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ABSTRACT. This article contributes to the development of shape optimization formulations that take into
account the presence of uncertainty in the parameters of the underlying physical model. More precisely,
it aims to apply the idea of distributional robustness in the context of the minimization of a cost function
evaluating the performance of the shape of a mechanical structure. This concern is motivated by the
fact that in practice, the law of the uncertain parameters itself is often unknown, making unefficient the
usual practice of minimizing the expectation of the cost under a necessarily approximate law. One then
wises to minimize the worst-case expected value of the cost over probability laws that are “close” to a
nominal law, reconstructed from a few observed samples, which is the only available information. This
idea is relatively recent in convex analysis and operations research, where the problems at stake typically
enjoy a rich mathematical structure. It was adapted to the setting of optimal design in a series of recent
works, where tractable versions of distributionally robust optimal design problems were proposed, leveraging
recent findings in robust optimization and optimal transport. The first part of this article reviews these
contributions. Its second part is devoted to a new development, about the adaptation of this framework to
the treatment of geometric uncertainties: the optimized shape itself is subject to uncertain perturbations,
instead of a set of independent parameters, which requires a suitable reformulation of the problem. Two
numerical examples are discussed to assess the main features of the proposed methods.

CONTENTS

—_

Introduction
Shape optimization and its numerical implementation
2.1.  Shape optimization of elastic structures
2.2. Hadamard’s method of boundary variations
2.3.  Numerical solution of the shape optimization problem
3. Modelling and classical approaches to uncertainties in shape optimization
3.1.  The worst-case approach
3.2.  The probabilistic approach
3.3. Towards distributionally robust optimization
4. Wasserstein distributionally robust shape optimization
4.1. A brief reminder of optimal transport and the Wasserstein distance
4.2. Formulation of the distributionally robust shape optimization problem
4.3. A single level formulation for the entropy-regularized Wasserstein distributionally robust

Do

© 0000 g ~JO Ut Ut W Wi

problem
4.4. A numerical example
5. Distributionally robust shape optimization under geometric uncertainties
5.1. Statement of the optimization problem under geometric uncertainties
5.2. Distributionally robust treatment of geometric uncertainties
5.3. A numerical example
6. Conclusion and perspectives

10
12
14
14
15
16
19



References 20

1. INTRODUCTION

Shape optimization aims to find the best-performing design of a physical system. Unfortunately, this very
process often makes the resulting design extremely sensitive to modeling errors and uncertain operating
conditions — a general, well-documented fact known as the optimizer’s curse [73].

Mathematically, shape optimization arises as the minimization of a cost function C(Q, &) depending on
the shape Q of a system under scrutiny, and on a collection ¢ of physical parameters. For instance, in
mechanical engineering, 2 typically represents a structure optimized with respect to its elastic compliance
and the parameter £ refers to the loads applied to Q or to the Young’s modulus of its constituent material.
In fluid mechanics, €2 could be a duct conveying a fluid and £ may represent its viscosity, density, or the
incoming velocity profile; the cost C(€2, &) may then account for the energy dissipated within the pipe under
the effect of viscous forces.

In realistic situations, the parameters £ are rarely known with certainty and, consistent with the optimizer’s
curse, a design optimized under the assumption of an ideal value £° for ¢ may have poor performance when
its actual value deviates, even slightly, from £°. A dramatic illustration of such scenario was proposed in [19],
where the best microstructure of a material to withstand a perfectly vertical load is also the worst possible
microstructure as soon as the actual load deviates from this ideal configuration. As shape and topology
optimization methods are increasingly striving for deployability in industry, it is essential to account for
uncertainties in these model parameters.

Under this impetus, the treatment of uncertainties in topology optimization has been extensively con-
sidered in the literature; we refer for instance to [68] for a general discussion about robust optimization in
engineering and to [53] for a survey focusing on topology optimization. As reviewed briefly in Section 3
below, two broad classes of approaches are available to incorporate awareness of uncertainties about physical
parameters £ into the optimal design process, depending on the information at hand. When only a maxi-
mum bound about the difference between their actual and ideal values ¢ and £° is available, it is natural to
optimize the worst-case (i.e. the largest) value of the cost function C(2,¢) over all possible values of £. A
richer context, described with the help of probability theory, features £ as random vector with known law
Pirue: one then optimizes the expectation of C(£2,€), or a probability of failure. Both paradigms suffer from
major limitations; while worst-case approaches tend to be overly conservative, probabilistic formulations
usually assume that the law Py, of the uncertain parameters is known exactly, which is rarely the case in
practice: often, only an approximation P reconstructed from a few observed samples is available, e.g. as
their empirical distribution.

The paradigm of distributional robustness was originally proposed in [67] as a principled means to over-
come this conceptual flaw of probabilistic formulations. It consists in minimizing the worst value of the
expectation of the cost, when the law Q for £ belongs to an ambiguity set A of probability measures that are
“close” to an available, approximate nominal law P; typically, P is the aforementioned empirical distribution
attached to a collection of observed samples. This idea has recently raised much enthusiasm in operations
research and machine learning, as reviewed in e.g. [13, 44, 17]. The highly structured character of the prob-
lems featured in these fields — for instance, the convex dependence of the cost function with respect to the
design variable, or its piecewise linear dependence on the parameter £ — allows to derive rigorous guarantees
about this approach, for instance in terms of generalization, i.e. of how the optimized variable remains
efficient under conditions that are not present among the samples of P. On the contrary, distributionally
robust approaches have received little attention in mechanical engineering and even less in optimal design,
where no such favorable structure can be expected. To the best of our knowledge, it was only very recently
introduced in this field in [12], in a quite restricted setting though. Our subsequent contributions [25, 20]
have proposed a general framework, applicable to realistic structures, based on recent findings in robust
optimization and convex analysis.

