
Optimization of the shape
and topology of regions
supporting boundary

conditions

Eric Bonnetier1, Carlos Brito-Pacheco2, Charles Dapogny2, Nicolas Lebbe2,3,
Edouard Oudet2, Michael Vogelius4

1 Institut Fourier, Université Grenoble Alpes, Grenoble, France
2 Laboratoire Jean Kuntzmann, Université Grenoble Alpes, Grenoble, France

3 CEA, Leti, Grenoble, France
4 Department of Mathematics, Rutgers University, USA

20th May, 2025

1 / 43



Foreword (I)

• Shape and topology optimization techniques are
ubiquitous in industry and academics.

• Usually in practice,

- A domain Ω ⊂ Rd is optimized, representing
e.g. a mechanical structure, a fluid device.

- The performance of Ω is evaluated by an ob-
jective function J(Ω).

- J(Ω) is expressed in terms of the solution uΩ

to a boundary value problem posed on Ω.

- The regions of ∂Ω supporting specific bound-
ary conditions are not subject to optimization.

• We investigate a variant of this setting, where not
only the shape Ω, but also the subsets of ∂Ω bearing
boundary conditions are optimized.

Optimization of a staircase (courtesy
of Ansys).

“Optimized” front-end of the Qatar
National Convention Center.
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Foreword (II)

Examples:

• In thermal conduction,

- The temperature uΩ : Ω → R inside Ω is the
solution to the conductivity equation;

- Dirichlet b.c. account for a known profile,

- Neumann b.c. represent an imposed heat flux.

• When Ω is a mechanical structure,

- The displacement uΩ : Ω → Rd of Ω is solution
to the linear elasticity system;

- Ω is attached at the regions equipped with ho-
mogeneous Dirichlet b.c.

- Neumann b.c. represent applied surface loads.

• Other applications arise in acoustics, in fluid me-
chanics, etc.

Optimization of the screws of a
mandibular prosthesis [LaBa].

Optimized cooling process for a structure
produced by molding [WeWuShi].
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A model shape optimization problem (I)

• The considered shapes Ω are smooth,
bounded domains in Rd , with boundaries:

∂Ω = ΓD ∪ ΓN ∪ Γ.

• We assume that ΓD ∩ ΓN = ∅ and denote

ΣD = ∂ΓD , and ΣN = ∂ΓN .

• The behavior of Ω is encoded in the solution
u ∈ H1(Ω) to the conductivity equation:

−div(γ∇u) = f in Ω,
u = 0 on ΓD ,
γ ∂u
∂n

= 0 on Γ,
γ ∂u
∂n

= g on ΓN ,

where

• γ is the conductivity of the medium,

• f ∈ L2(Ω) is a source (or a sink),

• g ∈ L2(ΓN) is a heat flux.
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A model shape optimization problem (II)

• A “classical” shape optimization problem then reads:

min
Ω

J(Ω) s.t. C(Ω) ≤ 0.

Here, J(Ω) and C(Ω) are objective and constraint functions of the domain, e.g.

J(Ω) :=

∫
Ω

j(uΩ) dx ,

where uΩ is the solution to the conductivity equation and j : R→ R is smooth.

• In the present application, Ω is fixed, and we consider problems of the form:

min
G⊂∂Ω

J(G) s.t. C(G) ≤ 0.

For instance, G = ΓD or ΓN in the conductivity equation, and:

J(G) =

∫
Ω

j(uG ) dx .
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Aims of this work

• We introduce notions of shape and topological derivatives for functions J(G)
depending on a region G of the boundary ∂Ω.

• We propose “simple” mathematical methods to achieve their calculation.

• We implement them in combination with:

• A constrained optimization algorithm to infer a descent direction [FeAlDa];

• A mesh evolution method to track the evolving region G [BriDa, AlDaFre].

• We apply these ideas in different physical situations:

• Thermal or electric conduction (conductivity equation);

• Structure mechanics (linear elasticity system);

• Acoustics (Helmholtz equation).
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Shape derivatives (I): definition

The method of Hadamard relies on varia-
tions of a region G ⊂ ∂Ω of the form

Gθ := (Id + θ)(G),

where θ is a “small” tangential vector field:

θ · n = 0 on ∂Ω.
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Tangential deformations modify G within ∂Ω.

Definition 1.
The shape derivative of a function J(G) is the Fréchet derivative at θ = 0 of the
underlying mapping

θ 7−→ J(Gθ) ∈ R.

