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Foreword (I)

This course focuses on parametric optimal design problems, of the form:

min
h∈H

J(h) s.t. G(h) = 0, (P)

where

• The design variable h belongs to a fixed vector space H;

• The objective and constraint functions J(h) and G(h) depend on h via a state
uh ∈ V , solution to an h-dependent boundary value problem:

Search for uh ∈ V s.t. ∀v ∈ V , ah(uh, v) = `h(v).

•<latexit sha1_base64="eomrWUK6OaVvc7Eq0kx7vCymfLs="></latexit>x
<latexit sha1_base64="k9Q3pBFeeuA5cDIvVUYehe1RYWM="></latexit>

h(x)
<latexit sha1_base64="13lg4KIAooBzLJKbzNZh3GUYJ0Q="></latexit>

S
<latexit sha1_base64="Ujgbdjtnry/PfeSsz6jUUyp8ng8="></latexit>

An elastic plate can be described by its height h : S → R over a fixed cross-section S.
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Foreword (II)

In Course 1, we have seen that:

• For a given design h ∈ H, the numerical simulation of uh can be realized by the
Finite Element Method, e.g. using FreeFem.

• The solution of (P) can be achieved by a (constrained) gradient-based strategy.

Solution of a PDE by the Finite
Element Method.

<latexit sha1_base64="qDj7jla3YEwTDiR+L5FmpS+YQjI=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEqseCF48V7Ae0oWy2k3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTHFo8kYnuhsyAFApaKFBCN9XA4lBCJ5zczf3OE2gjEvWI0xSCmI2UiARnaKVOP8ykBBxUa57rLUDXiV+QGinQHFS/+sOEZzEo5JIZ0/O9FIOcaRRcwqzSzwykjE/YCHqWKhaDCfLFuTN6YZUhjRJtSyFdqL8nchYbM41D2xkzHJtVby7+5/UyjG6DXKg0Q1B8uSjKJMWEzn+nQ6GBo5xawrgW9lbKx0wzjjahig3BX315nbSvXL/u1h+uaw23iKNMzsg5uSQ+uSENck+apEU4mZBn8krenNR5cd6dj2VrySlmTskfOJ8/dZ+Pmw==</latexit>•

<latexit sha1_base64="K57gWBtUZ7ToxNhgbKQ+KYpxtuk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadkNIeYY8OIxgnlAsoTZySQZMju7zPQKYclHePGgiFe/x5t/4+QFaixoKKq66e4KEykMet6Xk9va3tndy+8XDg6Pjk+Kp2ctE6ea8SaLZaw7ITVcCsWbKFDyTqI5jULJ2+Hkdu63H7k2IlYPOE14ENGREkPBKFqp3QtTKTn2iyXP9RYgnluu1Mp+lfhrZU1KsEKjX/zsDWKWRlwhk9SYru8lGGRUo2CSzwq91PCEsgkd8a6likbcBNni3Bm5ssqADGNtSyFZqD8nMhoZM41C2xlRHJu/3lz8z+umOKwFmVBJilyx5aJhKgnGZP47GQjNGcqpJZRpYW8lbEw1ZWgTKtgQNl7eJK2y61fd6n2lVHdXceThAi7hGny4gTrcQQOawGACT/ACr07iPDtvzvuyNeesZs7hF5yPb5hUj7M=</latexit>•

<latexit sha1_base64="nP8HiIC4T3YcSeYVsl3/F9TgNM4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WrXWvK7Uq3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3zuM8A==</latexit>

u<latexit sha1_base64="SR4xMbG9qho2SoacfYMpOX+9IZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4ColI9Vjw0mML9gPaUDbbabt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTATXxvO+nY3Nre2d3cJecf/g8Oi4dHLa0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+Hkfu63n1BpHssHM00wiOhI8iFn1FipUeuXyp7rLUDWiZ+TMuSo90tfvUHM0gilYYJq3fW9xAQZVYYzgbNiL9WYUDahI+xaKmmEOsgWh87IpVUGZBgrW9KQhfp7IqOR1tMotJ0RNWO96s3F/7xuaoZ3QcZlkhqUbLlomApiYjL/mgy4QmbE1BLKFLe3EjamijJjsynaEPzVl9dJ69r1K26lcVOuunkcBTiHC7gCH26hCjWoQxMYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBmweMww==</latexit>

