¢”, that is, on subsets of 2 of the form Q \ @y, for some
fixed § > 0. However, the proof of this fact made use of the heuristic approximate guess v0 for the potential
(ue o He) inside the rescaled inhomogeneity.

Relying on the same strategy, we now briefly outline the derivation of a uniform first-order approximation
result for the solution u. of (2.2). We note that the 0*- and first-order analyses turn out to share a lot of
common features; we shall thus for the sake of brevity omit some of the very tedious calculations related to
the latter.

We start from the rescaled form of problem (4.1) as established in Section 4.1.1: the couple (uc|o\gz, te ©
H.) is the unique minimizer of the energy

— 1 €a 14+ kdg- [ Ov 2 a 14 erdo- (Ov 2
FO(u,v) = = 24 e [ 2 TRdor OV g,y Ge [ 2T ERGen (OUR g d
e u.v) 2/9\%Vu T 2 /w1 1+ erdg- (87’) v 2¢ /wl 1+ kdg- \On . /qu “

among the elements of the space

=5 _ 1 . 1 v(x 4+ n(z)) = u(z + en(z))

VO = {(u,v), ue H(Q\w;),ve H (w1), Vz €0 (@ — (@) = ulz — en(z)) [
that additionnally satisfy u = ¢ on 9. We have seen that a uniform 0*"-order approximation of this couple
(in the sense described above) is (u?,v?) € VO, where V0 is defined in (4.6), u? is defined as the solution to
the minimization problem (4.10), and v? is given by (4.13). For technical convenience, we define the couple
(uz,vz) € HY(Q\ wz) x H(wy) by the identity

(8.1) (ue| ooz e © He) = (u + e(ye + Uz), v + e(we +77))
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where y. € H'(Q \ w;) denotes the unique solution to the problem

—Ay. =0 in Q\ e,
) ye =10 on 0F) ,
Ye(z +en(z)) = dg—;_(:v) -1 (W(z+en(z) —ult(z)) ze€o,
ye(w — en()) = = %= (2) — L (ul(z — en(2)) —ul~(2)) z €0,

and w. € H'(wy) is given by the formula

0t 0~ ud+ ud-
(8.2) Vzxeo Vte(—1,1), w.(z+itn(x)) = % (aa; (x)+ 88; (x)) +% (38; () — 88; (x)) .

We note that (x4 en(z)) describes dwZ as z runs through o. Due to the introduction of these two auxiliary
functions y. and w,, the “unknown” couple (ug,7z) has no “jump” from dw, to dwy, i.e., (uz, ;) lies in @.
Note that, using the uniform regularity estimates of Theorem 8 and arguing as we did for the study of the
function z. in Section 6.1, we may easily prove that

(8.3) Vyell2) < C (1|2 @) +Hel mrzp0)) €

From its definition, (U, 7z) is the unique minimizer of the functional

Fl(u,v) :=

m\»—

(@(ug + e(ye +u), v + e(we +v)) — FI(u + ey, v? + swe)) )

among the couples (u,v) € V2 such that u = 0 on 9. To find a uniform 0*"-order approximation to (g, vz)
we expand the functional Fl(u,v) as follows:

— 1 ca 1+ kdg- [ Ov 2 a 1+ erdg- [ Ov 2
8.4) F! == 2d J / — | = | dx < / — (=] d
(84) Faluv) (2 /Q\ws Vel de 5 | T erdg \or T3 ), Tt rdg- \on) “

1+ kdg- 8w56vd ag/ 1+ erdg- 8w58vd>
Wi

+ Vy5~Vudx—|—5a5/

o\wz 1+erdg- O OT & 1+ kdg- On On

14 kdg- 00 Ov Qe 1+ erdg- /
Vul - Vud o —dat — [ dz .
+/Q\wg ug - Vu x+€as/w11+€/@dg 9 7 x + 5 17 rdg 8n 8n Judz