The following expansion holds:

J(Gθ) = J(G) + J ′(G)(θ) + o(θ), where o(θ) is a “small” remainder.
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Shape derivatives (II): Examples

• “Simple” functions of the region G are:

- Its surface area Area(G) =

∫
G

ds;

- The length Cont(G) =

∫
Σ

d` of its

contour Σ.
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n⌃(x)

<latexit sha1_base64="fBw+Kv4cti419ngIq8B1CDlNX9A=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAIdTNkSju6LLhxWcFeoB1KJs20oUlmSDJiGfoKblwo4tYXcufbmGkrqOgPgY//nEPO+cOEM20Q+nAKa+sbm1vF7dLO7t7+QfnwqKPjVBHaJjGPVS/EmnImadsww2kvURSLkNNuOL3K6907qjSL5a2ZJTQQeCxZxAg2uSWr9+fDcgW5qIb8hgctoDry0AJqnt+AnoVcFbBSa1h+H4xikgoqDeFY676HEhNkWBlGOJ2XBqmmCSZTPKZ9ixILqoNssescnllnBKNY2ScNXLjfJzIstJ6J0HYKbCb6dy03/6r1UxNdBhmTSWqoJMuPopRDE8P8cDhiihLDZxYwUczuCskEK0yMjadkQ/i6FP4PnZrr+a5/U6803VUcRXACTkEVeOACNME1aIE2IGACHsATeHaE8+i8OK/L1oKzmjkGP+S8fQKlyY3x</latexit>

n(x)

<latexit sha1_base64="FgpjV7gjL8z+pGJg+WYdNwqlWr0=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZMaUeXBTcuW7AXaIeSSc+0sZkLSUYsQ5/AjQtF3PpI7nwbM20FFf0h8PGfc8g5v58IrjQhH1ZhbX1jc6u4XdrZ3ds/KB8edVScSgZtFotY9nyqQPAI2pprAb1EAg19AV1/epXXu3cgFY+jGz1LwAvpOOIBZ1Qbq3U/LFeITarErTvYAKkRhyyg6rh17BjIVUErNYfl98EoZmkIkWaCKtV3SKK9jErNmYB5aZAqSCib0jH0DUY0BOVli0Xn+Mw4IxzE0rxI44X7fSKjoVKz0DedIdUT9buWm3/V+qkOLr2MR0mqIWLLj4JUYB3j/Go84hKYFjMDlEludsVsQiVl2mRTMiF8XYr/h07VdlzbbdUqDXsVRxGdoFN0jhx0gRroGjVRGzEE6AE9oWfr1nq0XqzXZWvBWs0cox+y3j4BE3qNFA==</latexit>

x<latexit sha1_base64="L6BhXwWYdP5Y+1ZIA0UhpDCiLkY=">AAAB7nicdZDLSgMxFIbPeK31VnXpJlgEV0OmtKPLghuXFewF2qFk0kwbmskMSUYoQx/CjQtF3Po87nwbM20FFf0h8PGfc8g5f5gKrg3GH87a+sbm1nZpp7y7t39wWDk67ugkU5S1aSIS1QuJZoJL1jbcCNZLFSNxKFg3nF4X9e49U5on8s7MUhbEZCx5xCkx1uoOwkwIZoaVKnZxDfsND1nAdezhBdQ8v4E8C4WqsFJrWHkfjBKaxUwaKojWfQ+nJsiJMpwKNi8PMs1SQqdkzPoWJYmZDvLFunN0bp0RihJlnzRo4X6fyEms9SwObWdMzET/rhXmX7V+ZqKrIOcyzQyTdPlRlAlkElTcjkZcMWrEzAKhittdEZ0QRaixCZVtCF+Xov+hU3M93/Vv69Wmu4qjBKdwBhfgwSU04QZa0AYKU3iAJ3h2UufReXFel61rzmrmBH7IefsEpUOPvA==</latexit>•

• Their shape derivatives read, for any tangential deformation θ:

Area′(G)(θ) =

∫
Σ

θ · nΣ d`, and Cont′(G)(θ) =

∫
Σ

κ(θ · nΣ) d`,

where κ := div∂Ω(nΣ) is the mean curvature of Σ.

• The derivative of a general function, involving a physical state uG is of the form:

J ′(G) =

∫
Σ

v(uG , pG ) (θ · nΣ) d`,

where v(uG , pG ) is a scalar quantity, depending on a suitable adjoint state pG .
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Topological derivatives

The notion of topological derivative fea-
tures variations of G ⊂ ∂Ω of the form

Gx,ε := G ∪ ωx,ε,

where ωx,ε is the surface disk with center
x ∈ ∂Ω \ G and radius ε� 1.