The purpose of this article is twofold. In a first part, we review the recent implementation of distributional
robustness in optimal design proposed in the works [25, 26]. For clarity, we focus on the specific framework
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of geometric shape optimization, where the optimized design is an elastic structure, represented by a domain
Qin R? (d = 2 or 3) and ¢ is a physical parameter entering the mathematical formulation of the elasticity
system, such as the applied loads or the material coefficients. Moreover, we only consider one particular type
for the ambiguity set A accounting for the probability measures Q that are close to the nominal law P for
&. Tt is based on the notion of Wasserstein distance from optimal transport theory, which faithfully captures
the difference between the “geometry” of probability distributions while enjoying rigorous mathematical
guarantees. Although this setting is quite restricted, our methodology is much more general: as described in
[26], it can be applied to a wide variety of physical problems; it also extends to the framework of density-based
topology optimization, and it can deal with ambiguity sets of different natures, e.g. based on the moments
of the probability measures at play. The second part of this article is devoted to an original development:
we adapt our distributionally robust shape optimization framework to the case where the uncertainty bears
on the geometry of the optimized shape itself, symbolically £ = €2. Such geometric uncertainties are a major
concern in applications, since the shape of a structure is often altered due to manufacturing imperfections or
operational wear. Their mathematical treatment significantly departs from the previous situations, that are
predominantly considered in the literature, where £ is a physical parameter independent of the optimized
shape. The fact that it is now the optimized shape itself destroys the structure where this parameter pertains
to a fixed, finite-dimensional vector space where sampling and differentiation are “simple”. To circumvent
this difficulty, we propose a linearization strategy, in the spirit of our previous work [3], where the cost
function is replaced by a linearized counterpart with respect to smooth (Hadamard-type) perturbations of
the geometry of the optimized shape.

The remainder of the present article is organized as follows. The next Section 2 introduces the physical
setting of interest, as well as the shape optimization problem under scrutiny. It also introduces the necessary
background about the theoretical and numerical treatments of such problems. Then, Section 3 introduces
uncertainties into the considered shape optimization problem; the prevailing approaches to handle them are
reviewed, and the idea of distributional robustness is sketched. Section 4 reviews our previous work about the
distributionally robust treatment of uncertainty about the parameters of the physical model: after a short
reminder of basic concepts of optimal transport theory, we present the main ingredient from convex analysis,
making it possible to rewrite intricate min-max distributionally robust problems as single level minimization
problems. Section 5 is then devoted to the novel distributionally robust treatment of a peculiar source of
uncertainties, namely, uncertainties over the geometry of the optimized shape itself. Eventually, a conclusion
and a few perspectives for future work are outlined in Section 6.

2. SHAPE OPTIMIZATION AND ITS NUMERICAL IMPLEMENTATION

This section presents the shape optimization framework of the article and its numerical implementation.
After introducing the mathematical model of elastic structures in Section 2.1, we recall in Section 2.2 the
classical Hadamard’s boundary variation method, underlying the notion of shape derivative for a function
depending on the domain. Eventually, Section 2.3 broaches the methods involved in our numerical resolution
of shape optimization problems.

2.1. Shape optimization of elastic structures

This article takes place in the physical context of linearly elastic structures, see e.g. [37]. A shape  is a
bounded Lipschitz domain in R? (d = 2 or 3) accounting for a mechanical structure. As depicted in Fig. 1,
its boundary is made of three disjoint open pieces:

90 =TpUTyNUT,
where

e The shape  is clamped on I'p;
e Surface loads g € L? (FN)d are applied on the region I'y;
e The remaining part I' is traction-free.

Both regions I'p and I' y are imposed by the context, and only the free boundary T is subject to optimization.
In this setting, we consider shape optimization problems of the form:

(2.1) min J(§2),
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where J() is the objective function. For simplicity of the exposition, we omit constraints in this formulation,
although their treatment does not incur additional subsequent difficulty, as exemplified by the numerical
experiments of Sections 4.4 and 5.3.

In our applications, the criterion J(£2) depends on § via the elastic displacement ug, which is the H' ()¢
solution to the linear elasticity system:
—div(A4e(un)) =0 in Q,

ug =10 onI'p,
Ae(ug)n =g on 'y,
Ae(ug)n =0 on T,

where body forces are omitted for simplicity. Here, n = ngq is the unit normal vector to 02, pointing outward
Q; e(u) = 3(Vu+ Vu®) is the strain tensor associated to a displacement field u : @ — R?, and A is the
Hooke’s tensor, characterizing the material behavior:

(2.2)

For all d x d symmetric matrix e, Ae = 2ue + Atr(e)l,

where A and p are the Lamé parameters of the material.
2.2. Hadamard’s method of boundary variations

The treatment of shape optimization problems of the form (2.1) usually rests on the derivative of J(§2) with
respect to the domain. This notion can be given different acceptions and in this work, we rely on the classical
boundary variation method of Hadamard [7, 11, 56, 74]. Briefly, variations of a given shape € are considered
under the form:

Qg := (Id + 0)(Q), where § € WV (RERY), (0] |y1.00 (rapay < 1,
i.e. Qg is obtained from €2 via perturbation of its points according to a “small” vector field 6, see Fig. 1 for
an illustration.

7
d
d
d
7

FIGURE 1. Variation Qg of a reference shape Q in the framework of the boundary variation
method of Hadamard presented in Section 2.1.

A function J(€) of the domain is then called shape differentiable at Q if the underlying mapping 6 —
J(Qy), defined from a neighborhood of 0 in W>°(R?; R?) into R, is Fréchet differentiable at § = 0. The
corresponding derivative J'(Q)(6), the shape derivative of J(€2) at Q, then satisfies the following expansion:
0(9) 0—0

0.
1011w o (et ime

J(Qg) = J(Q) + J(2)(0) + o(0), where
Crucially, the knowledge of the shape derivative allows to identify a descent direction for J(2) i.e. a vector
field 6 such that J'(Q)(0) < 0, thus ensuring that:

For “small” 7 >0, J(Q.) =~ J(Q)+7J(Q)(0) < J(Q),
4



i.e. the perturbed shape .9 has better performance than 2. The calculation of shape derivatives, based
on the adjoint method [48, (1], and the identification of descent directions 6 with the help of the so-called
“Hilbertian trick” [15, 27] are non trivial, but classical issues in shape optimization. For brevity, we simply
point out that these tasks require the solution of one or several boundary value problems posed on 2,
including that (2.2) for the elastic displacement ug, and refer to the above mentioned works for more details.

2.3. Numerical solution of the shape optimization problem

The mathematical framework recalled in Section 2.2 paves the way to a steepest-descent strategy for the
numerical minimization of J(£2). Starting from an initial guess QV, a series Q" of shapes is produced through
iterations of the form:

0™ is a descent direction for J from Q";

n+1 __ naon n
(2.3) & = (Id+r70")(2"), where { 7" is a “small enough” pseudo-time step.