We observe that the quadratic part of this energy is the same as that of the 0*"-order energy FE0 (modulo a
factor of €). The linear part has two components, correponding to the second line and the third line of (8.4)
respectively. Following this splitting of the linear part we decompose (g, 7z) as

(8.5) (uz,2) = (Wi, 012) + (Ve V22)

w1

where (u1;,71) and (Uz.,T2.) € V0 are the unique minimizers of the respective energies Fgl’l(u,v) and
F}%(u,v), defined by:

1 €a 1+ kdg- [Ow ow\?
. LT _ 7/ 2 5/ Q e Ov
(8.6) (w,0) =3 - Vul"de + =5 o T4endg \or Tor) @

ae 1+erdg- [(Ow, Ov 2
— _— — | d Vye - Vud
25/w1 1+ rdg- (an +8n> T Jo VAT
and
—3 1 ca 1+ kdg- [Ov 2 a 1+ erdg- [ Ov 2
8.7) F}? = f/ 2d 5/7— d —5/7— d
(87) Fer(uv) (2 Q\w—slvu| v 2 J,, 1+erdg- \OT x+2€ w: 1+Iidg— on vl

14 kdg- 000 Ov as/ 1+ erdg- /
vul - Vud ———=—d - dz .
+/Q\w€ ug - Vu z+€as/w11+€/@dg 5 5. &t T+ g 8n 8n Judz

Note that the definition of F U1 slightly differs from the sum of the first two lines of (8.4) by an additive
term that only depends on u? (and a factor of €), which has no effect on the solution to the corresponding
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minimization problem.
8.1. 0tP-order approximation of the couple (uic,v1;).

To obtain a 0*-order approximation (uj ¢, v1) of (Ui, v1¢), we follow the same strategy as in Section
4. We use a heuristic argument to build an approximate two-scale minimization problem

(8.8) (urgienvo Fb(u,v).
uw=0 on 89

This problem can now (heuristically) be solved for v in terms of u, leading to a minimization problem featuring
only u. This process yields a candidate (u; ., v; .) for a uniform 0*"-order approximation of (71 z,712). Then
we can rigorously prove a uniform approximation estimate, using arguments similar to those of Section 6.
This estimate would assert that

[are — i ell2nas) + [ — wellizoas) < C (112 +ell mrzen) Ve

with C independent of € and a.. For brevity we shall not present the proof of this estimate here, instead we
limit ourselves to describing the heuristic derivation of the approximate energy F1:1.

Arguing as in Section 4, and relying on the estimate (8.3), we approximate the quantity F.''(u,v) by

ow, Ov 2
(1+ kdg-) ( 5, +87> dx

+%/¥ Oue | 00N,
2¢ J,, 1+ Kdog- \ On ~ On '

1 e
(8.9) Fr(u,v):= 7/ |Vul|? do + €i/
2 Joro 2

w1

Problem (8.8) can now be rewritten

1
min {/ |Vul? derG;(u)} ,
G 2 Q\o
u=0 on 9Q

where we have defined

(8.10) G(w)=  min 5“5/ (14 rdg ) (202 . 20 2dx+a8/ R S T TA
' ST en(wn 2 Jo, I\ ar T oor 2e J,, 1+ kdg- \ On  On '

v(z+n(z))=ut(z), z€o

v(z—n(z))=u—(z), €

We (heuristically) solve this minimization problem to get an explicit approximate expression for GL(u)
in terms of u. To this end, we notice that Gl (u) features two terms with different behavior as e — 0.
Intuitively, the minimizer v, of this composite energy will to lowest order be determined by the term

fwl ﬁ (‘957”; + 3—2)2 dz. The corresponding Euler-Lagrange equation asserts that v, must satisfy
1 v ow, \ Ow
Yw € H} , / — = S ) =—dx=0.
v o(w1) wy 1+ Kdo- <8n + on ) on ™