<latexit sha1_base64="ZSk7HEFCT+HUALnwXhwNldhm020=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIqS4LbtxZwT6gCeVmOmmHTiZhZiLU0C9x40IRt36KO//GSZuFth64cDjn3pl7T5BwprTjfFuljc2t7Z3ybmVv/+Cwah8dd1WcSkI7JOax7AegKGeCdjTTnPYTSSEKOO0F05vc7z1SqVgsHvQsoX4EY8FCRkAbaWhXvQSkZsCxdxfRMQztmlN3FsDrxC1IDRVoD+0vbxSTNKJCEw5KDVwn0X6WP0o4nVe8VNEEyBTGdGCogIgqP1ssPsfnRhnhMJamhMYL9fdEBpFSsygwnRHoiVr1cvE/b5Dq8NrPmEhSTQVZfhSmHOsY5yngEZOUaD4zBIhkZldMJiCBaJNVxYTgrp68TrqXdbdZb943aq1GEUcZnaIzdIFcdIVa6Ba1UQcRlKJn9IrerCfrxXq3PpatJauYOUF/YH3+AHGUkuw=</latexit>

@⌦

<latexit sha1_base64="rfhHh7DN++tOMgDvPS0/Vox18jE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMi0WPAgx4TMAskQ+jp1CRtenqG7h4hDPkCLx4U8eonefNv7CxC3B4UPN6roqpekAiujet+OLmV1bX1jfxmYWt7Z3evuH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq37lFpHstbM07Qj+hA8pAzaqxUv+4VS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfOs7FXKlfp5qXq+iCMPR3AMp+DBBVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgGc0YzJ</latexit>

G

<latexit sha1_base64="GdAppQM3htX5e+++cyFFrGiEuyo=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBoyta1dFty4bMFeoB1KJs20sZkLSUYsQ5/AjQtF3PpI7nwbM20FFf0h8PGfc8g5vxcLrjTGH1ZubX1jcyu/XdjZ3ds/KB4edVSUSMraNBKR7HlEMcFD1tZcC9aLJSOBJ1jXm15l9e4dk4pH4Y2excwNyDjkPqdEG6t1PyyWsI1xHVeqKAOnWisvANcrF8jJwKgEKzWHxffBKKJJwEJNBVGq7+BYuymRmlPB5oVBolhM6JSMWd9gSAKm3HSx6BydGWeE/EiaF2q0cL9PpCRQahZ4pjMgeqJ+1zLzr1o/0X7dTXkYJ5qFdPmRnwikI5RdjUZcMqrFzAChkptdEZ0QSag22RRMCF+Xov+hU7adml1rVUoNexVHHk7gFM7BgUtowDU0oQ0UGDzAEzxbt9aj9WK9Lltz1mrmGH7IevsEJkuNIQ==</latexit>

x
<latexit sha1_base64="5rKF1jEdvsA0Aibr2nyUezrBbDk=">AAAB7nicdZDLSgMxFIYzXmu9VV26CRbB1ZCpbe2y4MZlBXuBdiiZNNOGZjJDckYoQx/CjQtF3Po87nwbM20FFf0h8PGfc8g5f5BIYYCQD2dtfWNza7uwU9zd2z84LB0dd0ycasbbLJax7gXUcCkUb4MAyXuJ5jQKJO8G0+u83r3n2ohY3cEs4X5Ex0qEglGwVncQpFJyGJbKxCWkQao1nINXq1cWQBrVS+zlYFVGK7WGpffBKGZpxBUwSY3peyQBP6MaBJN8XhykhieUTemY9y0qGnHjZ4t15/jcOiMcxto+BXjhfp/IaGTMLApsZ0RhYn7XcvOvWj+FsOFnQiUpcMWWH4WpxBDj/HY8EpozkDMLlGlhd8VsQjVlYBMq2hC+LsX/Q6fienW3flstN91VHAV0is7QBfLQFWqiG9RCbcTQFD2gJ/TsJM6j8+K8LlvXnNXMCfoh5+0TuBSPyQ==</latexit>•