H

<latexit sha1_base64="v3/+fKaZd1aS75tP8VZWhq89rYQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0hEqseCF/FUwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b2dtfWNza7u0U97d2z84rBwdt3WcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ7e533miSrNYPpppQgOBR5JFjGCTS/e19GJQqXquNwdaJX5BqlCgOah89YcxSQWVhnCsdc/3EhNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqKbIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCP7yy6ukfen6dbf+cFVtuEUcJTiFM6iBD9fQgDtoQgsIjOEZXuHNEc6L8+58LFrXnGLmBP7A+fwBOpqNqQ==</latexit>

J(u)

<latexit sha1_base64="gCH7c/jlg0HjRtGcMY8qJMqNVVQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiDEyzAjEj0GvIinCGaByRBqOj1Jk57uobtHCEM+w4sHRbz6Nd78GzuLELcHBY/3qqiqF6WcaeN5H05hZXVtfaO4Wdra3tndK+8ftLTMFKFNIrlUnQg05UzQpmGG006qKCQRp+1odDX12/dUaSbFnRmnNExgIFjMCBgrBV0BEQd8U81Oe+WK73ozYO8X+bIqaIFGr/ze7UuSJVQYwkHrwPdSE+agDCOcTkrdTNMUyAgGNLBUQEJ1mM9OnuATq/RxLJUtYfBMXZ7IIdF6nES2MwEz1D+9qfiXF2QmvgxzJtLMUEHmi+KMYyPx9H/cZ4oSw8eWAFHM3orJEBQQY1MqLYfwP2mduX7Nrd2eV+ruIo4iOkLHqIp8dIHq6Bo1UBMRJNEDekLPjnEenRfndd5acBYzh+gbnLdPEfaQag==</latexit>rJ(u)

The gradient algorithm in action

⇒ This course is devoted to the calculation of the derivative of a function J(h)
depending on h via the solution to a PDE depending on h.
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Part II

Optimal control and
parametric optimization

problems

1 Generalities about parametric optimization problems
Presentation of a model problem
Non existence of optimal design

2 Calculation of derivatives of functions of the design
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A model problem involving the conductivity equation (I)

• We aim to optimize the thermal conductivity h :
D → R inside a given domain D ⊂ Rd .

• The temperature uh is the solution in H1(D) to
the “state”, conductivity equation:

−div(h∇uh) = f in D,
uh = 0 on ΓD ,

h ∂uh
∂n

= g on ΓN ,

where f ∈ L2(D) and g ∈ L2(ΓN) are sources.

�D

�N

D

g

• The set Uad of design variables is:

Uad =
{
h ∈ L∞(D), α ≤ h(x) ≤ β a.e. x ∈ D

}
⊂ L∞(D),

where 0 < α < β are fixed bounds.
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A model problem involving the conductivity equation (II)

• To set ideas, we consider an unconstrained problem of the form:

min
h∈Uad

J(h), where J(h) =

∫
D

j(uh) dx ,

and j : R→ R is a smooth function satisfying growth conditions:

∀s ∈ R, |j(s)|≤ C(1 + |s|2), and j ′(s) ≤ C(1 + |s|).

• Many variants are possible, e.g. featuring constraints on h or uh.

• In this setting,

• For any h ∈ Uad, the state uh is evaluated on the fixed domain D;

• The design variable h acts as a parameter in the coefficients of the state
equation.

• Before dealing with the (local) resolution of this problem, let us inquire about the
existence of global solutions.
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Part II

Optimal control and
parametric optimization

problems

1 Generalities about parametric optimization problems
Presentation of a model problem
Non existence of optimal design

2 Calculation of derivatives of functions of the design
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Non existence of optimal design (I)

• This counter-example is discussed in details in [All] §5.2.

• The defining domain is the unit square D = (0, 1)2.

• We consider a variant of the model problem, made of two physical scenarios:
−div(h∇uh,1) = 0 in D,
h
∂uh,1
∂n

= e1 · n in ΓN,1,

h
∂uh,1
∂n

= 0 in ΓN,2,

and


−div(h∇uh,2) = 0 in D,

h
∂uh,2
∂n

= 0 in ΓN,1,

h
∂uh,2
∂n

= e2 · n in ΓN,2.

