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Foreword (I)

• Since [DerTho, OSe], the level set method is
key in representing shapes.

• It allows to account for dramatic motions of
shapes, including topological changes:

- It is parametrization free;

- It is (originally) implemented on a fixed back-
ground mesh, alleviating meshing issues.

• The level set method is now ubiquitous in dy-
namic simulation (CFD, ...), image process-
ing, shape optimization, etc.

• References: [OFed], [Sethian].

Active contour algorithm for
image segmentation [CreRouDe].

Motion of a vesicle through
an obstacle [JeBruMai].
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Foreword (II)

• The level set method has recently found an
interesting interplay with meshing:

- Adaptive refinement around an (evolving) in-
terface;

- Body-fitted interface tracking;

- Mesh generation!

• Goals of this course:

- Provide a concise introduction to the theory
and practice of the level set method;

- Present several applications in connection with
meshing.

Numerical simulation of a burner (Coria).

Body-fitted optimization of an obstacle.
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Disclaimer

Disclaimer

• This course merely sketches the rich and difficult subject of the level set method.

• The selected applications are biased by the knowledge of the author.
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Plan of the course

1 The level set method
Basics about the level set method
Evolving domains within the level set framework
An interesting particular case: eikonal equations

2 Numerical algorithms for the level set method
Calculation of the signed distance function to a domain
Resolution of the level set evolution equation
Numerical practice of the level set method

3 (Re)meshing in connection with the level set method
A few definitions and key concepts
Mesh refinement adapted to a level set function
Isosurface discretization

4 Applications
Volume mesh generation from an invalid surface triangulation
Mesh adaptation to an isovalue
Body-fitted tracking of an interface
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Basics about the level set method (I)

A paradigm: The motion of a domain is conveniently described in an implicit way.

A domain Ω ⊂ Rd is equivalently defined by a function φ : Rd → R such that:

φ(x) < 0 if x ∈ Ω ; φ(x) = 0 if x ∈ ∂Ω ; φ(x) > 0 if x ∈ cΩ

<latexit sha1_base64="aoCj5kr9+YkzsiczxBngGkHqPSw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL96MYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t0JOsT9csWv+nOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxtfhxmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqcFmt3dcq9VoeRxFO4BTOIYArqMMtNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AF3pjvY=</latexit>

⌦

(Left) One domain Ω ⊂ R2; (right) graph of an associated level set function.
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Basics about the level set method (II)

Let Ω ⊂ Rd be a domain with smooth boundary Γ, and let φ : Rd → R be a smooth
level set function for Ω, such that ∇φ(x) 6= 0 on a neighborhood of Γ.

• The unit normal vector n to Γ pointing outward Ω reads:

∀x ∈ Γ, n(x) =
∇φ(x)

|∇φ(x)| .

n(x)

x
⌦

•

Normal vector n to the boundary Γ of Ω; some isolines of the function φ are dotted.
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Basics about the level set method (III)

• The second fundamental form II of Γ is:

∀x ∈ Γ, II(x) = ∇
(
∇φ(x)

|∇φ(x)|

)
.

• The mean curvature κ of Γ is:

∀x ∈ Γ, κ(x) = div
(
∇φ(x)

|∇φ(x)|

)
.

•x

n(x)

v Tx�

�

IIx (v, v) is the curvature of a curve

drawn on Γ with tangent vector v at x.
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Evolving domains (I)

• Let Ω(t) ⊂ Rd be a domain with boundary Γ(t), evolving over a time period
(0,T ) according to a velocity field V (t, x).

<latexit sha1_base64="BtM2JXoWDJGvBEizJVAF9L9kbJE=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXrwZwTwkWcLspDcZMrO7zMwKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2Mxt5bd3dvf2CweHDR2nimGdxSJWrYBqFDzCuuFGYCtRSGUgsBkMb6Z+8wmV5nH0YEYJ+pL2Ix5yRo2VHjt3Evu05J51C0W37M5AlomXkSJkqHULX51ezFKJkWGCat323MT4Y6oMZwIn+U6qMaFsSPvYtjSiErU/nh08IadW6ZEwVrYiQ2bq74kxlVqPZGA7JTUDvehNxf+8dmrCa3/MoyQ1GLH5ojAVxMRk+j3pcYXMiJEllClubyVsQBVlxmaUtyF4iy8vk8Z52bssX9xXitVKFkcOjuEESuDBFVThFmpQBwYSnuEV3hzlvDjvzse8dcXJZo7gD5zPH5ftj5Y=</latexit>

⌦(0)