<latexit sha1_base64="UvtM0g/Xppy4kA3BiBZlR1ifdoY=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgadktpfZY8OKxgm2F7VKyabYNzSZLMlsoS3+GFw+KePXXePPfmH6BWh8MPN6bYWZelApuwPO+nMLW9s7uXnG/dHB4dHxSPj3rGJVpytpUCaUfI2KY4JK1gYNgj6lmJIkE60bj27nfnTBtuJIPME1ZmJCh5DGnBKwU9CZEs9RwoWS/XPFcbwHsudVao+rXsb9W1qSCVmj1y5+9gaJZwiRQQYwJfC+FMCcaOBVsVuplhqWEjsmQBZZKkjAT5ouTZ/jKKgMcK21LAl6oPydykhgzTSLbmRAYmb/eXPzPCzKIG2HOZZoBk3S5KM4EBoXn/+MB14yCmFpCqOb2VkxHRBMKNqWSDWHj5U3Sqbp+3a3f1ypNdxVHEV2gS3SNfHSDmugOtVAbUaTQE3pBrw44z86b875sLTirmXP0C87HN9oSkZY=</latexit>

"

<latexit sha1_base64="0V/d7EFWSp+W7ZkskbuXwmpQsPk=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeJBlN4SYY8CLxwjmAUkIs5NOMmR2ZpmZDYY1B3/FiwdFvPob3vwbJy9QY0FDUdVNd1cQcaaN5305qbX1jc2t9HZmZ3dv/yB7eFTTMlYUqlRyqRoB0cCZgKphhkMjUkDCgEM9GF5P/foIlGZS3JlxBO2Q9AXrMUqMlTrZk5YMoU86yf1la0QURJpxKSadbM5zvRmw5+YLpbxfxP5SWZIcWqDSyX62upLGIQhDOdG66XuRaSdEGUY5TDKtWENE6JD0oWmpICHodjK7f4LPrdLFPalsCYNn6s+JhIRaj8PAdobEDPRfbyr+5zVj0yu1Eyai2ICg80W9mGMj8TQM3GUKqOFjSwhVzN6K6YAoQo2NLGNDWHl5ldTyrl90i7eFXNldxJFGp+gMXSAfXaEyukEVVEUUPaAn9IJenUfn2Xlz3uetKWcxc4x+wfn4BtEflpU=</latexit>

!x,"

Definition 2.
The function J(G) has a topological derivative at x ∈ ∂Ω \G if there exist a function
ρ(ε)

ε→−−→ 0 and a number dJT (Ω)(x) ∈ R such that:

J(Gx,ε) = J(G) + ρ(ε)dJT (G)(x) + o(ρ(ε)).

Remark The rate ρ(ε) of the expansion depends on the application.
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Setting

• We address the “most difficult” case, where G = ΓD in the conductivity equation.

• We consider the model functional

J(G) =

∫
Ω

j(uG ) dx ,

where uG ∈ H1(Ω) is the solution to the con-
ductivity equation.

<latexit sha1_base64="ON+vSJvbyNKetHKugg6+TWNSveU="></latexit>

G = �D

�N

�

<latexit sha1_base64="Hb/ybuCt14iTLIil9gkIrxeDMIw="></latexit>

⌃
<latexit sha1_base64="1OvQis9iQFU4eXJfXBcRFn3v9pw="></latexit>n⌃

n

•

• We aim to calculate the shape derivative J ′(G)(θ).

• For notational simplicity, θ ≡ 0 on ΓN .

• The analysis is difficult because of the weakly singular character of uG near Σ...
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A taste of the regularity of uG
• The function uG is smooth except near Σ, where the b.c. change types.

• If d = 2, let V be a neighborhood of x0 = 0 ∈ Σ such that:

x0 = 0, Ω ∩ V = {x ∈ V , s.t. x2 > 0} , and
G ∩ V = {x ∈ V , s.t. x2 = 0, x1 < 0} .

<latexit sha1_base64="iZpTBOQjPh5ieETUQTA+XczB+WU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf3Ud8kNcfvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjtZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWv3l5V6NY+jCCdwCufgwRXU4Q4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Apr+Oaw==</latexit>