The numerical implementation of this strategy raises the need for a numerical representation of the shape 2
which lends itself to accurate mechanical computations (e.g. via the Finite Element Method), which leaving
the room for a robust capture of the updates (2.3). Here, we rely on the numerical method introduced in our
previous works [1, 5, 6], see also [23] for an open-source implementation. In a nutshell, each shape Q = Q. ...
arising in the course of the iterative optimization process is contained in a large, fixed computational domain
D, where it is represented by two complementary means:

e (Meshed representation) € is meshed exactly: a mesh 7 of the total domain D is available, which
is valid and conforming, and €2 is accounted for by a sub-mesh T;,; of 7T, i.e. a subcollection of the
elements of T, see Fig. 2 (a).

o (Level set representation) 2 is described via the Level Set Method, see [59, 58, 71] and [8, 76] about
its introduction in shape optimization. Precisely, {2 is the negative region of a scalar, “level set”
function ¢ : D — R:

o(x) <0 if z€Q,
Ve e D, o(x) =0 if z € 09,
¢(x) >0 otherwise.

In practice, ¢ is discretized at the vertices of T, see Fig. 2 (b).

The most suited of both representations is used whenever an operation is performed that involves €2: the
meshed representation allows for accurate mechanical computations, carried out by a non intrusive use of any
numerical solver on the explicit mesh 7iy; of ; in our implementation, we use the open-source environment
FreeFenm [10]. On the other hand, the update Q + (Id + 76) of Q via a vector field 6 : R¢ — R? for a small
pseudo-time step 7 is conveniently realized from a level set representation ¢ : D — R for Q. Indeed, it is
enough to this end to solve the following advection equation on the total mesh 7 of D:

{ % () +0(x) - Vip(t,z) =0 fort € (0,7), v € D,
Y(0,z) = ¢(z) for x € D,

and the new shape ¢ is accounted for by the level set function ¢ (7,-). This operation is realized by the
open-source library advection [14].

This strategy crucially hinges on efficient algorithms for passing from a meshed to a level set representation
of a shape, and conversely. The computation of a level set function from a meshed representation of {2 is
achieved by the Fast Marching Method [69, 70], which is implemented in the open-source library mshdist
[24]. On the other hand, a meshed representation of €, as a sub-mesh Ty of the mesh 7 of D, is obtained
from a level set representation ¢ : D — R thanks to the remeshing algorithm mmg [11, 22].

3. MODELLING AND CLASSICAL APPROACHES TO UNCERTAINTIES IN SHAPE OPTIMIZATION

In realistic contexts, some of the parameters of the physical model introduced in Section 2.1 are uncertain.
For instance, the loads g : 'y — R¢ applied to the shape Q are typically subject to measurement errors.
Another manifestation of this phenomenon concerns the Lamé coefficients (A, ) (or the Young’s modulus)
of the material constituting the shapes, which are often altered through time.
Let £ denote the uncertain physical parameters under scrutiny; these are assumed to belong to a fixed
subset = of a finite-dimensional space R¥, that we assume to be compact. We also introduce a cost function
5
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FIGURE 2. Two complementary numerical representations of the optimized shape Q involved
in the shape optimization workflow of Section 2.3; (a) Meshed representation; (b) Level set

representation.

C(9Q,¢) evaluating the performance of the optimized shape ; the latter plays the role of the objective
function J(€) in (2.1) but its refers explicitly to the uncertain parameters {. Then, in ideal conditions,
where ¢ takes the known value £°, the optimization problem reads:

(3.1) mﬂin Jaet (), where Jge (Q) := C(€2,£%).

In the next Sections 3.1 and 3.2, we describe the two most common paradigms used to take into account
uncertainties about the parameters ¢ in the treatment of such a shape optimization problem, namely the
worst-case and probabilistic approaches. These formulations pave the way to the idea of distributional
robustness, that we introduce in Section 3.3.

Remark 3.1. We have deliberately omitted one important source of uncertainties in applications, namely
uncertainties about the geometry of the optimized variable Q itself. This quite specific situation will be
considered in the next Section 5.

Remark 3.2. The assumption that & should belong to a finite-dimensional space may seem restrictive at
first glance. In applications, uncertainties often show up as a random field v, i.e. for each point © € D of
the hold-all domain, v(x,-) is a random variable. Classical model order reduction techniques, notably the
Karhunen-Loeve expansion, allow to approximate such objects with a finite-dimensional structure:

N
v(z, ) ~ Z vi(2)&i(+),

where the v; are deterministic functions on D and the &; are uncorrelated random variables. We refer to
Section 5.3 for an example of this practice.

3.1. The worst-case approach

Let us first discuss the situation where no information is available about the uncertain parameters &, except
for a maximum bound m on their deviation to a known “ideal” value £° € Z. In this context, one is
naturally led to minimize the worst (i.e. largest) value of the cost C(,&) over all possible perturbations.
This worst-case design version of the original problem (2.1) then reads:
(3.2) min Jyc (), where Jy(2) := sup C(2,¢).
@ =€ <m
6



In rare, very particular situations, this bi-level optimization problem can be given a tractable reformulation.
Notably when ¢ stands for the applied loads and the cost function C(£2,¢) is the compliance of €, the worst-
case function Jy(€2) can be rewritten as an eigenvalue of a boundary-value problem, see [19, 28]; we also
refer to [9] for another approach to worst-case compliance minimization, based on the “stability radius”, i.e.
the largest load level such that the cost stay below a given safety threshold. Unfortunately, in general, the
rigorous treatment of (3.2) resorts to costly bi-level programming techniques, see [12] for a general discussion.
Let us also mention formal, approximate methods based on a “linearization” of the inner supremum, see
[2, 34, 38] and [50] for an adaptation of this idea to express robustness to the emergence of porosity within
the shape €.

Beyond the computational effort of their treatment, worst-case approaches are often reproached to be
overly “pessimistic”, insofar as they tend to predict optimized designs with poor performance in ideal con-
ditions, for the sake of anticipating an unlikely worst-case scenario.

3.2. The probabilistic approach

We now assume that a little more information is available about the uncertain parameters £: they now show
up as a random vector with law Py in the set P(Z) of probability measures on =. This means that, for
each measurable subset A C =, the probability that £ belongs to A equals:

]Ptrue(A) :Adptrue(£)~

In this setting, robust shape optimization approaches consist in minimizing probabilistic quantities of the
cost C(Q2,€), such as its mean value Jyean(2) or its variance Jy,,(€2), defined by:

Tocan(®) = [ C(62.6) APur(§) and (@) = [ (C(2.6) = Tran(D) aPrac(6)

Alternatively, so-called reliability-based approaches are based on a probability of failure Jg,;; (€2) of the system,
appraising the events where the cost of the shape 2 exceeds a safety threshold Cyp:

Tt () := ptme{g €= st C(Q,8) > CT}.