<latexit sha1_base64="idAdtg4qYT63dbkiFOghEv7NNgE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FX4uMY8OLNCHlJsoTZyWwyZGZ2mZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmLOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49uZ336iSrNINswkpr7AQ8lCRrCx0mPvXtAhLjfO+8WSW3HnQKvEy0gJMtT7xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MZPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHhXlcuHaqlWzeLIwwmcQhk8uIYa3EEdmkBAwDO8wpujnBfn3flYtOacbOYY/sD5/AHOoY+6</latexit>

⌦(T )
<latexit sha1_base64="Xt98hvCQv/PjtMvoXOYSOlOipXY=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBahgpSk1NpjwYvHCjYttKFstpt27SYbdidiCf0PXjwo4tX/481/4/YL1Ppg4PHeDDPz/FhwDbb9ZWXW1jc2t7LbuZ3dvf2D/OGRq2WiKGtSKaRq+0QzwSPWBA6CtWPFSOgL1vJH11O/9cCU5jK6g3HMvJAMIh5wSsBIrluEi8fzXr5gl+wZsF0qV2plp4qdpbIkBbRAo5f/7PYlTUIWARVE645jx+ClRAGngk1y3USzmNARGbCOoREJmfbS2bUTfGaUPg6kMhUBnqk/J1ISaj0OfdMZEhjqv95U/M/rJBDUvJRHcQIsovNFQSIwSDx9Hfe5YhTE2BBCFTe3YjokilAwAeVMCCsvrxK3XHKqpcvbSqFeWcSRRSfoFBWRg65QHd2gBmoiiu7RE3pBr5a0nq03633emrEWM8foF6yPb7TDjok=</latexit>

V (t, x)

• Let φ(t, ·) be a level set function for Ω(t):


φ(t, x) < 0 if x ∈ Ω(t),
φ(t, x) = 0 if x ∈ Γ(t),

φ(t, x) > 0 if x ∈ cΩ(t).

Questions

• How does the motion of Ω(t) translate in terms of φ(t, ·)?

• ... To start with, what does it mean for Ω(t) to evolve according to V (t, x)?
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Evolving domains (II)

The motion of Ω(t) may be classified into three categories depending on the nature
of the velocity field V (t, x).

¶ Ω(t) is passively transported by V (t, x) when the latter is externally prescribed,
i.e. it does not depend on Ω(t).

· The velocity V (t, x) depends on local features of Ω(t) or Γ(t), such as:

• The normal vector nt(x) at x ∈ Γ(t);

• The mean curvature κt(x) of Γ(t).

¸ The field V (t, x) depends on global features of the domain Ω(t), e.g. it
depends on the solution to a partial differential equation (PDE) posed on Ω(t).
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Example (I): velocity depending on local features of Ω(t)

The flame propagation model Ω(t) represents a burnt region, whose front expands
with constant, normal velocity c:

V (t, x) = c nt(x), where c > 0 is a constant.

•
•

•
•

• •

•

•
•

•

•

•

An example of the dynamics in the flame propagation model.
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Example (II): another velocity depending on local features of Ω(t)

The mean curvature flow The velocity field V (t, x) reads:

V (t, x) = −κt(x) nt(x),

that is, Ω(t) evolves by “resorption of its bumps”, and “filling of its creases”.

•
•

•

• •

•

•
•

•

•

•

•

•

•
•

•

An example of the dynamics of the mean curvature flow: Grayson’s theorem [Grayson].
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Example (III-a): velocity depending on global features of Ω(t)

A domain D ⊂ Rd is filled with two immiscible fluids, occupying complementary
phases Ω0,Ω1, with different densities ρ0, ρ1 and dynamic viscosities ν0, ν1.

D

�

⌦1

⌦0

n

Model configuration of a bifluid problem.
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Example (III-b): velocity depending on global features of Ω(t)

• The velocity u(t, x) and pressure p(t, x) inside D solve the unsteady Navier-Stokes
equations:

ρi
(
∂u
∂t

+ u · ∇u
)
− νi∆u +∇p = fi for (t, x) ∈ (0,T )× Ωi (t),

div(ui ) = 0 for (t, x) ∈ (0,T )× Ωi (t),
ui (t, x) = 0 for (t, x) ∈ (0,T )× ∂D,

u0(t, ·) = u1(t, ·) on Γ(t),
(σ0 − σ1) · nt = −γκtnt on Γ(t),

ui (t = 0, ·) given on Ωi (0).

• The interface Γ(t) between both fluids moves along the velocity of the fluid:

V (t, x) = u0(t, x) = u1(t, x), t ≥ 0, x ∈ Γ(t).

16 / 123



Evolving domains (III): definition

Definition 1.
Let V : Rt × Rd

x → Rd be a smooth velocity field. The characteristic curve emerging
from a point x0 ∈ Rd at time t = t0 is the curve t 7→ χ(x0, t, t0) defined by the ODE:{ d

dt (χ(x0, t, t0)) = V (t, χ(x0, t, t0)), for t ∈ (0,T )
χ(x0, t0, t0) = x0.