D

�N,1

�N,2

D D

uh,1 uh,2

(Left) Boundary conditions, (middle) boundary data for uh,1; (right) boundary data for uh,2.
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Non existence of optimal design (II)

The optimization problem of interest in this context is:

min
h∈Uad

J(h),

where the objective function is:

J(h) =

∫
ΓN,1

e1 · n uh,1 ds︸ ︷︷ ︸
=
∫
right uh,1 ds−

∫
left uh,1 ds>0

−
∫

ΓN,2

e2 · n uh,2 ds︸ ︷︷ ︸
=
∫
top uh,1 ds−

∫
bottom uh,1 ds>0

,

and the set Uad of admissible designs encompasses a volume constraint:

Uad =

{
h ∈ L∞(D),

α < h(x) < β a.e. x ∈ D,∫
D
h dx = VT

}
.

In other terms, one aims to

• Minimize the temperature difference between the left and right sides in Case 1.

• Maximize the temperature difference between the top and bottom sides in Case 2.
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Non existence of optimal design (III)

Theorem (Non existence of global solution).
The parametric optimization problem min

h∈Uad
J(h) does not have a global solution.

Hint of the proof: The proof comprises three stages:

Step 1: One calculates a lower bound m on the values of J(h) for h ∈ Uad:

∀h ∈ Uad, J(h) ≥ m.

Step 2: One proves that the value m cannot be attained by an element in Uad:

∀h ∈ Uad, J(h) > m.

Step 3: One constructs a minimizing sequence of designs hn ∈ Uad:

J(hn)
n→∞−−−→ m.

Hence, m is the infimum of J(h) over Uad but it is not attained by any h ∈ Uad.
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Non existence of optimal design (IV)

• The minimizing sequence hn is constructed as a laminate, i.e. a succession of
layers with maximum and minimum conductivities.

· · ·
1

n

↵

�

Two elements in a minimizing sequence hn of conductivities: the horizontal stripes allow to reduce the
temperature difference between the left and right sides, while insulating the top side from the bottom one.

• This is an expression of the homogenization effect:

To get more optimized, designs tend to create very thin structures, at the
microscopic level.
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Non existence of optimal design (V)

• In general, optimal design problems do not have global solutions, for a deep
physical reason:

It is generally possible to achieve better performance by using smaller patterns.

• See [Mu] for many such examples of non existence of optimal design.

• To ensure existence of an optimal design, two techniques are usually employed:

• Relaxation: the set Uad of admissible designs is enlarged to enclose
“microscopic designs”. This is the essence of the Homogenization method
[All2].

• Restriction: the set Uad is restricted to, e.g. more regular designs, with fixed
scale patterns.

• In practice, one is often interested in the search of local minimizers, which are e.g.
“close” to an initial design inspired by intuition.
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Part II

Optimal control and
parametric optimization

problems

1 Generalities about parametric optimization problems

2 Calculation of derivatives of functions of the design
The rigorous practice of the adjoint method
A higher view of the adjoint method
The formal method of Céa
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Derivative of the objective function (I)

Let us return to our (further simplified) toy problem:

min
h∈Uad

J(h),

where
J(h) =

∫
D

j(uh) dx ,

the set of admissible designs is:

Uad =
{
h ∈ L∞(D), α ≤ h(x) ≤ β a.e. x ∈ D

}
,

and the temperature uh is the solution in H1
0 (D) to:{

−div(h∇uh) = f in D,
uh = 0 on ∂D.

�D

D

We aim to prove that J(h) is differentiable, and to calculate its derivative.
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Derivative of the objective function (II)

For a given design h ∈ Uad,

• One variational formulation characterizing uh is:

Search for uh ∈ H1
0 (D) s.t. ∀v ∈ H1

0 (D),

∫
D

h∇uh · ∇v dx =

∫
D

fv dx .

• This problem has a unique solution uh ∈ H1
0 (D), which satisfies:

||uh||H1
0 (D) ≤ C ||f ||L2(D),

for some constant C > 0, owing to the Lax-Milgram theorem.
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Derivative of the objective function (III)

Theorem.
The objective function

J(h) =

∫
D

j(uh) dx

is Fréchet differentiable at any h ∈ Uad, and its derivative reads

∀ĥ ∈ L∞(D), J ′(h)(ĥ) =

∫
D

(∇uh · ∇ph)ĥ dx ,

where the adjoint state ph ∈ H1
0 (D) is the unique solution to the problem:{

−div(h∇ph) = −j ′(uh) in D,
ph = 0 on ∂D.
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The adjoint method (I)

Proof: The proof is divided into three steps:

¶ Using the implicit function theorem, we prove that the design-to-state mapping

Uad 3 h 7−→ uh ∈ H1
0 (D)

is Fréchet differentiable, with derivative ĥ 7→ u′h(ĥ).