Central to the use of probabilistic approaches is the challenge to evaluate high-dimensional integrals. This
task can be achieved e.g. by (costly) Monte-Carlo sampling or stochastic Galerkin methods [16, 18, 39, 51, 52].
Alternatively, linearization strategies can be thought of, based on the assumption that perturbations have
“small” amplitude in a suitable sense, see e.g. [3]. We generally refer to [72] for a more detailed account of
the probabilistic treatment of uncertainties in optimization.

As we have mentioned in the introduction, these approaches suffer from a major conceptual drawback: in
practice, the law Py, of £ is not known exactly. This calls for taking into account this additional source of
uncertainty in the probabilistic formulation of the problem (2.1), which is the starting acknowledgement of
distributionally robust approaches.

3.3. Towards distributionally robust optimization

As we just mentioned, the true law Py € P(Z) of the uncertain parameters £ at stake is often unknown in
practice. At best, an estimate IP of Py, is available, which is often reconstructed as the empirical distribution
of a few observed samples £',..., ¢V € Z, that is:

N
P= % ; d¢i, where 6gi € P(Z) is the Dirac mass at £t
Having the optimizer’s curse in mind, one may expect that the use of a “classical” probabilistic formulation
such as those described in Section 3.2, based on the assumption of the law P for £ results in a design with
poor performance in actual conditions.

To circumvent this drawback, the distributionally robust version of our model shape optimization problem
(3.1) consists in minimizing the worst (i.e. largest) possible value Jq,(Q2) of the expected cost when the actual
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law Q of £ is “close” to the nominal law P, that is:

(3.3) inn Jar(Q), where Jg, () := sup / C(92,¢€) dQ(¢).
QeAJ=

1]

This formulation features a so-called ambiguity set A C P(E), gathering those probability laws that are
“close” to P, whose definition may depend on the available information about the true law Pgpye.
This distributionally robust approach is more carefully detailed in the next Section 4.

4. WASSERSTEIN DISTRIBUTIONALLY ROBUST SHAPE OPTIMIZATION

This section gets into the mathematical details and the numerical treatment of distributionally robust shape
optimization problems, of the form (3.3). At first glance, (3.3) is an intricate min-max problem, similar
to the worst-case formulation (3.2). The key contribution of our previous works [25, 20] is to propose a
physically meaningful approximation inspired from convex analysis, paving the way to a tractable, single-
level reformulation of (3.3). Because of their rich mathematical structure and physical relevance, we focus
on one particular type of ambiguity sets A in (3.3).

After providing in Section 4.1 the necessary background about optimal transport and the notion of Wasser-
stein distance, we formulate in Section 4.2 the distributionally robust problems considered in our applications.
The next Section 4.3 details the reformulation of these difficult, bi-level min-max problems into single-level
problems. A numerical example is eventually discussed in Section 4.4.

4.1. A brief reminder of optimal transport and the Wasserstein distance

This section broaches a few facts from optimal transport theory, referring to the books [20, 60, 66] for further
details. We recall that Z is a compact subset of the finite-dimensional space R*, and that P(Z) stands for
the set of probability measures on =.

The Wasserstein distance between two elements P and Q in P(Z) is defined by:

(4.1 W = it [ e dnto)
71 =P, 19 =Q

This expression features couplings, i.e. probability measures 7 € P(E x =

m1 and 7o € P(E) are defined by, for any continuous function ¢ : £ — R:

L _e@arc.0 = [e©dm(©. ma [ oQdn(e.0) = [ o0 amlc)

=) EXE =

Intuitively, for all measurable subsets A, B C 2, w(A X B) is the amount of mass transferred from A to B,
and 71 (A) and 7o (B) represent the mass removed from A and arriving at B in the process, respectively, see
Fig. 3. The “ground cost” ¢(&, () evaluates the effort of moving one unit of mass from ¢ to ¢; for technical
convenience, in this work, it is defined as the quadratic function ¢(€, ¢) := |€ — ¢|?>. Hence, W (P, Q) accounts
for the minimum cost of transferring the mass of P onto Q.

7T(£7 CQ)

(&, C1)

(1"

5! = | 21 G2

FIGURE 3. A coupling between two probability measures on a subset = of the real line R.



Remark 4.1. Strictly speaking, in the present situation where the ground cost c(&,() is quadratic, the
Wasserstein distance over P(E) is the square root of the quantity W (P, Q) in (4.1). To keep the terminology
simple, we abusively refer to W(P,Q) as the Wasserstein distance in the sequel.

Since the seminal work [21], the Wasserstein distance (4.1) is often used under a regularized version W,(, -)
in practice:
(12) W= i ([ deoamorenm).
=x5) \Jexz

=P, mo=0Q
where € is a “small” parameter and the entropy H(w) of a coupling 7 is the convex function defined by:

Hir) = { J=, = log ;—:0 dm if 7 is absolutely continuous w.r.t. mg,

(43) 00 otherwise.

The entropy H () — also referred to as Kullback-Leibler divergence in the literature — evaluates the discrep-
ancy between 7 and a fixed reference coupling my € P(Z x E). Here, a probability measure 7 € P(Z x E)
is called absolutely continuous with respect to 7 if there exists an integrable function o € L'(Z x Z;dm)
such that:

7 = a(&, ).

The regularization (4.2) was originally perceived as a mere trick to ease the numerical computation of optimal
transport plans. However, the quantity W.(P, Q) has recently gained popularity as a “blurred” version of
the Wasserstein distance W (P, Q), which is less sensitive to the presence of noise in its arguments P and Q

[33, 36]. We refer to [57] for a thorough account of the subject of entropy-regularized optimal transport.
According to [10], a judicious choice about 7, enjoying desirable statistical guarantees, is
. )
(4.4) m0(§,¢) = P(§) ® dre(C), with dvg(C) := age” 202 1=(()d(,

where the parameter o2 controls the variance of the Gaussian in the variable ¢ and o is a normalization
factor. Precisely, this definition means that, for any continuous function ¢ : 2 x = — R, it holds:

L _ete0ineo= [ [oeow0) we.

Returning to the above intuition about couplings, my accounts for a smearing of the local mass of the
distribution P over a characteristic length . When o is very small, my resembles the “identity” coupling,
that lays each atom of P in place; the entropy penalty term H () in (4.2) then imposes that the only couplings
acting in the minimization problem defining W, should be “close” to this trivial coupling. On the contrary,
when o gets large, couplings with increasingly smeared second marginal become relevant candidates in (4.2).
Loosely speaking, the parameter o plays the role of a degree of confidence in the nominal law P.