•
•

•

x0

x1

x2

V (t0, x0)

Three characteristic curves of the velocity field V starting at t = t0 from different points x0, x1, x2.
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Evolving domains (IV): definition

“Intuitive” notion of an evolving domain
A domain Ω(t) evolves from an initial configuration Ω(t0) according to V (t, x) if it is

obtained by advection of its points along V :

Ω(t) =
{
χ(x0, t, t0), x0 ∈ Ω(t0)

}
.

⌦(t0)

⌦(t)

•

•

x0

�(x0, t, t0)

V (t0, x0)

V (t, �(x0, t, t0))
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Evolving domains (V): the level set point of view

• Let Ω(t) be a (smooth) domain, moving over (0,T ) according to the (smooth)
velocity field V (t, x).

• Let φ(t, ·) be a smooth level set function for Ω(t), i.e:

∀t ∈ (0,T ), x ∈ Rd ,


φ(t, x) < 0 if x ∈ Ω(t),
φ(t, x) = 0 if x ∈ Γ(t),

φ(t, x) > 0 if x ∈ cΩ(t).

• Let x0 ∈ Γ(0) be fixed; by the intuitive definition of an evolving domain, it comes:

∀t ∈ (0,T ), φ(t, χ(x0, t, 0)︸ ︷︷ ︸
∈Γ(t)

) = 0.

• Differentiating and using the chain rule, we obtain:

∂φ

∂t
(t, χ(x0, t, 0)) +

d
dt

(χ(x0, t, 0)) · ∇φ(t, χ(x0, t, 0)) = 0.
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Evolving domains (VI): the level set point of view

• Since this holds for any point x0 ∈ Γ(0), we obtain the level set advection equation
( 6= “classical” advection equation):

(LS-ADV) ∀t ∈ (0,T ), x ∈ Rd ,
∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0.

• If, in addition, the velocity is consistently oriented along the normal vector nt(x)
to Ω(t), that is:

V (t, x) = v(t, x)
∇φ(t, x)

|∇φ(t, x)|︸ ︷︷ ︸
nt (x)

, for some scalar field v(t, x),

the equation rewrites as the Level Set Hamilton-Jacobi equation ( 6= “classical”
Hamilton-Jacobi equation):

(LS-HJ) ∀t ∈ (0,T ), x ∈ Rd ,
∂φ

∂t
(t, x) + v(t, x)|∇φ(t, x)|= 0.
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Evolving domains: comments (I)

• Strictly speaking, (LS-ADV) and (LS-HJ) only hold for pairs (t, x) with x ∈ Γ(t).
However, the previous analysis applies mutatis mutandis when

x0 ∈ Γc(0) :=
{
x ∈ Rd , φ(0, x) = c

}
, for arbitrary c ∈ R.

Thus, the equation

∀t ∈ (0,T ), x ∈ Rd ,
∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0

actually encodes that all the level sets of φ move according to V (t, x).

• The velocity field V (t, x) often makes sense only for x ∈ Γ(t). In the above
derivation, it is implicitly assumed that V (t, x) has been extended to the whole
space Rd .
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Evolving domains: comments (II)

• This analysis requires that Ω(t), V (t, x) and φ(t, x) be “smooth” over (0,T ).

• Unfortunately, even when Ω(0) is smooth, the evolution of Ω(t) under very
“simple” velocity fields V (t, x) develops singularities in finite time.

• It is unclear how to even define the motion of Ω(t) after the onset of singularities.

<latexit sha1_base64="YvnXML/Ir23wgk0mYoEZNpFP3Ac=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0QY44BLx4jmAckS5id9CZDZmeXmVkhLPkILx4U8er3ePNvnLxAjQUNRVU33V1BIrg2rvvlbGxube/s5vby+weHR8eFk9OWjlPFsMliEatOQDUKLrFpuBHYSRTSKBDYDsa3M7/9iErzWD6YSYJ+RIeSh5xRY6V2L0iFQNMvFN2SOwdxS+VKrexVibdSVqQISzT6hc/eIGZphNIwQbXuem5i/Iwqw5nAab6XakwoG9Mhdi2VNELtZ/Nzp+TSKgMSxsqWNGSu/pzIaKT1JApsZ0TNSP/1ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms9/JgCtkRkwsoUxxeythI6ooMzahvA1h7eV10iqXvGrp+r5SrFeWceTgHC7gCjy4gTrcQQOawGAMT/ACr07iPDtvzvuidcNZzpzBLzgf35nQj7g=</latexit>•