x0 = 0

<latexit sha1_base64="QwuOKgOaXbgeiHNUYT6ckfJtWAo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbRSuxdmUnLsV2ue681BVolfkBoUaPSrX71BwrKYK2SSGtP1vRSDnGoUTPJppZcZnlI2pkPetVTRmJsgn587JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n9eN8PoNsiFSjPkii0WRZkkmJDZ72QgNGcoJ5ZQpoW9lbAR1ZShTahiQ/CXX14lrQvXv3avHi5rdbeIowwncArn4MMN1OEeGtAEBmN4hld4c1LnxXl3PhatJaeYOYY/cD5/AHVNj5o=</latexit>•
<latexit sha1_base64="CgeK0V02eUfNFTP1+sGkCU/TEiE=">AAAB7XicdVDLSgNBEJyNrxhfUY9eFoPgadkNGj0GPOgxgnlAsoTeyWwyZh7LzKwQlvyDFw+KePV/vPk3TpIVomhBQ1HVTXdXlDCqje9/OoWV1bX1jeJmaWt7Z3evvH/Q0jJVmDSxZFJ1ItCEUUGahhpGOokiwCNG2tH4aua3H4jSVIo7M0lIyGEoaEwxGCu1etfAOfTLlcDz53B9r1YNqv6ZJbnybVVQjka//NEbSJxyIgxmoHU38BMTZqAMxYxMS71UkwTwGIaka6kATnSYza+duidWGbixVLaEcefq8kQGXOsJj2wnBzPSv72Z+JfXTU18GWZUJKkhAi8WxSlzjXRnr7sDqgg2bGIJYEXtrS4egQJsbECl5RD+J62qF9S889uzSt3L4yiiI3SMTlGALlAd3aAGaiKM7tEjekYvjnSenFfnbdFacPKZQ/QDzvsXamSO+w==</latexit>

�<latexit sha1_base64="U2MehY08EmYiIZwVOONHVf568Ew=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GmZEohchoBCPEcyCyRB6Oj1Jk+6eobtHCEP+wosHRbz6N978GzuLELcHBY/3qqiqFyacaeN5H05uaXlldS2/XtjY3NreKe7uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMh5cTv3lPlWaxvDWjhAYC9yWLGMHGSnfVi04VC4G7V91iyXe9KZD3i3xZJZij1i2+d3oxSQWVhnCsddv3EhNkWBlGOB0XOqmmCSZD3KdtSyUWVAfZ9OIxOrJKD0WxsiUNmqqLExkWWo9EaDsFNgP905uIf3nt1ETnQcZkkhoqyWxRlHJkYjR5H/WYosTwkSWYKGZvRWSAFSbGhlRYDOF/0jhx/bJbvjktVdx5HHk4gEM4Bh/OoALXUIM6EJDwAE/w7Gjn0XlxXmetOWc+sw/f4Lx9ArE7kDw=</latexit>

G = �D

<latexit sha1_base64="MUstrvPIG28EmY1S//Z84r0OWKw=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4GmbE7Rjw4s0IZoFkCD2dStKml6G7RwhD/sGLB0W8+j/e/Bs7yRw08UHB470qqurFCWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNo1JNoU4VV7oVEwOcSahbZjm0Eg1ExBya8ehm6jefQBum5IMdJxAJMpCszyixTmp07gQMSLdcCfxgBrxMwpxUUI5at/zV6SmaCpCWcmJMOwwSG2VEW0Y5TEqd1EBC6IgMoO2oJAJMlM2uneATp/RwX2lX0uKZ+nsiI8KYsYhdpyB2aBa9qfif105t/zrKmExSC5LOF/VTjq3C09dxj2mglo8dIVQzdyumQ6IJtS6gkgshXHx5mTTO/PDSv7g/r1T9PI4iOkLH6BSF6ApV0S2qoTqi6BE9o1f05invxXv3PuatBS+fOUR/4H3+AFxtjvE=</latexit>

⌦

<latexit sha1_base64="QwuOKgOaXbgeiHNUYT6ckfJtWAo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fju5nffuLaiEQ94iTlQUyHSkSCUbRSuxdmUnLsV2ue681BVolfkBoUaPSrX71BwrKYK2SSGtP1vRSDnGoUTPJppZcZnlI2pkPetVTRmJsgn587JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n9eN8PoNsiFSjPkii0WRZkkmJDZ72QgNGcoJ5ZQpoW9lbAR1ZShTahiQ/CXX14lrQvXv3avHi5rdbeIowwncArn4MMN1OEeGtAEBmN4hld4c1LnxXl3PhatJaeYOYY/cD5/AHVNj5o=</latexit>•
<latexit sha1_base64="Acl1ins240079o8Ibz55JWgh6EA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8Lbvi6xjw4jEB84BkCbOT3mTM7OwyMyuGkC/w4kERr36SN//GSbIHTSxoKKq66e4KU8G18bxvZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji8nfrNR1SaJ/LejFIMYtqXPOKMGivVnrqlsud6M5Bl4uekDDmq3dJXp5ewLEZpmKBat30vNcGYKsOZwEmxk2lMKRvSPrYtlTRGHYxnh07IqVV6JEqULWnITP09Maax1qM4tJ0xNQO96E3F/7x2ZqKbYMxlmhmUbL4oygQxCZl+TXpcITNiZAllittbCRtQRZmx2RRtCP7iy8ukce76V+5l7aJccfM4CnAMJ3AGPlxDBe6gCnVggPAMr/DmPDgvzrvzMW9dcfKZI/gD5/MH43WM8g==</latexit>