1]

4.2. Formulation of the distributionally robust shape optimization problem

As presented in Section 3.3, the distributionally robust version of the ideal shape optimization problem
(2.1) amounts to minimize the worst-case expectation of the cost C(£2,£) when the probability law Q of the
uncertain parameters £ is “close” to the nominal law P:

(4.5) m{%n Jar (), where Jq,;(Q) := sup / C(2,£) dQ(§).
QeAJz
Following [35, 54], in this article, we consider ambiguity sets .4 made of laws Q that are close to P in terms
of the (regularized or non regularized) Wasserstein distance, i.e. A = Ay or Ay, where:
(4.6) Aw = {Q e P(=) st. W(P,Q) < m}, Aw, = {Q e P(E) st. W(P,Q) < m},

and m > 0 is a user-defined bound.

The ambiguity set Ayw_ built from the entropy-regularized Wasserstein distance is of particular interest,
as it lends itself to a very convenient reformulation of the intricate bilevel problem (4.5) for general cost
functions C(€2, ), as we shall present in the next Section 4.3. Before proceeding, let us point out at a few
important extensions of this model, that are addressed in [26]:
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e Ambiguity sets different from those Aw or Aw_ in (4.6) could be considered. For instance, following
[29], when only information about the first- and second-order moments of P is available, it is natural
to rely on an ambiguity set Ay gathering laws whose first- and second-order moments coincide with,
or are close to those of P.

e Other measures of risk of the cost C(£,£) than the mean value [Z C(€, &) dP(€) can be given distri-
butionally robust counterparts, notably its conditional value at risk (or superquantile), see [63, (4]
about this notion, and [30, 43] about its use in optimal design.

4.3. A single level formulation for the entropy-regularized Wasserstein distributionally robust
problem

The distributionally robust problem (4.5) consists in the minimization of the supremum functional Jg(€2).
This min-max problem is awkward from the numerical viewpoint: typically, at each iteration of an outer
minimization loop, one has to compute the inner supremum by a global optimization algorithm.

In this section, we show that when the ambiguity set A in (4.5) is that Ay, in (4.6), built from the entropy-
regularized Wasserstein distance, this problem rewrites as a single-level minimization problem, featuring an
additional optimization variable.

The cornerstone of this treatment is a duality formula derived in [10, 75] which expresses the worst-case
functional J4,(Q2) as an infimum. This formula is used as a systematical tool in the optimal design framework
of our works [25, 26]. For simplicity, we state it at the formal level, and we provide a sketch of proof which
can be adapted to other contexts, see notably Section 5.

Proposition 4.1. Let = be a compact subset of R* and let P € P(Z) be a probability measure. Then, for
any continuous function f :Z — R satisfying “mild” additional properties, it holds:

(4.7) sup ; f(©)dQ(¢) = 1nf </\m+)\5/:log (/: Hoseea dV&(C)) d]P’({)) .

QeAw,
Sketch of proof. Let A denote the left-hand side of (4.7). We first express the constraint featured in this
quantity with the help of a Lagrange multiplier:

A= sup inf </f d@§)+)\(m We( ]P’,Q))

QeP(B) A>0

Indeed, the inner infimum in the above expression equals —oo when W.(P,Q) > m and 0 otherwise. We
now exchange the infimum and supremum in this expression; according to [31], this is possible under “mild”
assumptions since the mapping

@N = [ 1640 +A(m-W.(2.Q)

is concave with respect to Q (by virtue of the properties of the entropy H) and convex (actually linear) with
respect to A. This yields:

A= )l\rzlf(; <Am+@21;}() : (/ f(€)dQ(¢ )\WE(RQ))) .

Now recalling the definition (4.2) of the entropy-regularized Wasserstein distance W (P, Q), we obtain:

O GO A ( [1©aw©-x[ deqareo —AsH<7r>)

= R ( / (102t 0) ane 0 —AeH(w))

S e ( [ (1= rete) dw(f,o—AsH(w))

=P
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Here, we have used the fact that Q is the second marginal of the candidate couplings involved in the inner
supremum to pass from the first line to the second one. In order to obtain the third line, we have rewritten
the double supremum over Q and transport plans 7 with Q as second marginal as a single supremum over
transport plans with free second marginal. We now recall that the entropy H(7) of a coupling 7 € P(Z x =)
is infinite when 7 is not absolutely continuous with respect to mg, so that the inner supremum, that we call
B()), rewrites:

(4.8) B(O\)i= sup ( /

TEP(EXE), EXE

(£10) = xe(6.0)) dn(€.0) ~ xeti() )

7y =P

- sup L (#0) = 2e(6.0) = Aeog (6. 0 )al6. O dmo(€. ).
a€Ll(ExE;dng), a>0 EXE

Jz a(€,0) dug()=1 for P-ae. £€E

This quantity can now be calculated explicitly, as the constrained supremum of a strictly concave functional.
Indeed, by writing the first order optimality conditions associated to the maximization program in (4.8), we
see that there exists a function u(€) such that:

For mp —a.e. (§,¢) €ExE, [f(¢) = Ac(§, Q) — Aelog (€, ¢) — Ae + (&) = 0.
It easily follows from this characterization and the constraint [ a(&,¢) dve(¢) =1 that:

1 F(O=xe(€.0)
a6, () = FO—2e&0) e e
f =€ re dre(Q)
Eventually, inserting this expression into (4.8) and rearranging, we arrive at the desired result. O

Applying Proposition 4.1 to the function f(§) = C(, £), the distributionally robust problem (4.5) rewrites:

€2, Q) —=Ae(€,9)

(4.9) gé%l D(Q, A), where D(Q,\) = dm + /\s/Elog (/ e x dl/g(C)) dP(¢).

A>0 =

This program is a single-level minimization problem, whose variables are the shape and the additional real
variable A. The minimization of D(Q2, A) can be achieved by an alternating descent strategy: minimization
steps with respect to Q at fixed A — which are realized along the lines of Section 2.3 — are intertwined with
minimization steps with respect to the real parameter \; the latter are very simple, since the partial mapping
D(Q, ) is strictly convex.