Arguing as in Section 4.1.1 (that is, taking w(x + tn(x)) = ¢(x)(t) with arbitrary ¢ € C*®(o) and ¢ €
C%°(—1,1), and using Proposition 1) we conclude that the function ¢ — v, (x + tn(x)) is affine for any fixed
x € 0. The boundary conditions of problem (8.10) now give
t 1

Vo € o, t€(—1,1), vu(z+tn(x)) = =[u)(x) + §(u+(:r) +u(z)) .
Inserting this expression into (8.10), and using (8.2) as well as Proposition 1, we arrive at the minimization
problem
(8.11) min Bl (u),

wEVe
u=0 on 9Q
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where E!(u) := F}1(u,v,) has the following expression

2
100 1/ 2 %/ b ot (o Oul”
E;(u) := 5 Q\U\Vu\ dx + i/ u” + o u o ds
+%/ O (. Ouet 2+ 9 (-0 2+ O (2 QTN (D (- Z2HTNY g
3 J,\or on or on or on or on '

The solution u; . to this minimization problem is our candidate for a uniform approximation to %y .. The
function vy . € H'(wy) defined in the rescaled inhomogeneity by

Vo€ o, b€ (~1,1), via(e+tn(e)) = glncl(w) + 5 (uf (@) + v (x)

is our candidate for an approximation to 7y ..

8.2. 0tP-order approximation of the couple (Uz.¢,72¢) and the uniform first order approximation
result.

Let us now turn our attention to the uniform approximation of the solution (43,72 ) to the problem

(8.12) min_ F}%(u,v) ,
(u,0)eVI
u=0 on 9Q

where the energy F2*(u,v) is given by (8.7). Performing calculations somewhat more complicated than
those in the previous section it is possible heuristically to arrive at a candidate (ug.,v2,.) for a uniform
approximation. We shall not present these calculations here, but only state the result:

The function us . is the solution to the problem

(8.13) min  E(u) ,
u=0 on 9Q

where the functional E? is given by

1 ca, out? ou=\°> Out ou" _
(8.14) Ef(u)—Q/Q\ |Vul|? do + 3 /((37’) + ( 87’) + g 87’) d 1 /(u+—u )2 ds
—u

s+%

€

9200+ 92u0- 1 ou

+ Ye ut ds + Ye ufds—|—f//<a Ye
4/, on

- OT2 . 072
(8.15) Vo € oVt € (—=1,1), vac(x+tn(x)) = 5 [uge] (x) + 5 (u3 (@) + uz(2)) + wae

g
(u”

)ds.

The function ve . € H'(w) is defined as

the function wa . € H'(w;) being given by

wo(x + tn(z)) = t2a™(z) + th(z) + c(z), Vt € (0,1), z € o,

(8.16) Vo € o, { wa(z + tn(z)) = t2a™ (z) + th(z) + c(z), Vt € (—i,O), xEo,

with

vy er(x) dudE e (Pudt | 0Pud” _er(z) [oud
a*(z) = 2a. On (I)+4 or2 + or2 (@), b(z) = da. | On (@),

er(z) [Oult oul~ e (0% 9%l
olz) = 4C(L ) ( on (@) + on (m)>—4< oT2 + or2 )(x)

It is then possible to prove that

[Tz — ugell 2 \am) + [ = w2ellizioam) < C (1fll2@)+ellmr2o0) Ve

with C independent of ¢ and a.. Combining the decompositions (8.1) and (8.5) with (8.3) and the above
estimates for u; ;. — u1 . and Uz — usz . we would now arrive at the following theorem
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Theorem 12. In the situation described in Section 2.1, let § > 0 be a fized positive real number, f € Fs,
and © € H%(GQ). Let u. € HY(Q), be the unique solution of the minimization problem (4.1), let u? be the
unique solution to (4.10)), and uqe,us . be the unique solutions of (8.11) and (8.13). Then the following
estimates hold for e > 0 sufficiently small

llue = u? —e(ure +uz.0)l 2 onam < C (1f 12 HIel o)) €%

lJue — ug —e(ure + u2,5)”L§(Q—\oT§)§ C (|\f||L2(Q)+||<P|\Hl/z(asz)) e3/? )

where the constant C' depends only on 2 and o, and is independent of f, p, € and the sequence a..