x
<latexit sha1_base64="35NOao54LO4HF5rmRaO4FLdAHt0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8eAF48JmAckS5id9CZjZmeXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXmAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hobua3nlBpnsgHM04xiOlA8ogzaqxUV71yxXO9Ocgq8XNSgRy1Xvmr209YFqM0TFCtO76XmmBCleFM4LTUzTSmlI3oADuWShqjDibzQ6fkzCp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FtMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbEo2BH/55VXSvHD9a/eqflmpunkcRTiBUzgHH26gCvdQgwYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2l2M7A==</latexit>

r

<latexit sha1_base64="QU7RZOlUsrxp/YpjTN7o6scDqH4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEr2PBi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2il+67KetWa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwug5yodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeOZ61+6F3fntbpbxFGGIziGU/DhCupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH1wfjc0=</latexit>

⌫

Then uG is no more regular than H3/2−η(V ) (for any η > 0), and

uG = ur + cuS on Ω∩V , where ur is “regular”, cu ∈ R and S(r , ν) = r
1
2 cos

(ν
2

)
.

• The shape derivative J ′(G)(θ) depends on the coefficients cu, cp of the state and
adjoint functions!

� P. Grisvard, Elliptic problems in nonsmooth domains, SIAM, (2011).
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Remarks

• A related phenomenon occurs in fracture mechanics:

- The weak singularity of the elastic displacement near the tip
of a crack defines the stress intensity factor;

- This determines the energy release rate, i.e. the derivative
of the energy w.r.t. the position of the crack.
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x

• This dependence of J ′(G)(θ) on the singularities of uG and pG makes its numerical
evaluation awkward.

⇒ Need to construct smooth approximations uG ,ε and Jε(G) of uG and J(G) .
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The geodesic signed distance function

Let Ω ⊂ Rd be a smooth bounded domain.

• The geodesic distance d∂Ω(x , y) on ∂Ω between two points x , y ∈ ∂Ω is:

d∂Ω(x , y) = inf
γ:[0,1]→∂Ω,
γ(0)=x, γ(1)=y

`(γ), where `(γ) =

∫ 1

0
|γ′(t)| dt.

• The geodesic distance d∂Ω(x ,K) of x ∈ ∂Ω to a compact subset K ⊂ ∂Ω is:

d∂Ω(x ,K) = inf
y∈K

d∂Ω(x , y).

• When the minimizer is unique in the above definition, it is denoted by pK (x) and
called the projection of x onto K .

• The geodesic signed distance function d∂Ω
G to an open region G ⊂ ∂Ω is:

∀x ∈ ∂Ω, d∂Ω(x) =


−d∂Ω(x , ∂G) if x ∈ G ,

0 if x ∈ ∂G ,
d∂Ω(x , ∂G) if x ∈ ∂Ω \ G .

Remark “Many” basic properties of d∂Ω
G are mere adaptations of those of the

“usual” signed distance function to a domain of Rd .
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An approximate optimization problem (I)

• Let the approximate conductivity equation:
−div(γ∇uG ,ε) = f in Ω,

γ
∂uG,ε
∂n

+ hG ,εuG ,ε = 0 on Γ ∪ ΓD ,

γ
∂uG,ε
∂n

= g on ΓN .

• hG ,ε(x) := 1
ε
h
(

d∂Ω
G (x)

ε

)
is made from a

smooth profile h : R→ R such that:

0 ≤ h ≤ 1,

 h ≡ 1 on (−∞,−1],
h(0) > 0,
h ≡ 0 on [1,∞).
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hG,"

• Intuitively,

- hG ,ε = 0 well inside Γ (≈ homogeneous Neumann b.c.),

- hG ,ε = 1
ε
≈ ∞ well inside ΓD (≈ homogeneous Dirichlet b.c.).