The numerical solution of (4.9) raises the need to evaluate the integrals over the parameter set Z involved
in the expressions of D(Q, \) and its derivatives. To achieve this, we rely on Monte-Carlo sampling to
approximate every integral of the form [ f(&) dP(§) as:

1 Nmc )
(110) Lrowe ~ 5> 5,

where the ¢ are Nyc independent and identically distributed samples drawn from the probability distri-
bution P. This operation is inevitably costly, as each evaluation of C(£2,&) requires the solution to at least
one boundary-value problem of the form (2.2). Advanced variance reduction techniques could be used to
accelerate this process by keeping the needed number of samples relatively low, see e.g. [55].

Remark 4.2. According to the proof of Proposition /.1, the additional variable \ in the single-level opti-
mization problem (4.9) can be interpreted as the Lagrange multiplier for the Wasserstein distance constraint
in the original problem (4.5).

Remark 4.3. A duality formula similar to (4.7) holds true when the ambiguity set Aw._, based on the
regqularized Wasserstein distance W.(-,-), is replaced by that Aw featuring the non reqularized distance W (-, -).
An argument analogous to the proof of Proposition 4.1 indeed reveals that:

QeAw = CeE

(411) sup [ (6 dQ(€) = iut (m + [sup (70 = ele.0) dP(&)) .
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This formula is consistent with (4.7) insofar as the “log-sum-exp” integrand featured in there is smooth and
approzimates the supremum in the right-hand side of (4.11) in the limit € — 0 [33, 65]. However, (4.7)
can be easily evaluated by Monte-Carlo sampling, whereas (4.11) is difficult to compute without additional
assumptions about the function f or the set 2, see nevertheless Section 5 for an interesting situation where
this is possible.

4.4. A numerical example

This example deals with the distributionally robust optimization of an L-shaped beam. The situation is
illustrated on Fig. 4 (a): the optimized structure ) is contained in a 2d computational domain D with size
2 x 2, equipped with a mesh comprising approximately 7,000 vertices and 13,000 triangles. The optimized
structure is clamped on the upper side I'p of 9D, and a load £ is applied on a small region I' y in the middle
of its right-hand side.

We first assume that the load ¢ is known perfectly: its ideal value is £ := (0, —1). We then wish to
minimize the stress within the structure 2 under a volume constraint:

. 0 .
(4.12) Inin C(92,£") s.t. Vol(Q) = Vr.
The stress and volume functionals C(£2, ) and Vol(2) featured in this formulation are defined by:
(4.13) C(0,¢) = / k(z)||o(uq.¢)||* dz and Vol(Q) = / dez,
Q Q

involving a weight function k(x) which equals 1 everywhere except on two small neighborhoods of the regions
I'p where  is clamped and T'y where traction loads are applied. The target volume is set to Vi = 0.7.

We apply the shape optimization strategy described in Section 2.3 to solve this problem; the volume
constraint is handled with the nullspace algorithm [32]. The resolution requires about 200 iterations, for a
computational time of about 15mn. The shape 2., resulting from this optimization under ideal conditions
is depicted on Fig. 4 (b); the stress level within Q}_, equals C(Q3,,,£%) = 1.15732.

I'b e

Ql
2

xbji
pt : |

FIGURE 4. Optimal design of an L-shaped beam considered in Section 4.4; (a) Setting of
the test-case; (b) Initial shape; (c) Optimized shape Q. under the assumption of a perfectly
known load €°.

We now assume that the load vector £ is not known perfectly and that its law itself is subject to uncertainty:
we have only access to its empirical reconstruction P = d¢0, based on the single observation of the ideal load
€% = (0,—1). As proposed in Section 4.2, we thus consider the Wasserstein distributionally version of this
problem, using the ambiguity set Aw_ defined in (4.6):

(4.14) iy st /: C(9,€) dQ(E) st. Vol(Q) = Vi

12



here, the entropy regularization parameter is set to € = 0.01. According to Section 4.3, this problem admits
the following single-level equivalent formulation:

“ae(el,
min Dw (2, A) s.t. Vol(2) = Vp, where Dw(Q, \) := Am + Aelog (/ RS dygo(g)) )

A>0

‘We solve this problem for several values of the bound m on the regularized Wasserstein distance involved in
the ambiguity set Aw, and of the variance o2 featured in the reference coupling 7o, see (4.4). The resulting
optimized structures are presented in Fig. 5, and the corresponding values of the stress-based functional
C(9, &%) under ideal load conditions are reported in Table 1.

FIGURE 5. Distributionally robust optimized designs obtained in the L-shaped beam example
of Section 4./, associated to various values of the parameters m and o?; (upper row) o? =
le—3; (lower row) o = 1e—0.5.

m
2 0 1 2 3

10795 | 1.18047 | 1.27367 | 1.30444 | 1.29508
1073 | 1.16097 | 1.1524 | 1.17945 | 1.16396

TABLE 1. Values of the stress-based cost functional C(S, &%) for the distributionally robust
designs of the L-shaped beam obtained in Section 4./ when the ideal load £° is applied.

When the variance o2 in the reference coupling 7 is low, the optimized structures associated to different
values of the Wasserstein radius m of A, are similar to one another, and so are their performances. This
observation is in line with the interpretation of o2 provided in Section 4.1, as a degree of confidence in
the nominal law P: in this situation, the entropy penalization in the definition (4.2) of W.(-,-) imposes
the optimal coupling to resemble much that induced by the identity mapping. On the contrary, for higher
variance o2, the designs optimized for various values of m differ significantly. Their performance in ideal
conditions get degraded as m increases. On the contrary, unreported out-of-sample analyses reveal that, on
average, the performance under load conditions that differ from £° get better and better, see [62] for more
details on this point. This highlights the ability of distributionally robust formulations to predict efficient
designs in situations that are not captured (but “close to”) a known ideal situation.
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5. DISTRIBUTIONALLY ROBUST SHAPE OPTIMIZATION UNDER GEOMETRIC UNCERTAINTIES

This section adapts the previous ideas to the distributionally robust treatment of geometric uncertainties in
shape optimization. In a nutshell, one aims to minimize a cost function C(2) while taking into account the
possibility that the actual shape be a perturbed version of the “blueprint” optimization variable 2. This
concern is ubiquitous in practice, as the geometry of a shape may be unpredictably altered by multiple
phenomena, such as imperfections of the manufacturing process, or wear in the course of its use. From the
technical viewpoint, the present situation is more delicate than those addressed in Section 4: the uncertainty
now bears on the optimized variable itself, whose perturbations are not easily accounted for.