APPENDIX A. PROOF OF THE UNIFORM REGULARITY ESTIMATES FOR ug

This appendix is devoted to the proof of Theorem 8. For the reader’s convenience, let us first recall
a useful characterization of WP spaces. Let  C R? be an open set, and suppose 1 < p < oo; define
1 < p' < oo by the relation % + ; = 1. For any function u € LP(£2), any open subset V' & 2 and any vector

h € R? with |h|< dist(V,09Q), we define the difference quotient Dyu € LP(V') by

h) —
Vo €V, Dpu(x) = W .
If Q and V are both convex, then it is fairly simple to prove that
[ Dpull e vy < [|VullLe@)

for any vector h € R? with |h|< dist(V, 99). The related complete characterization of WP spaces we have
in mind is the following (see [8], Prop. 9.3)

Proposition 13. Let u € LP(2). Then the following assertions are equivalent

(i) u belongs to WHP(Q) |
(1) there exists a constant C > 0 such that

ov
/Q u oz, dx

(#i7) there exists a constant C > 0 such that, for any open subset V € €,

< Cloll e (), for any v € C2(Q), Vi=1,2,

lim sup|| Dpul|Lp ()< C .
h—0

Furthermore, the smallest constant C' satisfying (i) or (iii) is C = ||Vu||r(q)-

We are now in position to prove the desired result.

Proof of Theorem 8. The proof of this result is an adaptation of that of Theorem 9.25 in [8], and relies on
the method of translations. First we observe that, by a standard argument of partition of unity, it is enough
to prove that u? belongs to H?(V \ o) and that the estimate (5.11) holds with V' \ o instead of  \ o, where
V is a sufficiently small (convex) neighborhood in © of an arbitrary point o € Q. Three cases must be
distinguished:

(i) xo belongs to 2\ o,

(7i) xp lies on 02 ,
(#it) o lieson o .

The uniform estimate (5.12) arises as a consequence of the treatment of case (7).

e Case (i): Let V and W be open convex subsets of QF (or Q7) with V€ W € QF (or Q7). Let
X € C(2\ o) be a smooth cutoff function with

0<x<1l, x=1lonV, and x=0o0on Q\ W .
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Then, for any test function v € H(Q\ o),
/ V(Xug) -Vvdr = / XVugonder/ uSVX~V11d:L'
w W w
/ Vvl -V (xv) dx—/ vVug~dex+/ uVx - Vodr |
w w w

= /fxvdx—/ vVug-dex—i—/ uwVy - Vo dz
1% w w

(A1)

where we used the variational formulation (5.1) with a test function whose support is compact in 2\ o.
Let us now define w, := yul. Our goal is to use the method of translations to show that Vw. belongs to
HY(Q\ o). Let h € R? be any vector of sufficiently small length, and let us insert D_, Dpw. € H(2\ o) as

a test function in (A.1). The result is

(A.2) / |VDpw.|? doe = Dp(xf)Drw, dz — / (D_p, Dpwe)Vul - Vx dx
Q\o

Q\o Q\o

+ DypulVx(x + h) - VDyw, dx + / udV Dy x - VDpw, dz .
Q\o Q\o

Here we have used the following formula for the difference quotient of a product
Dy (uv)(z) = Dpu(z)v(z + h) + u(z)Dpo(x) ,

as well as “discrete integration by parts” for the difference quotients (which is nothing but change of variables
in the corresponding integrals). We recall that for & sufficiently small (less than dist(W,9(Q2\ o)) ), Dyw.