· We characterize u′h(ĥ) as the solution to an h, ĥ dependent variational problem.

¸ We calculate the derivative of J(h) in terms of u′h(ĥ), thanks to the chain rule.

¹ We give a more convenient structure to J ′(h)(ĥ), introducing an adjoint state
ph to eliminate the occurrence of u′h(ĥ).
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Reminder: the implicit function theorem

The implicit function theorem is a key result, ensuring the existence and smoothness
of a solution u = uθ to a parametrized, non linear equation of the form:

F(θ, u) = 0,

where u is the unknown and θ is a “parameter”; see [La], Chap. I , Th. 5.9.

Theorem (Implicit function theorem).
Let Θ,E ,F be Banach spaces, V ⊂ Θ, U ⊂ E be open sets. and F : V × U → F be
a function of class Cp for p ≥ 1. Let (θ0, u0) ∈ V × U be such that F(θ0, u0) = 0
and assume that:

The derivative
∂F
∂u

(θ0, u0) : E → F is a linear isomorphism.

Then there exist open subsets V ′ ⊂ V of θ0 in Θ and U ′ ⊂ U of u0 in E , and a
mapping g : V ′ → U ′ of class Cp satisfying the properties:

¶ g(θ0) = u0,

· For all θ ∈ V ′, the equation F(θ, u) = 0 has a unique solution u ∈ U ′, given by
u = g(θ).
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The adjoint method (II)

Step 1: Differentiability of h 7→ uh:

• For any h ∈ Uad, uh is the unique solution in H1
0 (D) to the variational problem:

∀v ∈ H1
0 (D),

∫
D

h∇uh · ∇v dx =

∫
D

fv dx .

• Let
F : Uad × H1

0 (D)→ H−1(D)

be the mapping defined by:

For all h ∈ Uad, u ∈ H1
0 (D), the linear form F(u, h) ∈ H−1(D) on H1

0 (D) is:

F(h, u) : v 7→
∫
D

h∇u · ∇v dx −
∫
D

fv dx .
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The adjoint method (III)

One verifies that

• F is a mapping of class C1;

• For given h ∈ Uad, uh is the unique solution u to the equation

F(h, u) = 0.

• The differential of the partial mapping u 7→ F(h, u) reads:

H1
0 (D) 3 û 7−→

[
v 7→

∫
D

h∇û · ∇v dx
]
∈ H−1(D).

It is an isomorphism, owing to the Lax-Milgram theorem:

For all g ∈ H−1(D), there exists a unique u ∈ H1
0 (D) s.t.

∀v ∈ H1
0 (D),

∫
D

h∇u · ∇v dx = 〈g , v〉H−1(D),H1
0 (D).

⇒ The implicit function theorem guarantees that the mapping h 7→ uh is of class C1.
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The adjoint method (IV)

Step 2: Characterization of the derivative u′h(ĥ) by a variational problem:

• Let us return to the variational formulation for uh:

∀v ∈ H1
0 (D),

∫
D

h∇uh · ∇v dx =

∫
D

fv dx .

• Thanks to Step 1, we may take derivatives with respect to h in a direction
ĥ ∈ L∞(D), for an arbitrary test function v ∈ h10(D):∫

D

ĥ∇uh · ∇v dx +

∫
D

h∇u′h(ĥ) · ∇v dx = 0.

• Hence, for all ĥ ∈ L∞(D), u′h(ĥ) is the unique solution in H1
0 (D) to:

Search for u′h(ĥ) ∈ H1
0 (D) s.t. ∀v ∈ H1

0 (D),∫
D

h∇u′h(ĥ) · ∇v dx = −
∫
D

ĥ∇uh · ∇v dx .
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Reminder: the “chain rule”

The chain rule is a fundamental result, which supplies the Fréchet derivative of the
composite G ◦ F of two functions

F : U → V and G : V →W

between three normed vector spaces (U, || · ||U), (V , || · ||V ) and (W , || · ||W ).