In the literature, geometric uncertainties have been comparatively less often considered than uncertainties
over physical parameters such as loads or material coefficients. In the framework of density-based methods,

the contributions [45, 46] place the uncertainty in the parameters of a Heaviside filter for the density function;
the works [2, 3, 17], dealing with geometric shape optimization, use an avatar of Hadamard’s boundary
variation method to define perturbations of a shape, and the contribution [77] assumes uncertain parameters

in the level set function representing the optimized shape.

After describing the considered mathematical model for geometric uncertainties in Section 5.1, we formu-
late the considered distributionally robust shape optimization problem under geometric uncertainties and
derive a tractable formulation of the latter in Section 5.2. A numerical example is eventually presented in
Section 5.3.

5.1. Statement of the optimization problem under geometric uncertainties

Throughout this section, we assume that the parameters of the linear elasticity model (2.2) for the optimized
structure §2, i.e. the loads and the material coefficients, are known perfectly. We consider the minimization
of a cost function C(Q):

(5.1) mén C(Q2),

where, again, constraints are omitted for simplicity of the presentation.

We now wish to modify this ideal formulation by distinguishing the “blueprint” optimized shape €2 and its
actual, randomly perturbed version through which it appears in the problem. Following [2, 3], we consider
uncertain perturbations of the geometry of a shape 2 inspired by the method of Hadamard recalled in
Section 2.2:

(5-2) (Id + nu(z, §)na) (),

where:

e The unit normal vector ng to 9 is extended to the whole space R?,

e The parameter 1 accounts for the “smallness” of the considered geometric perturbations,

e The random field v(z, £) encoding the profile of these perturbations has the following finite-dimensional
structure:

(5.3) v(z, &) =

K2

vi(2)&;,

k
=1

made of known, deterministic functions v; : R? — R and a random vector ¢ € Z. For simplicity, we
also assume that Z is the closed ball in R* with center 0 and radius R.

In this setting, the cost C(£2, &) of a shape Q undergoing perturbations parametrized by £ € E is:
C(9,¢) = C((Id 4 nu(x,&)na)(€2)).

Note the small abuse of notations, where we denote in the same way C(Q2) = C(Q,0).
Remark 5.1. In practice, the finite-dimensional structure (5.3) for the random perturbation field v(x,§)
of the boundary of shapes results from a truncated Karhunen-Loéve decomposition of the “true” infinite-

dimensional random field, from the datum of its covariance kernel, see [19], and [1] for a comprehensive
introduction to this practice.

Remark 5.2.
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e The model introduced in this section for geometric uncertainties is quite specific to the setting of this
article, where the optimized design is a domain  in R®. However, we believe that it could be adapted
to density-based topology optimization, where the optimized design is represented by a “gray level”
function h : D — [0, 1], defined a large, fized hold-all domain D.

e The present model of geometric uncertainties is admittedly questionable. Notably, one would naturally
expect that the random perturbation field v(x, &) should depend on the shape Q itself.

5.2. Distributionally robust treatment of geometric uncertainties

Like in the previous Section 4, we place ourselves in the context where the true law Py € P(Z) of the
random perturbation vector ¢ featured in (5.3) is unknown: only an approximate nominal law P € P(2) is
available. The considered distributionally robust version of the problem (5.1) under geometric uncertainties
then reads:

(5.4) min Jq; (), where Jq,;(€2) := sup / C(9,¢£) dQ(¢),
2 QeAJ=

where A stands for one of the Wasserstein-type ambiguity sets Aw or Aw, defined in (4.6).
5.2.1. Ambiguity set built from the reqularized Wasserstein distance

We first investigate the instance of (5.4) where the considered ambiguity set A is that Aw_, built from the
regularized Wasserstein distance W.(-,-) in (4.2). Then, the same analysis as in Section 4, based on the
application of the duality formula of Proposition 4.1, shows that the distributionally robust problem (5.4)

admits the following single-level formulation:
C(R.0=Ae(€,0)
([ an@)) apce)

n}zinD(Q,)\), where D(Q,\) = Am + )\E/ log

A>0 =

Contrary to the situation addressed in Section 4 however, the numerical evaluation of the single-level objective
function D(Q2, A) is awkward. Let us indeed recall that the integrals in its expression are computed by Monte-
Carlo sampling (4.10). Thus, for each sample £ € = in this formula, one has first to identify the perturbed
domain (Id + nv(x, £9))(Q) (i.e. to mesh it), before solving the boundary-value problem (2.2) posed on the
latter. Hence, the evaluation of D(Q, \) by the Monte-Carlo formula (4.10) not only demands to solve Nyic
different boundary value problems, but also to create the Ny meshes of the perturbed versions of the shape
where they take place.

To circumvent this dramatic increase in CPU cost, we replace C(£2,&) with a linearized version, taking
advantage of the “smallness” of the normal amplitude 1 of geometric perturbations:

C(Q,8) = C(Q) + n C'(Q)(v(x,&)na).
Doing so, introducing the notation
(5.5) G(Q) = (G1(Q),...,Gr(Q)) € R* with G;(R2) = nC'(Q)(ving),

the functional D(£2, \) is replaced by the approximate version:

D(Q, ) ~ A + Ae/_log (/ e du5(¢)> dP(€).

This last expression can be conveniently evaluated by using a single mesh for the current shape .
5.2.2. Ambiguity set based on the non regularized Wasserstein distance

Retaining the idea of approximating the cost function with its linearized version, we now show that an
explicit expression can be derived for the version of the distributionally robust problem (5.4) featuring an
ambiguity set Aw based on the non regularized Wasserstein distance.

Indeed, recalling the duality formula (4.11) associated to the use of the non regularized Wasserstein
distance W (-, -), the distributionally robust functional Jq,(Q2) takes the following form:

(@) = €(@) -+ juf ([ BEN) AP©) ), where B(EN) i=sup (G() ¢ Al ).

= CeE
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and G(Q) € R* is vector defined in (5.5). Here, contrary to the general situation discussed in Remark 4.3,
the innermost supremum B(, \) features a linear “cost function” ¢ — G() - ¢, and it can be computed in
closed form. Indeed, recalling that = is the unit ball in R¥ with center 0 and radius R, a simple calculation
shows that this supremum is attained at the point:

_{ HGEO) + & if |55G(Q) +¢ <R,

2
G(Q)+2x¢
Rigoyraad

(&)

otherwise.

Another elementary calculation then shows that:

G(Q) - £+ %IG(Q))? if [5G(Q)+¢ <R,
B(ﬁvM:{ AR+ €2) + RIG(Q) + 2)¢] ou'lé?wise. |

All things considered, the distributionally robust problem (5.4) to geometric uncertainties reads:

(5.6) n}zm D(2, N\), where D(Q,A) :=C(Q) + Am + / B(g,\) dP(§).