<latexit sha1_base64="KPLLcZxfyppEJikNO1iivYR7Jss=">AAAB7XicdVDJSgNBEK1xjXGLevTSGIQIEmbE7SQBLx4jmEkgGUJPpydp09M9dPeIYcg/ePGgiFf/x5t/Y2cR4vag4PFeFVX1woQzbVz3w5mbX1hcWs6t5FfX1jc2C1vbvpapIrRGJJeqEWJNORO0ZpjhtJEoiuOQ03rYvxz59TuqNJPixgwSGsS4K1jECDZW8v2SObw/aBeKXtkdA7m/yJdVhCmq7cJ7qyNJGlNhCMdaNz03MUGGlWGE02G+lWqaYNLHXdq0VOCY6iAbXztE+1bpoEgqW8KgsTo7keFY60Ec2s4Ym57+6Y3Ev7xmaqLzIGMiSQ0VZLIoSjkyEo1eRx2mKDF8YAkmitlbEelhhYmxAeVnQ/if+Edl77R8cn1crFxM48jBLuxBCTw4gwpcQRVqQOAWHuAJnh3pPDovzuukdc6ZzuzANzhvn5aQjnw=</latexit>

V (t, x) <latexit sha1_base64="ij9a0dHH4HOY8nzZBUxhyjba8Gc=">AAAB6HicdZDNTgIxFIU7+If4h7p000hMXJEOguJKEl24hESQBCakUy5Q6XQmbceETHgCNy40xq2P5M63sQOYqNGTNPly7r3pvcePBNeGkA8ns7S8srqWXc9tbG5t7+R391o6jBWDJgtFqNo+1SC4hKbhRkA7UkADX8CtP75M67f3oDQP5Y2ZROAFdCj5gDNqrNW46OULpEjccvW8gi2QE1IqzcCtEoJdC6kKaKF6L//e7YcsDkAaJqjWHZdExkuoMpwJmOa6sYaIsjEdQseipAFoL5ktOsVH1unjQajskwbP3O8TCQ20ngS+7QyoGenftdT8q9aJzaDqJVxGsQHJ5h8NYoFNiNOrcZ8rYEZMLFCmuN0VsxFVlBmbTc6G8HUp/h9apaJ7Wqw0yoXa1SKOLDpAh+gYuegM1dA1qqMmYgjQA3pCz86d8+i8OK/z1oyzmNlHP+S8fQLSaIz6</latexit>

?
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?

In the flame propagation model, singularities develop in finite time (blue dot). Several definitions are possible
for the subsequent motion of Ω(t).

• This ambiguity reflects that (LS-ADV) and (LS-HJ) have “too many” solutions.
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Evolving domains: comments (III)

• This dilemma can be overcome thanks to the theory of viscosity solutions for
Hamilton-Jacobi equations [CraILi].

• Under very mild assumptions, (LS-ADV) and (LS-HJ) have unique viscosity
solutions, enjoying “nice” physical properties.

Mathematical notion of an evolving domain

¶ Let φ0(x) be one (any) level set function for Ω(0);

· Let φ(t, x) be the unique viscosity solution to the evolution equation (LS-ADV)
or (LS-HJ), with velocity field V (t, x) and initial data φ0.

¸ The domain Ω(t) is defined by:

Ω(t) =
{
x ∈ Rd , φ(t, x) < 0

}
.

• Mathematical references about this point of view: [AmDa], [Giga].
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The level set method: a short summary

• Domain Ω ⊂ Rd . • Level set function φ(t, x).

• Evolution w.r.t. a vector field V (t, x). • Resolution of the level set equation.
∂φ
∂t

(t, x) + V (t, x) · ∇φ(t, x) = 0.
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A stationary PDE for initial value problems (I)

• An interesting particular case of the above frame-
work: Ω(t) expands (resp. retracts) along nt(x),

V (t, x) = c(x)nt(x), where c(x) > 0
(resp. c(x) < 0).

• A stationary PDE can be derived in terms of the
time function T (x):

T (x) = inf
{
t ≥ 0, x ∈ Ω(t)

}
.
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⌦(t)

• The derivation of this PDE follows the same trail as that of the level set equations:

¶ It is first established rigorously when Ω(t), V (t, x) and T (x) are smooth,

· Then, a generalized notion of viscosity solutions is introduced to select a
“physical” behavior for the solutions to the PDE where they are not smooth.
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A stationary PDE for initial value problems (II)

• We rely again on the intuitive notion of an evolving domain.

Let x0 ∈ Γ(0), and t 7→ x(t) be the characteristic curve of V (t, x), emerging from
x0 at t = 0: {

x ′(t) = c(x(t))nt(x(t)),
x(0) = x0.