has compact support in some convex W, with W € W € QF (or Q7). From (A.2) we now obtain
hmsupHVthEHLQ(W < ChmsupHDh(Xf)HH L () hII?SUPHthsHHl W)
+ Chmsup”D hthEHL2(W ||Vu‘€||L2 (W)

(A.3) + C (hr}ILlS}leHDhuOHLQ W)+||UOHL2(W)) thUPHVthE”LZ(W)

IN

-
(||u€||L2(W)+||Vu2||L2(W)) hr}?jngVthEHm(W)
+ C||f||L2(Q) thUPHthenHl(W/)
h—0
Using the Poincaré inequality for H 1(/V[v/) functions vanishing on aﬁ, we have that there exists a constant
C which only depends on W such that
||th€||H1(W) CHVth6HL2(W) .
From (A.3) we conclude that

If W € QF then, due to Lemma 7,

IA

el 2 7y HV 2 2 iy el 2 ) HIVullzz @)

IN

CUIf 2 +el a1r200)) -

On the other hand, if W is a subset of 2, then we have a priori no bound on [[u?]|p2(0-)- To circumvent
this we note that from the very beginning, we could re-write the entire argument by replacing u? in the
various integral inequalities by u? —m, where m is an arbitrary constant; this includes the very definition of
we which now becomes w. = x(u? —m). We select m = ﬁ fﬂ, u? dz, and from the “revised” version of
(A.4) we now obtain

lim sup|[V Dyl o) - = CIfllzz( Hug = mllzz @) +HIVullzz o))
o
C(Ifllz2 () +Vulllr2@-))

C[f 2@ Hel 2 00))
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owing to the Poincaré-Wirtinger inequality and Lemma 7. Whether W is a subset of QF or Q~, Proposition
13 now allows us to conclude that all the entries of the Hessian matrix VZw. belong to L?(W), and that the
following inequality holds

|2y < Jwel 2wy < O fllzz )+l iz 00)) -

(i) The proof in this case is similar to that of (i), modulo the usual changes of the method of translation
due to the presence of the boundary (again, see [8], Theorem 9.25). We omit the details and concentrate
instead on those of case (ii).

(ii) Let V. € Q be a sufficiently small convex neighborhood of the point xg € o. Let W be another
convex open subset of 2 such that V€ W € §, and let x € C°(2) be a smooth cutoff function such that

0<x<1l, x=1lonV, x=0on Q\W .

To simplify notations, we assume that o N W is flat (the general case being no more difficult, but more
involved as far as notations are concerned): the tangent vector 7 to o is the coordinate vector e,, and the
normal vector n, pointing outward from 27, is e,. Following the steps of the proof of (i), let w. = x(u2—m),

for some constant m to be specified later. A simple calculation reveals that w. satisfies

2¢ea owt vt  OwZ v~ 1 [OwT Ov~ Ow= Ovt
A. .- d = € € - € [ d
(A-5) O\o Ve - Vo dr + 3 /U ( or Ot + or Ot + ( or Ot + or Ot >) y

Qe + =\t o _
5o [ —u) =) s

2¢a. [ Ox [ Loudt  _oul™ 1/ Loul  _oult
/Q\Ugsvdat—i—/mahE Vo dx 3 /087_<v g + v g —&—5 v g + v g ds

2eac [OX (ot T L 0- v L[ 0r T o ot
2 [0 (e - m T v m G g (-G - m S ) ) s,

for all v € V, o. Here g. = fX Vu -Vx and h, (u —m)Vx.
Let us introduce mg = ‘U‘ f u “ds and mp = IUI f uo+ ds, and let w be defined as w = x( —m;),

1 =0,1. We now use the method of translations to show that the tangential derivatives 88 = and 8“}5 belong

to H1 (W) and H'(WT), respectively. To this end, let h = t7 = te,, for t > 0 sufficiently small, and choose
v=D_,Dpw?in W~ and v =0 in W, and then v =0 in W~ and v = D_; Dpw! in W+ as test functions
n (A.5). This yields