Theorem (Chain rule).
Let x ∈ U be a point such that:

• F is Fréchet differentiable at x ;

• G is Fréchet differentiable at F (x) ∈ V .

Then, the composite function G ◦ F : U →W is Fréchet differentiable at x , and its
Fréchet derivative v 7→ (G ◦ F )′(x)(v) is the linear mapping defined by:

∀v ∈ U, (G ◦ F )′(x)(v) = G ′(F (x))(F ′(x)(v)).
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The adjoint method (V)

Step 3: Calculation of the derivative of J(h):

Since h 7→ uh is of class C1, the chain rule yields immediately:

∀ĥ ∈ L∞(D), J ′(h)(ĥ) =

∫
D

j ′(uh)u′h(ĥ) dx .

• This expression is awkward: the dependence ĥ 7→ J ′(h)(ĥ) is not explicit and it
is difficult to find a descent direction, i.e. a vector ĥ ∈ L∞(D) such that:

J ′(h)(ĥ) < 0.

⇒ One would have to try multiple ĥ ∈ L∞(D), calculate u′h(ĥ), . . . until finding one s.t. J′(h)(ĥ) < 0.
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The adjoint method (VI)

Step 4: Reformulation of J ′(h)(ĥ) using an adjoint state:

The adjoint state ph is the unique solution in H1
0 (D) to the variational problem:

∀v ∈ H1
0 (D),

∫
D

h∇ph · ∇v dx = −
∫
D

j ′(uh)v dx ,

to be compared with the variational formulation for u′h(ĥ) ∈ H1
0 (D):

∀v ∈ H1
0 (D),

∫
D

h∇u′h(ĥ) · ∇v dx = −
∫
D

ĥ∇uh · ∇v dx .

Then, we calculate:

J ′(h)(ĥ) =

∫
D

j ′(uh)u′h(ĥ) dx ,

= −
∫
D

h∇ph · ∇u′h(ĥ) dx ,

= −
∫
D

h∇u′h(ĥ) · ∇ph dx ,

=

∫
D

ĥ∇uh · ∇ph dx .

where the last line uses the variational formulation of u′h(ĥ) with ph as test function.
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About the adjoint state (I)

• The above introduction of the adjoint state ph, as a solution to the problem:

∀v ∈ H1
0 (D),

∫
D

h∇ph · ∇v dx = −
∫
D

j ′(uh)v dx ,

and the allowed simplifications may look “miraculous” at first glance.

• After closer inspection, its definition is exactly what is needed to simplify J ′(ĥ):

- The right-hand side is what is needed to write:

J ′(h)(ĥ) =

∫
D

j ′(uh)u′h(ĥ) dx = −
∫
D

h∇u′h(ĥ) · ∇ph dx .

- This last expression, featuring the action of v 7→
∫
D
h∇u′h(ĥ) · ∇v dx is the

only available information about u′h(ĥ):

−
∫
D

h∇u′h(ĥ) · ∇ph dx =

∫
D

ĥ∇uh · ∇ph dx .
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About the adjoint state (II)

• The adjoint state ph satisfies{
−div(h∇ph) = −j ′(uh) in D,

ph = 0 on ∂D.

Loosely speaking, it is a “virtual temperature” driven by a source (or sink) equal to
the rate of change of the integrand of J(h) at the state described by uh.

• From the last expression, one obviously obtains a descent direction:

ĥ = −∇uh · ∇ph ⇒ J ′(h)(ĥ) < 0,

which can be interpreted as the power induced by the “virtual temperature” ph.

• We shall see soon a second interpretation of ph as the Lagrange multiplier
associated to the PDE constraint if we formulate our optimization problem as:

min
(h,u)

∫
D

j(u) dx s.t.
{
−div(h∇u) = f in D,

u = 0 on ∂D.

26 / 43



Part II

Optimal control and
parametric optimization

problems

1 Generalities about parametric optimization problems

2 Calculation of derivatives of functions of the design
The rigorous practice of the adjoint method
A higher view of the adjoint method
The formal method of Céa

27 / 43



The adjoint method in an abstract framework (I)

• Let us consider an abstract optimal design functional, of the form:

J(h) = j(uh),

where

- The design h belongs to a Hilbert space (H, 〈·, ·〉H).

- The state uh belongs to another Hilbert space (V , 〈·, ·〉V ).