A>0 =

Again, this single-level shape optimization problem featuring the additional variable A > 0 can be readily
addressed by the numerical methods presented in Section 2.3.

Remark 5.3. The expression in (5.6) can be interpreted as a form of robustification by regularization; see
Section 8 in [14] for a general treatment and discussion.

5.3. A numerical example

In this section, we consider the distributionally robust optimal design of a two-dimensional wheel under
geometric uncertainties. The physical situation is described in the reference frame of the wheel; the latter
is attached at the boundary of the central circular hole I'p, and the other boundary regions, denoted by
T, are subject to traction-free (homogeneous Neumann) boundary conditions, see Fig. 6 (a). The structure
undergoes an inertial force f : R? — R? induced by the rotation of the frame:

Vo = (z1,22) €R?,  f(x) = 2 |z|, where 2t := (—x9,71).
In this situation, we aim to optimize the compliance of the wheel under a volume constraint. In the ideal

situation where the actual geometry of the wheel coincides with its “blueprint” version, the problem at hand
reads:

min C(2) s.t. Vol(Q) = Vp, where C(2) := / Ae(ugq) : e(ugq) dz.
@ Q

This problem is solved for the two different values of the volume target Vpr = 1.35 and Vy = 1.6; the
corresponding optimized shapes are presented on Fig. 6 (b) and (c).

FIGURE 6. (a) Setting of the wheel optimization example of Section 5.3; (b) Optimized shape
of the wheel under ideal conditions with volume target Vp = 1.35; (¢) Optimized shape under
ideal conditions with volume target Vo = 1.6.
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Let us now slip into the context where the geometry of the shape (Q is subjected to perturbations, whose
law is not known with certainty. As considered in Section 5.1, the optimized shape 2 may in reality be
produced, or altered with time, under the perturbed form (5.2). Here, the parameter 1 accounting for the
magnitude of perturbations equals 7 = le— 3, the normal perturbation field v(x, £) has the finite-dimensional
structure (5.3), resulting from the truncation after the first & = 10 modes of a Karhunen-Loéve expansion
of the covariance kernel defined by:

lo—yl
(5.7) Vaz,y € D, Cov(z,y) = % Toor
involving the amplitude 8 = 10 and correlation length [.,, = 4e — 2. The eigenfunctions v; featured in this
decomposition are depicted on Fig. 7.
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—T.2211E 01 ~26120E - 01 —6.4437E — 01 5.5669E — 01 Z5.6864E — 01 6.0389E — 01
~9.5102E - 01 —1.93208 — 01 ~3.5382E — 02 _17mE 0 138008 — 02 TI572E + 0 ~LI549B + 0 17625E — 02 L1902E +0

113 = 0.737529

—5.8636E — 01 5.6995E — 01 —5.8426E — 01 5.9015E — 01

—LIT01E + 0 —~7.5507E — 04 1.1686E + 0 _11645E+0 —8.2150E — 03 1.1481E + 0 ~LIT15E + 0 2.9401E - 03 1.1774E 40

—5.8544E — 01 5.8393E — 01

116 = 0.720765

—5.9484E — 01 5.7825E — 01 —6.7874E — 01 2.7594E — 01 —7.3380E — 01 7.7823E — 01
~LISME +0 —82951E - 03 T161SE +0 ~LI531E +0 —2.0040E — 01 7.5228E — 01 —LAS9SE + 0 2.2215E — 02 153425 + 0

p7 = 0.720575 pis = 0.71882 1o = 0.713981

~T7.3914E — 01 7.4733E — 01

~1.4824E + 0 4.1000E — 03 1.4906E + 0

wio = 0.713696

FIGURE 7. Representation of the first 10 eigenpairs (vi, ;) of the covariance kernel
Cov(z,y) defined in (5.7) in the wheel optimization example of Section 5.3.



We apply the numerical strategy of Section 2.3 to the resolution of the approximate distributionally robust
optimization problem (5.6), based on the use of the non regularized Wasserstein distance, see Section 5.2.2.
The results, associated to the volume targets Vi = 1.35 and 1.6 and various values of the parameters m and
R are depicted on Figs. 8 and 9, respectively.

FIGURE 8. Distributionally robust optimized designs obtained in the wheel example of Sec-
tion 5.3 associated to the volume target Vi = 1.35 and various values of the Wasserstein
distance parameter m and the radius R of the set Z; (1% row) R = 0.1, (2" row) R = 1;
(3" row) R = 5; (4" row) R = 50.

The first series of examples, featuring a volume target Vp = 1.35 and represented on Fig. 8 reveals a high
sensitivity to the parameters R and m. As a general trend, when the parameters m and R take large values,
the structures tend to adopt a configuration made of fewer thin bars and four main diagonal connections.
By contrast, the designs obtained by imposing a volume target Vi = 1.6, represented on Fig. 9, are much
less sensitive to these parameters, suggesting that the shape in Fig. 6 (c), optimized under ideal conditions,
is already quite robust to geometric uncertainties.

6. CONCLUSION AND PERSPECTIVES

In this article, we have outlined the introduction of the idea of distributional robustness into the field of
shape and topology optimization proposed in our previous works [25, 26]. In the situation where some of the
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FIGURE 9. Distributionally robust optimized designs obtained in the wheel optimization ex-
ample of Section 5.3 associated to the volume target Vi = 1.6 and various values of the
Wasserstein distance parameter m and the radius R of =; (1%¢ row) R = 1; (2" row)
R=15; (3" row) R = 50.

parameters of the physical model are uncertain, the latter allows to take into account that, often in reality,
the probability law of these parameters is itself unknown: at best, it can be approximated by a nominal law
reconstructed from a few observed samples. The distributionally robust viewpoint consists in minimizing the
worst-case expectation of a physical cost, when the law of the uncertain parameters is “close” to the nominal
one. Focusing on a particular situation for clarity, we have exemplified a very general procedure, based on
convex duality, to derive tractable single-level formulations of the difficult min-max problems raised by this
viewpoint. In a second part of this article, we have adapted this framework to handle geometric uncertainties:
the optimization variable itself is subject to uncertainty, rather than an independent parameter of the physical
model. The model for geometric uncertainties used in there is admittedly not completely convincing, as it
ignores the dependence of the geometric uncertainties on the actual shape. In the near future, we wish to
explore another formulation of such geometric uncertainties, that leverages optimal transport as a means to
appraise when shapes are “close” from one another.
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