2
5 2<€a5/ ODpwl~ 190Dpwlt dDpw?~
(A.6) /_ |VDpw?|? da + 5 L\ T t5 s 5, ds

_ _ 2ea ox ODpud~  190Dpult
= | (D" — Dpw? ) (—=Dpwl™) ds = ——= / h)Djw e 42 < )d
+ 25 ( htle nwe”)(=Dnwe) ds 3 or (@ + h) Dyw or + 2 O s
2ea. [ ODpx _ [ Oud™ 1 au0+ 2e¢a. [ Ox 0D, w~ | 0
— Dpw d = hy——=— (D —Dpult ) d
3 /U hWe or ot 3 /(, or (z+h) or htie + g e y

2 0D 8D 1
53% / 8hX i <(u —mg) + = (ud — mo)) ds+ Dy geDpw? do+ Dyh? - VDpuw? dx
o T 87— 2 Q- Q-
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where hY = (u? —m()Vy, and

2
12 25@5/ ODpwlt 19Dywlt ODywl~
(A7) /Q R A lGs e e = =l

5 2ea. Dpult  10Dpul~
+ o (Dpwlt — Dpwl™)Dpwlt ds = — E3a / g—x(a@ + h)Dpwit (8 e | 1 0D ) ds
- 0T

2e J, or 2 or

2¢a. [ ODpx 1 (0ulT 1 0ul~ 2ea. [ O ODpwlt
- Dpwlt 2 d = h)—=—=— | Dpu’* D
3 /(, or D\ T ) Bt | prle =, uet o+ 5D

2 ODpx ODpwlt 1
4 e / hX O7h e (Wt —my) + = (u” —my) ds—l—/ Dyg-Dpw! dv+ [  Dphl-VDyw!dx,
3 o 87 87’ 2 O+ Q+

where h!l = (u? — m1)Vx. Note that, by performing an integration by parts on the first integral in the
right-hand side of (A.6), we can rewrite

(A.8)
Ax o (0Dpul™  19Dpul*" B 9?x 0 o 1 ot
| Gt Dt ( or T3 o )BT ‘/ gr2 (@ T M Duwe” | Duue” + 5 D" ) ds
8){ (9th27 0— 1 0+ .
or o (x+ h)iaT Dpu;™ + §DhuE ds ;

a similar identity holds for the first integral in the right-hand side of (A.7). Combining (A.6), (A.7) and
(A.8), we obtain

2¢ea oD’ \? 10D,w’t dDw’
02 3 £ - £ £
(A.9) /_ |VDpw,|* dx + 3 /U ((87’ ) +3 57 o ds

+ de (th§+ — thg_)(—thg_) ds <

2 J,
oud~ oudt
Cea.||Dpwl™ (o Dpu®~ + || Dpul ‘ — ‘ £
1D [lz2( )(H h ||L2(mW) || h HLZ(anW) a7 L2(0) o7 L2(0)
ODpw?™ 0+ 0— 0
+O€a5 67_6 L2(0) (||Dhu HL"’ oNW) HDhu ||L2(UOW) Hu€ - mOHLQ(U) + ||u<'5Jr - mOHLQ(U))
+ |1 Dngell - w )| |Dhwd]| 2w+ Drh2| | 2w ) ||V Dnw?|| 2w -y
and
2ea ODpwlt S| ODpw!t 0Dpwl~
A.10 VDw!|? d / —_— = - 2 < |d
( ) /Q| nwe|” de 4+ == 3 J, or +2 or or y

+ 2= [ (Dpw!* — Dyw! ") Dyw* ds <

2e J,
1+ 0— 0+ Oul~ Qu*
Ceacl| Dnwe ez | [ Dntie™ || o orwy + 10 || o oy + || 5 | | O
oD 1+
o[22 | (1Du gy + 10082 sy [l 12* )
or £2(0)