• By definition of the time function, it holds:

Ω(t) =
{
x ∈ Rd , T (x) < t

}
, and Γ(t) =

{
x ∈ Rd , T (x) = t

}
.

• In particular, φ(x) := T (x)− t is one level set function for Ω(t). Hence,

∀t ≥ 0, x ∈ Γ(t), nt(x) =
∇T (x)

|∇T (x)| .
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A stationary PDE for initial value problems (III)

• On the other hand, differentiating the relation
T (x(t)) = t, we obtain:

∀t > 0, x ′(t) · ∇T (x(t)) = 1.

• Inserting

x ′(t) = c(x(t))
∇T (x(t))

|∇T (x(t))| ,

it follows that T is solution to the Eikonal equation:

{
c(x)|∇T (x)|= 1 for x ∈ Rd \ Ω(0),

T (x) = 0 for x ∈ Γ(0).

⌦(0)

Some isolines of the time
function T in the particular case

where c ≡ 1.
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A stationary PDE for initial value problems (IV)

• A similar analysis holds in the case where Ω(t) con-
stantly retracts in the normal direction:

V (t, x) = −c(x)nt(x), where c(x) > 0.

• The time function T : Ω(0)→ R is then defined by:

T (x) = inf
{
t ≥ 0, x ∈ Rd \ Ω(t)

}
.

• It turns out that T is solution to the Eikonal equation:

{
c(x)|∇T (x)|= 1 for x ∈ Ω(0),

T (x) = 0 for x ∈ Γ(0).

⌦(0)

Some isolines of the time
function T in the particular case

where c ≡ 1.
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A stationary PDE for initial value problems (V)

• Again, this derivation is rigorous only when Ω(t), c(x) and T (x) are smooth, ...
which usually fails after some time t > 0.

• In general, the eikonal equation has to be understood in the framework of the
theory of viscosity solutions, which guarantees its well-posedness under mild
conditions.
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A key example: distance functions

Theorem 1.
Assume that c(x) > 0 is continuous; the Eikonal equation{

c(x)|∇u(x)|= 1 in Ω,
u(x) = 0 on Γ

.

has a unique viscosity solution u ∈ C(Ω).
In the particular case c(x) ≡ 1, u is the Euclidean distance function:

u(x) = d(x , Γ) = inf
y∈Γ
|x − y |.

• • • •

u

0 1 0 1

(Left) graph of the distance function u = d(·, Γ), (right) graph of a function satisfying
|u′(x)|= 1 a.e. which is not a viscosity solution of the equation |u′|= 1.
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1 The level set method
Basics about the level set method
Evolving domains within the level set framework
An interesting particular case: eikonal equations

2 Numerical algorithms for the level set method
Calculation of the signed distance function to a domain
Resolution of the level set evolution equation
Numerical practice of the level set method

3 (Re)meshing in connection with the level set method
A few definitions and key concepts
Mesh refinement adapted to a level set function
Isosurface discretization

4 Applications
Volume mesh generation from an invalid surface triangulation
Mesh adaptation to an isovalue
Body-fitted tracking of an interface
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Calculation of the signed distance function (I)

• Often, a shape Ω is numerically encoded as a CAD model, a mesh, ...

• A preliminary step to the practice of the level set method is thus to create one
level set function for Ω from such datum.

• Among all the level set functions for Ω, the signed distance function dΩ enjoys
multiple appealing features:

- It helps the numerical stability of the level set method [Chopp];

- It allows a more simple calculation of morphological quantities related to Ω
(projection operator onto Γ, thickness, etc.).

• Efficient algorithms exist to calculate dΩ, such as the Fast Marching algorithm
[SethianFMM], the Fast Sweeping algorithm [Zhao], ...
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Calculation of the signed distance function (II)

Definition 2.
The signed distance function dΩ : Rd → R to a bounded domain Ω ⊂ Rd is given by:

dΩ(x) =

 −d(x , ∂Ω) if x ∈ Ω,
0 if x ∈ ∂Ω,

d(x , ∂Ω) otherwise,

where d(x , ∂Ω) := min
p∈∂Ω

|x − p| is the usual Euclidean distance from x to ∂Ω.

••
0 1

••
0 1
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d⌦

Two level set functions for the domain Ω = (0, 1) ⊂ R.
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The fast marching method (I)

We skim over the fast marching method in the following simple context:

• Let Ω be a (smooth) bounded domain in R2.

• Let D be a large computational domain, equipped with a Cartesian grid G with
steps ∆x , ∆y , and nodes xij = (i∆x , j∆y).