- It is the solution to a boundary value problem

Search for uh ∈ V s.t. F(h, uh) = 0, (BVP)

where F : H × V → V is a suitable operator.

- The observable j : V → R is smooth enough.

• We aim to calculate the derivative J ′(h)(ĥ) and to find a descent direction for J(h).

N R.-E. Plessix, A review of the adjoint-state method for computing the gradient of a
functional with geophysical applications, Geophysical Journal International, 167 (2006), pp.
495–503.
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The adjoint method in an abstract framework (II)

The first 3 steps of the previous derivation unfold exactly as in there:

¶ The implicit function theorem ensures that the mapping h 7→ uh is differentiable.

· Differentiation in (BVP) yields a characterization of the derivative u′h(ĥ) ∈ V :[
∂F
∂h

(h, uh)

]
(ĥ) +

[
∂F
∂u

(h, uh)

]
u′h(ĥ) = 0.

¸ Likewise, by applying the chain rule, we calculate the derivative of J(h):

J ′(h)(ĥ) =
〈
j ′(uh), u′h(ĥ)

〉
V
.

Unfortunately, this formula does not easily provide a descent direction.

⇒ One would have to try multiple ĥ ∈ H, calculate u′h(ĥ), . . . until finding one such that J′(h)(ĥ) < 0.
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The adjoint method in an abstract framework (III)

• To overcome this issue, we introduce the adjoint state ph ∈ V as the solution to:[
∂F
∂u

(h, uh)

]∗
ph = −j ′(uh),

where
[
∂F
∂u

(h, uh)
]∗

: V → V is the adjoint operator of
[
∂F
∂u

(h, uh)
]

: V → V :

∀v ,w ∈ V ,

〈[
∂F
∂u

(h, uh)

]∗
v ,w

〉
V

=

〈
v ,

[
∂F
∂u

(h, uh)

]
w

〉
V

.

• An elementary calculation yields:

J ′(h)(ĥ) =
〈
j ′(uh), u′h(ĥ)

〉
V

= −
〈 [

∂F
∂u

(h, uh)
]∗

ph, u
′
h(ĥ)

〉
V

(Def. of ph)

= −
〈 [

∂F
∂u

(h, uh)
]
u′h(ĥ), ph

〉
V
. (Def. of adjoint operator)

• Invoking now the problem satisfied by u′h(ĥ), we obtain:

J ′(h)(ĥ) =
〈[∂F

∂h
(h, u(h))

]
ĥ, ph

〉
V
.
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The adjoint method in an abstract framework (IV)

• Let us introduce the adjoint
[
∂F
∂h

(h, uh)
]∗

: V → H of
[
∂F
∂h

(h, uh)
]
H → V :

∀v ∈ V , h ∈ H,

〈[
∂F
∂h

(h, uh)

]∗
v , h

〉
H

=

〈
v ,

[
∂F
∂h

(h, uh)

]
h

〉
V

.

We end up with:

J ′(h)(ĥ) =

〈[
∂F
∂h

(h, uh)

]∗
ph, ĥ

〉
H

.

• Now, a descent direction ĥ for J(h) is immediately revealed:

ĥ = −
[
∂F
∂h

(h, uh)

]∗
ph ⇒ J ′(h)(ĥ) = −

∣∣∣∣∣∣∣∣[∂F∂h (h, uh)

]∗
ph

∣∣∣∣∣∣∣∣2
H

.

• The evaluation of this descent direction ĥ demands:

- The calculation of uh (Finite Element solution);
- The calculation of ph (Finite Element solution);
- The calculation of the operator

[
∂F
∂h

(h, uh)
]∗ (derivative of the explicit

dependence of the boundary value problem w.r.t the design).
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The adjoint method: final comments

• The adjoint state ph can be interpreted as the Lagrange multiplier associated to
the PDE constraint if we formulate the minimization problem of J(h) as:

min
(h,u)

∫
D

j(u) dx s.t.
{
−div(h∇u) = f in D,

u = 0 on ∂D.

• This general methodology allows to deal with

- Different physical situations,

- Other optimal design frameworks, including “true” geometric optimization.

• Another (formal and sometimes dangerous) method allows to calculate shape
derivatives: Céa’s method.
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Part II

Optimal control and
parametric optimization

problems

1 Generalities about parametric optimization problems

2 Calculation of derivatives of functions of the design
The rigorous practice of the adjoint method
A higher view of the adjoint method
The formal method of Céa
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The formal method of Céa (I)

• The method of Céa is a formal way, inspired from constrained optimization theory,
to calculate the derivative of J(h).