+ | Dngellzr-2 (w+) | Dawl || g2 ow+) HDrb | 2w ||V Dpwl | L2 o+,

Some of the terms in the right hand sides of the above inequalities can be estimated further. Owing to
Poincaré’s inequality, there exists a constant C' (which only depends on W and o) such that for any function
uwe HY (W \ o) with u = 0 on OW,

(A.ll) ||UHH1(Wi)S C||Vu||L2(Wi) .
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Similarly, there exists a constant C' (still depending only on W and o) such that for any function u € H' (o)
with u =0 on W N0,

ou

A.12 2 < —
(A12) lullzzare < €| |52

L2(Wno) '

From Proposition 13 (and the equivalent for o) we conclude that

(A.13) Yu € H' (o), hmbuPHDhuHL?(amw)_ H

h=tey

Yu e HY(Q\ o), hmsupHDhu||L2(W\o)< HVUHL2(Q\U) .

=teg
t~>0

In particular we deduce from (A.13) that

(A.14) lim sup|| Dpud®|| 22 (orw) <

h=tey

auoi
‘ ‘ or

L2(0)
Using (A.11), we obtain that there exists a constant C, independent of ¢ and a., such that

(A.15) 1 Drwlla o)< ClIVDRwe|| -y 5 and |IDpwe |l ow+) < ClIVDpwg || o sy -

From the a priori estimates of Lemma 7 it also follows that

(A.16) hmsup (1 Dngell i1 wo) H I D2 2w =+ Drbl | 2 w+)] < CUlel /200y +HI f 1 2@) -
t~>0

From the Poincaré-Wirtinger inequality on o, we have

oul=
or

oud*
or

(A1) [l = moll e < c‘

, and ||ug+ —m1HL2(o)§ C‘

L2(0) L2(o) '

We now sum (A.9) and (A.10), noticing that (Dpwlt — Dpw!l™) = (Dpw®t — Dpw?~) on o. Taking into
account (A.15), (A.16), (A.17) and (A.14), we arrive at

(A.18) limsup

h=teg
t—0

n 2ea, / 8thg_ 2 n 6th§+ 2 n 1 8thg+ 8thg_ n 8th;+ 8th;_ ds| <
3 J, or or 2 or or or or o=

ODpw?~
Cea, lim sup H W0
L2(o)

h=teg
+ [Judt = mo|| 2oy +H[ud™ — m1|L2(a)>
Some terms in this last expression still need to be rewritten. We observe that

/ |V D w?|? da + / |VDpw!|? da + ;LZ / (Dpwlt — Dpwl™)(Dpwlt — Dpwl™) ds
Q- Q+ o

’ ’ 8th§+
L2(o) aT

t—0

07
Ou,
or

5u2+
or

L2(o0) ‘

+ Ol e+l 2 o0y) limsup (1IV Dl |y HIVDrwl | ) -

t—0

L2(o)

(A.19) (2)zjm1 —mo| < (%) |Jult — ud™||L2(0)
< C(lfllz@)+Hel a2 00)

where we used the uniform a priori estimates of Lemma 7. This inequality, in combination with the fact that

Dpwl™ — Dpwlt = (m1 — mo)Dyx, and Dpw!™ — Dpw?™ = (mg —m1) Dy ,
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allows us to rewrite the last integral in the left-hand side of (A.18) as follows

/ ODpw’\” L (9Dwwlt ? 1 (9Dwult 9Dwul” 0Dyl 9Dl o
o or or 2 or or or or 5=
ODyw'=\>  [ODwit\?  ODjwlt ODjwl" 1 ODux (ODpul~  ODjwlt
/U (( or ) + < or ) + or or ds+§(m1—m0)/7 or ( or B or ) ds.