• For a fixed ε > 0, standard elliptic regularity implies that uG ,ε is smooth on Ω.
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An approximate optimization problem (II)

An approximation of the original shape optimization problem features the function:

Jε(G) =

∫
Ω

j(uG ,ε) dx ,

whose shape derivative can be computed by classical techniques.

Proposition 1.

The shape derivative of the functional Jε(G) equals:

For all tangential θ s.t. θ = 0 on ΓN ,

J ′ε(G)(θ) = − 1
ε2

∫
Γ∪ΓD

h′
(
d∂Ω
G (x)

ε

)
θ(pΣ(x)) · nΣ(pΣ(x))uG ,ε(x)pG ,ε(x) ds(x)

≈ −1
ε

∫
Σ

θ(x) · nΣ(x) uG ,ε(x) pG ,ε(x) d`(x),

where the adjoint state pG ,ε is the unique solution in H1(Ω) to the problem:
−div(γ∇pG ,ε) = −j(uG ,ε) in Ω,

γ
∂pG,ε
∂n

+ hG ,εpG ,ε = 0 on ΓD ∪ Γ,

γ
∂pG,ε
∂n

= 0 on ΓN .
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An approximate optimization problem (III)

The consistence of this approximation process holds true under “mild” assumptions:

• The function uG ,ε converges to uG strongly in H1(Ω): for any 0 < s < 1
4 ,

||uG ,ε − uG ||H1(Ω)≤ Csε
s ||f ||L2(Ω).

• As a result, for any given region G , the approximate shape functional Jε(G)
converges to its exact counterpart J(G).

• Going further, the approximate shape derivative J ′ε(G) converges to its exact
counterpart J ′(G), i.e.:

sup
||θ||≤1

|J ′ε(G)(θ)− J ′(G)(θ)| ε→0−−−→ 0.
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The model setting

We aim to calculate the topological derivative of J(G) =

∫
Ω

j(uG ) dx , when G = ΓD .

• Ω is a smooth bounded domain in Rd , d = 2, 3;

• Its boundary is the reunion of 3 disjoint parts:

∂Ω = ΓD ∪ ΓN ∪ Γ.

• The subset ωx0,ε is a surface disk, centered at
x0 ∈ Γ, with radius ε.
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�N

The background and perturbed potentials uG and uGx0,ε
∈ H1(Ω) are solution to:


−div(γ∇uG ) = f in Ω,

uG = 0 on ΓD ,

γ ∂uG
∂n

= g on ΓN ,

γ ∂uG
∂n

= 0 on Γ,

and


−div(γ∇uGx0,ε

) = f in Ω,
uGx0,ε

= 0 on ΓD ∪ ωx0,ε,

γ
∂uGx0,ε
∂n

= g on ΓN ,

γ
∂uGx0,ε
∂n

= 0 on Γ \ ωx0,ε.
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Asymptotic formulas for the potential

The calculation of the expansions of uGx0,ε
and J(Gx0,ε) relies on asymptotic analysis.

Theorem 2.
The following asymptotic expansion holds, at any point x ∈ Ω, x /∈ Σ ∪ {x0}:

uGx0,ε
(x) = uG (x)− π

|log ε|γ(x0)uG (x0)N(x , x0) + o
(

1
|log ε|

)
if d = 2,

and
uGx0,ε

(x) = uG (x)− 4εγ(x0)uG (x0)N(x , x0) if d = 3,

where N(x , y) is the Green’s function of the background problem.

� E. Bonnetier, C. Brito-Pacheco, C. Dapogny and R. Estevez, Numerical shape and
topology optimization of regions supporting the boundary conditions of a physical problem,
to appear in ESAIM: Control, Optimization, Calculus of Variations, (2025).
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Asymptotic formulas for a quantity of interest

The shape functional evaluated at the perturbed shape reads:

J(Gx0,ε) =

∫
Ω

j(uGx0,ε
) dx .

Corollary 3.
The quantity J(Gx0,ε) has the following asymptotic expansion at 0:

If d = 2, J(Gx0,ε) = J(G) +
π

|log ε|γ(x0)uG (x0)pG (x0) + o
(

1
|log ε|

)
,

and
If d = 3, J(Gx0,ε) = J(G) + 4εγ(x0)uG (x0)pG (x0) + o(ε),

where pG is the unique solution in H1(Ω) to the adjoint problem:
−div(γ∇pG ) = −j ′(uG ) in Ω,

pG = 0 on ΓD ,

γ ∂pG
∂n

= 0 on ΓN ∪ Γ.
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Numerical algorithm

• At each iteration n = 0, . . ., the fixed shape Ω is equipped with a mesh T n.