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

�x

xij = (i�x, j�y)
•

�y

j

j + 1

i + 1i

<latexit sha1_base64="WUjXDhYKOBrioopCgil89/uZE4U="></latexit>

Tij

• We calculate the values Tij = T (xij) of the unsigned distance function
T (x) = d(x , Γ) at the nodes xij ∈ D \ Ω.
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The Fast Marching Method (II)

• The Fast Marching Method mimicks the propagation of a front.

• It is an iterative algorithm, producing a sequence
{
T n

ij

}
ij
, n = 0, . . . of closer and

closer approximations to the collection {T (xij)}ij .

• At each iteration n, the nodes of the grid are divided into three categories:

- Accepted nodes are those xij “where the front has passed”; the value T n
ij is no

longer subject to modification.

- Active nodes are “on the front”, as the neighbors of accepted nodes. Trial
values T n

ij are available, which are still likely to be updated.

- Far nodes are those “far from the front”.

• Each iteration n→ n + 1 hinges on

- A marching procedure: the active node xij with lowest trial value T n
ij is

accepted, and the set of active nodes is updated accordingly.

- A local update procedure: trial values at the neighbors of this node are
re-computed.
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The marching procedure

•
•
•

•
•

• •

••
•

•
•

•

�

• accepted nodes

active nodes

far nodes•

⌦

Setting of the fast marching method
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The marching procedure
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active nodes

far nodes•
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Setting of the fast marching method
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The marching procedure
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Update of trial values

Setting of the fast marching method
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The marching procedure
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Setting of the fast marching method
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The local update

• At an iteration n→ n + 1, a temporary value T̃ n
ij is calculated at each active node

xij , thanks to a discretization of the Eikonal equation:

|∇T (x)|= 1.

• The discretization is:√√√√√√√ max

(
max

(
T̃n
ij−Tn

i−1j
∆x

, 0
)
,−min

(
Tn
i+1j−T̃n

ij

∆x
, 0
))2

+ max

(
max

(
T̃n
ij−Tn

ij−1
∆y

, 0
)
,−min

(
Tn
ij+1−T̃n

ij

∆y
, 0
))2 = 1.

• The calculation of T̃ n
ij from the {T n

kl}kl is upwind:
- Only the accepted values within the set

{
T n

i−1j ,T
n
i+1j ,T

n
ij−1,T

n
ij+1
}
are used

in the above formula.
- Only solutions T̃ n

ij larger than these accepted values are retained.

• In the end, the new trial value T n+1
ij is defined by:

T n+1
ij = min

(
T̃ n

ij ,T
n
ij

)
.
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The fast marching algorithm

• Initialization:

¶ Compute the exact distance function at the nodes of the cells which intersect
Γ, and mark them as accepted.

· Use the local update procedure to compute a trial value at those neighbors
of accepted points which are not accepted, and mark them as active.

¸ Mark all the remaining nodes as far, and assign them the value ∞.

• Loop (while the set of active nodes is non empty):

¶ Travel the set of active nodes, and identify that with minimum trial value.
This node becomes accepted.

· Identify the new set of active nodes, and compute a new trial value for each
one of them by using the local update solver for the Eikonal equation.
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The fast marching algorithm: comments

• The fast marching method extends straightforwardly to the 3d case.

• It can also be adapted to general Eikonal equations:

c(x)|∇T (x)|= 1, where c(x) > 0.

• Computational cost: The fast marching method requires O(M log(M)) operations,
where M is the total number of nodes in the grid:

- At each iteration, one node is accepted.

- The only costly operation within one iteration is the search for the smallest
element in the list of trial values.

- In practice, a heapsort algorithm is used to make this search effficient - in
O(log(M̃)), where M̃ is the number of trial values.

• Under mild hypotheses, one proves that the fast marching algorithm converges to
the solution to the Eikonal equation [CriFa].
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The fast marching algorithm: extension to a simplicial mesh

This method can be adapted to a (2d, surface, or 3d) simplicial mesh [KiSe].

• The marching strategy is identical.

• A similar local update formula can be con-
structed from the equation

|∇T | = 1

to infer a trial value at an active node of a
triangle K from accepted values

• An additional “causality” condition has to be
enforced:

The update made from the information in
K has to “come from K .”
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K

Violation of “causality”: the prediction based on

the front approximated from triangle K fetches

information outside K .
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The signed distance function: a 3d example.