• It assumes that the mapping h 7→ uh is differentiable.

• The original, unconstrained problem

min
h∈Uad

J(h), where J(h) =

∫
D

j(uh) dx ,

and uh is the solution to the conductivity equation:{
−div(h∇uh) = f in D,

uh = 0 on ∂D,

can be rewritten as a constrained optimization problem:

min
u∈H1

0 (D),

h∈Uad

∫
D

j(u) dx , s.t.
{
−div(h∇u) = f in D,

u = 0 on ∂D,

where the PDE relating h to u is accounted for by a constraint.

N J. Céa, Conception optimale ou identification de formes, calcul rapide de la dérivée
directionnelle de la fonction coût, ESAIM: M2AN, 20(3), (1986), pp. 371–402.
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The formal method of Céa (II)

• This alternative viewpoint suggests the definition of the Lagrangian:

L : Uad × H1
0 (D)× H1

0 (D)→ R,

by the formula:

L(h, u, p) =

∫
D

j(u) dx︸ ︷︷ ︸
Objective function at stake

+

∫
D

h∇u · ∇p dx −
∫
D

fp dx︸ ︷︷ ︸
Enforcement of the PDE constraint −div(h∇u)=f

with a Lagrange multiplier p

.

• By construction, it holds, for any p̂ ∈ H1
0 (D):

J(h) = L(h, uh, p̂).
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The formal method of Céa (III)

In order to solve the constrained optimal design problem, we search for the saddle
points (u, p) of L(h, ·, ·) for each, given h ∈ Uad.

• Imposing the partial derivative of L with respect to p to vanish amounts to

∀p̂ ∈ H1
0 (D),

∫
D

h∇u · ∇p̂ dx −
∫
D

f p̂ dx = 0;

this is the variational formulation for u = uh.

• Imposing the partial derivative of L with respect to u to vanish amounts to

∀û ∈ H1
0 (D),

∫
D

h∇p · ∇û dx = −
∫
D

j ′(u)û dx ;

since u = uh, we recognize the variational formulation for p = ph.
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The formal method of Céa (IV)

• Recall that, for arbitrary p̂ ∈ H1
0 (D),

J(h) = L(h, uh, p̂).

• Since we have assumed that h 7→ uh is differentiable, the chain rule yields:

J ′(h)(ĥ) =
∂L
∂h

(h, uh, p̂)(ĥ) +
∂L
∂u

(h, uh, p̂)(u′h(ĥ)).

• Now taking p̂ = ph, the last term in the above right-hand side vanishes:

J ′(h)(ĥ) =
∂L
∂h

(h, uh, ph)(ĥ).

• The above partial derivative is the derivative of the mapping h 7→
∫
D
h∇u · ∇p dx

evaluated at u = uh and p = ph:

J ′(h)(ĥ) =

∫
D

ĥ∇uh · ∇ph dx .
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The formal method of Céa: intuition

u

u

p

J(u)

<latexit sha1_base64="PDMGjBKvHUTMjEAKfEarpZUbWQA="></latexit>L(h, u, p)

•
<latexit sha1_base64="1JTHY14v40prnSmXOlGb1CZLTr0="></latexit>uh

<latexit sha1_base64="cQkIIPdJujt9GRiWgiuJ744yDJo="></latexit>ph

<latexit sha1_base64="7le4Nl7WTtF0jmsc3aAaFFp6fsQ="></latexit>

(uh, ph)<latexit sha1_base64="NUMuuo8zw+mVX3ZIBESyfTY2um8="></latexit>

J(uh)

<latexit sha1_base64="NUMuuo8zw+mVX3ZIBESyfTY2um8="></latexit>

J(uh) •
•

•

<latexit sha1_base64="1JTHY14v40prnSmXOlGb1CZLTr0="></latexit>uh

intuition: The function J(h) is “twisted” into the value L(h, uh, ph) at the parametrized saddle point (uh, ph),
which is “easy” to differentiate with respect to h.
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Overview of the next lectures

• Course 3 Numerical methods for parametric optimization.

- Numerical implementation recipes;

- Density-based topology optimization.

• Practical session A FreeFem implementation of the SIMP method.
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Thank you!

Thank you for your attention!
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