• Its surface part Sn contains a sub-triangulations Sn
G for the optimized region G n.

• The finite element computations for uGn and pGn are conducted on T n.

• A descent direction θn is obtained from J ′ε(G n), C ′ε(G n).

• The updates T n → T n+1 leverage a mesh evolution algorithm [BriDa, AlDaFre].

• Topological derivatives are periodically used to add small disks to G .
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Optimization of a micro-osmotic mixer (I)

• Electro-osmotic mixers achieve the mixture of two fluids inside a device Ω by
maximizing the electric field induced by electrodes on ∂Ω.

• The boundary of Ω is decomposed as:

∂Ω = ΓC ∪ ΓA ∪ Γ,

where

- ΓC is the cathode,

- ΓA is the anode,

- Ω is insulated on Γ.

• The potential inside Ω is the solution to:
−div(γ∇u) = 0 in Ω,

u = 0 on ΓC ,
u = uin on ΓA,
γ ∂u
∂n

= 0 on Γ.
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• We aim to maximize the electric power inside Ω with respect to ΓA and ΓC :

J(ΓA, ΓC ) = −
∫

Ω

|γ∇uΓA,ΓC |
2 dx ,

under constraints on the surface measures of ΓA and ΓC .
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Optimization of a micro-osmotic mixer (II)

Optimization of (left) the anode, (right) the cathode of a micro-osmotic mixer.
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Optimization of a fixture system (I)

During its construction, a mechanical structure Ω ⊂ R3 is stilled by a clamp-locator
system:

• Locators are regions of ∂Ω where the displacement is prevented;

• Clamps are regions where a surface load is applied to maintain the part.
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Optimization of a fixture system (II)

• Let Ω ⊂ R3 be a fixed structure.

• A load gtool is applied on ΓT ⊂ ∂Ω by
the machine tool.

• Ω is located on ΓD .

• It is clamped on ΓN : a load g is applied.

• The remaining boundary Γ is free.

• The displacement u of Ω is solution to
the linear elasticity system.

• We aim to minimize the displacement
of the structure,

J(ΓD , ΓN) =

∫
Ω

|uΓD ,ΓN |
2 dx ,

under constraints on the surfaces of ΓD

and ΓN .

�T

�N

�D g

gtool

e1

e2

e3

33 / 43



Optimization of a fixture system (III)

Optimal design of clamps and locators on the boundary of a manufactured mechanical part.
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Optimal repartition of sound-soft and sound-hard materials (I)

• The interaction of an incident wave uin (e.g. sound) with an obstacle Ω inside the
medium D induces a scattered wave u.

• This scattering effect can be used to detect or reconstruct Ω, which is either

• Desirable, as in medical imaging (tomography, etc.),
• Undesirable, e.g. when Ω is a stealth military submarine or aircraft.

• We aim to optimize the repartition of a sound-soft and a sound-hard materials on
∂Ω to cloak Ω, i.e. make it invisible to measurements of the scattered wave.
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Optimal repartition of sound-soft and sound-hard materials (II)

• The obstacle Ω is an aircraft.

• The incoming wave reads uin(x) = e−iωξ·x .

• The boundary ∂Ω is decomposed as ∂Ω =
ΓN ∪ ΓR , where:
- ΓN supports Neumann conditions;

- ΓR bears Robin conditions.

• The scattered wave u(x) is solution to the
Helmholtz equation:

−div(γ∇u)− ω2u = 0 in Ω

γ ∂u
∂n

= −γ ∂uin
∂n

on ΓN ,

γ ∂u
∂n

+ iω
z
u = −γ ∂uin

∂n
− iω

z
uin on ΓR ,

+ radiation boundary conditions on ∂D.

• We optimize ΓR to minimize the amplitude of the scattered wave:

J(ΓR) =

∫
D\Ω

|uΓR |
2 dx ,

under a constraint on its surface.
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Optimal repartition of sound-soft and sound-hard materials (III)

Optimization of the repartition of a sound-soft and a sound-hard material on the body of an aircraft.
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A word of advertisement

• All the numerical realizations are based on open-source libraries.

• A webpage gathering lecture notes, slides, demonstration codes, etc.

https://membres-ljk.imag.fr/Charles.Dapogny/tutosto.html
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Thank you!

Thank you for your attention!
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