(a) (b) (c) (d) (e)

Isosurfaces of the signed distance function to the “Aphrodite” in (a): (b): isosurface
−0.01, (c): isosurface 0, (d): isosurface 0.02, (e): isosurface 0.05.
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1 The level set method
Basics about the level set method
Evolving domains within the level set framework
An interesting particular case: eikonal equations

2 Numerical algorithms for the level set method
Calculation of the signed distance function to a domain
Resolution of the level set evolution equation
Numerical practice of the level set method

3 (Re)meshing in connection with the level set method
A few definitions and key concepts
Mesh refinement adapted to a level set function
Isosurface discretization

4 Applications
Volume mesh generation from an invalid surface triangulation
Mesh adaptation to an isovalue
Body-fitted tracking of an interface

46 / 123



Resolution of the level set equations (I)

• Given an initial datum φ0 : Rd → R, we aim to solve the level set evolution
equation

(LS-ADV)
{

∂φ
∂t

(t, x) + V (t, x) · ∇φ(t, x) = 0 for (t, x) ∈ (0,T )× Rd ,
φ(t = 0, x) = φ0(x) for x ∈ Rd .

• In general, the velocity field V (t, x) depends on φ(t, x) in a very complicated way
(e.g. via a PDE posed on Ω(t)), making the problem downright untractable.

• Workaround Split the time interval (0,T ) into a series of subintervals

(tn, tn+1), where 0 = t0 < t1 < ... < tN = T ,

and approximate V (t, x) ≈ V n(x) on each (tn, tn+1).

Example When V (t, x) is the solution to a PDE posed on Ω(t), V n(x) is the
solution to a PDE posed on Ω(tn).
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Resolution of the level set equations (II)

Two such approximations are possible:

¶ The whole velocity field V (t, x) is frozen over (tn, tn+1):

∀t ∈ (tn, tn+1), V (t, x) ≈ V n(x) := V (tn, x),

and over each interval, a standard advection equation is solved:{
∂φ
∂t

(t, x) + V n(x) · ∇φ(t, x) = 0 on (tn, tn+1)× Rd ,
φ(t = tn, x) given for x ∈ Rd .

· Only the normal component of V (t, x) = v(t, x)nt(x) is frozen:

∀t ∈ (tn, tn+1), V (t, x) ≈ vn(x)nt(x), where vn(x) = v(tn, x).

Over each interval, a “classical” Hamilton-Jacobi equation is solved:{
∂φ
∂t

(t, x) + vn(x)|∇φ(t, x)|= 0 on (tn, tn+1)× Rd ,
φ(t = tn, x) given for x ∈ Rd .
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Resolution of the advection equation (I)

• We focus on the resolution of the advection equation over a generic time period
(0,T ) (= any of the (tn, tn+1) in the previous context):

(ADV)

{
∂φ

∂t
(t, x) + V (x) · ∇φ(t, x) = 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,

for given velocity field V (x) (= V n(x)), and initial function φ0 (= φ(tn, ·)).

• Such equations are quite well-known in numerical analysis, and efficient numerical
schemes exist.

• We present an algorithm based on the method of characteristics, see [Pironneau]
and [Strain].
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Resolution of the advection equation (II)

• Let tn = n∆t be a discretization of the time interval (0,T ).

• The computational domain D is equipped with a Cartesian grid G with steps ∆x ,
∆y , and nodes xij = (i∆x , j∆y).

• The initial datum φ0 and the velocity field V are discretized at the vertices of G.

• They are linearly interpolated from these values when needed elsewhere.

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

�x

xij = (i�x, j�y)
•

�y

j

j + 1

i + 1i
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Vij

• We calculate the values φout(xij) ≈ φ(T , xij) of the solution to (ADV).
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The method of characteristics (I)

The exact solution φ(t, x) to the advection equation (ADV) is:

φ(t, x)︸ ︷︷ ︸
Value of φ at (t,x)

= φ(0, χ(x , 0, t))︸ ︷︷ ︸
Initial value of φ

at the initial position of the particle at x at t

,

where the characteristic curve t 7→ χ(x , t, t0) emerging from a point x ∈ Rd at time
t = t0 is defined by the ODE:

(C)
{ d

dt (χ(x , t, t0)) = V (t, χ(x , t, t0)), for t ∈ (0,T )
χ(x , t0, t0) = x .
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The method of characteristics (II)

A simple implementation of this strategy relies on Euler’s method for (C):

• Initialization: Level set function φ0 at the
vertices of T .

• For all vertices x ∈ G:

- Set x0 = x ;

- For n = 0, . . . ,N − 1:

¶ Find E ∈ G such that xn ∈ E ;

· Calculate V at xn by interpolation
from its values at the vertices of E ;

¸ xn+1 = xn −∆tV (xn).

- φout(x) = φ0(xN).
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xN

The efficiency of this strategy can be improved by a Runge-Kutta scheme for (C).
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Resolution of the Hamilton-Jacobi equation (I)

• We now discuss the resolution of the Hamilton-Jacobi equation over a generic time
period (0,T ):

(HJ)

{
∂φ

∂t
+ v(x)|∇φ|= 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,

for given normal velocity v(x), and initial function φ0.