It follows, using the algebraic identity (5.2) and (A.19), that there exist two positive constants C; and Cs,
which do not depend on ¢ or a., such that

8th°‘ 2 8th1+ 2 1 8th0+ athO_ 8th1+ 6th1‘
A9 . € € - € € € € >
(A.20)  ea /a << or > * < or ) "2\Toar or T o or o =

Hc’)thg‘ 2 8th§+ 2
Ciea. —_ —_—
L2(e)
LZ(G)) .

8th§+

L2(o) H
Hdth H
L3(o)

— Ca(%ac) 2 (|1 2y +Il /2 00)) (

We now estimate the next to last integral in the left-hand side of (A.18). It may be rewritten

o [ (Duwrt = Dywl”)(Dywr = Dywl™) ds =
%|‘th;+ - DizwiiHQL?(o)"';*Z /J (th;Jr — thgf)(th;* — thg*) ds |
with
;Ti /U (Dpwlt — Dpw!™)(Dpwl™ — Dpw?™) ds
= gilml —mo L(th§+ Dpwl™)Dpx ds
< C([I 2 +||<p||H1/2(BQ))( )| Dpwt — Dyt |20 ©
and so

Qa
(A?].) i/ (th;+ — thii)(th;jL — th ) ds > HD w th HLZ(J)
= C(Ifllz> +H<pIIH1/z asz))( =)2 || Dyt = Dyw! |12 -

Turning to the right-hand side of (A.18), we have

(eac) % ([[ulF — mo|L2(o)+][ud™ — |2 (o) )
(A22) < Cfea.)? (||U0Jr — ma |20y H[ud™ — mollL2 (o) +lm1 — mol)
A22 1 . 1
< 1 uE U, C Qe \ 5 _
< Clea)? (‘ o || La(o )+‘ 57 || 2y ) TCLE) P = mol
<

CU Lz +lell mrr200)),
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due to (A.19) and the uniform a priori estimates of Lemma 7. Here we have also used that ea. < “=.
Combining (A.18), (A.20), (A.21), (A.22), and using Lemma 7 we finally get

||Vthg||%2(Qf)2+‘|Vth;H%2(Q+)2

2 i 8thg_
or

2
) < Cllellarzoo)tfilL@)

6th;+
(A.23) lim sup ea (’ ‘ or L2(o)

h=te, , t—0 L2(o)

Qa, _
+i||th§+ — Dpw: " |72 (0

In particular

limsup ([[VDpw|| 20 +VDrwz| L2 0t)) < CUlell 200+ fllL2 @)

h=te, , t—0
0 0 1 1
from which Proposition 13 allows us to conclude that 855; = 85”; € HY(W™) and 8(;“”; = 68“;‘5 € HY\(WH),
with the estimate
ou? HawO H@wl
- <= - < Clllell /200y Tl fll22 @)
H 9T || g1 (v\0) 9z || gy w-y 9 || gy o)
the constant C' being independent of € and a..
a,.0
We have to obtain the corresponding estimate for dau; . First
0?u? H@ug
< < C(llell gz @0yl @) -
Haxay L2(V\0)2 ox HY(V\0o)2 oD

2, 0
To get control of %—;;, we go back to the original equation (5.4) satisfied by u?

Pug 0%l
Oy?

—f

in the sense of distributions on V' \ o .

0z2

0
These two observations lead to a uniform H'(V \ o) estimate for 887;5, and thus to the desired uniform

H?(V \ o) seminorm estimate for u2. From (A.23) it also follows that

O?ult 2 ‘ ‘ %0 ||? a. [|[9udt  oul—||?
ca - : el < C(llell gz oo+ fllz2@)?
c (H 87-2 L2(cnV) (97'2 L2(oNV) & or or L2(oNV) (69) )
and this completes the proof of Theorem 8. ]

Remark 10. In this proof, we relied in a crucial way on the ordering ea. < “= between the coefficients
appearing in the approximate energy (4.12). We do not know whether the similar uniform regularity estimate
holds in other regimes of coefficients.
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