• The induced approximation of the “true” level set equation (LS-ADV) retains the
information that the velocity field is consistently oriented along the normal vector
nt(x) to Ω(t), and is thus appealing in many cases.

• The device of efficient algorithms for solving this equation relies on the theory of
numerical schemes for first order Hamilton-Jacobi equations:{

∂φ

∂t
+ H(x ,∇φ) = 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,
(HJ)

in the particular case where H(x , p) = v(x)|p| [Sethian].
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Resolution of the Hamilton-Jacobi equation (II)

• For i , j ∈ Z, we denote the finite difference quantities:

D+x
ij φ =

φi+1j − φij

∆x
; D−x

ij φ =
φij − φi−1j

∆x
,

and:
D+y

ij φ =
φij+1 − φij

∆y
; D−y

ij φ =
φij − φij−1

∆y
.

• Sethian’s first-order scheme reads:{
∀n ∈ N, i , j ∈ Z, φn+1

ij = φn
ij −∆t

(
max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n
)
,

∀i , j ∈ Z, φ0ij = φ0(i∆x , j∆y),

with the discretizations ∇+
ij φ and ∇−ij φ of the gradient norm |∇φ| defined by:

∇+
ij φ =

(
max(max(D−x

ij φ, 0),−min(D+x
ij φ, 0))2

+ max(max(D−y
ij φ, 0),−min(D+y

ij φ, 0))2

) 1
2

,

and

∇−ij φ =

(
max(max(D+x

ij φ, 0),−min(D−x
ij φ, 0))2

+ max(max(D+y
ij φ, 0),−min(D−y

ij φ, 0))2

) 1
2

.
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Resolution of the Hamilton-Jacobi equation (III)

• The quantity ∇+
ij φ (resp. ∇−ij φ) is upwind (resp. downwind): it is a finite

difference approximation of |∇φ| at xij based only on the values among
{φi−1j , φi+1j , φij−1, φij+1} which are smaller (resp. larger) than φij .

• The discretization of the (exact) Hamiltonian H(x , p) = v(x)|p| by the numerical
counterpart:

H(xij ,∇φ(xij)) ≈ Hij({φn
kl}k,l∈Z) := max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n

is upwind: for given i , j , n, the update φn
ij → φn+1

ij is only carried out using
information coming from

- smaller values than φn
ij if vij is positive,

- larger values than φn
ij if it is negative.
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Resolution of the Hamilton-Jacobi equation (IV)

• This scheme can be proved to be convergent to the unique viscosity solution φ to
(HJ), under the following CFL condition:(

sup
i,j

vij

)
∆t

min(∆x ,∆y)
≤ 1, i.e.

“The information cannot travel more than one cell during one time step” .

• In addition, the following error estimate can be proved:

∀i , j ∈ Z, ∀n ≤ N, |φn
ij − φ(tn, xij)|≤ C

√
∆t.

• The time accuracy of the scheme can be improved thanks to Runge-Kutta strategy.

• Its space accuracy can also be improve by using high-order, (Weighted) Essentially
Non Oscillatory (W)ENO finite differences [OShu].
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Resolution of the level set evolution equation on a simplicial mesh

• The theory of schemes for Hamilton-Jacobi equations can be adapted to the
context of a simplicial mesh T , but it is a difficult task [Abgrall] [BaSe].

• On the contrary, the method of character-
istics for the advection equation (ADV) ex-
tends pretty readily.

• The only additional difficulty is to efficiently
locate the intermediate points

xn+1 = xn −∆tV (xn)

in the mesh T .
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A word of advertisement: open-source implementations

• mshdist [DaFre]: Calculation of the signed distance function on simplicial meshes.

https://github.com/ISCDtoolbox/Mshdist

• advect [BuDaFre]: Resolution of the level set equations on simplicial meshes.

https://github.com/ISCDtoolbox/Advect
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The “classical” practice of the level set method (I)

• A fixed mesh T of the computational domain D is used.

• The time interval (0,T ) is discretized as 0 = t0 < t1 < . . . < tN = T .

• For all n = 0, . . . ,N, the domain Ω(tn) is solely known as the negative subdomain

Ω(tn) =
{
x ∈ D, φ(tn, x) < 0

}
,

where the level set function φ(tn, ·) is discretized at the vertices of T .

• The motion Ω(tn)→ Ω(tn+1) is realized by solving the level set equation{
∂φ
∂t

(t, x) + V (t, x) · ∇φ(t, x) = 0 for (t, x) ∈ (tn, tn+1)× D,
φ(tn, x) is given for x ∈ D

on the fixed mesh T .

• Drawback: Ω(t) is never discretized explicitly (with a mesh); hence, several
operations may prove difficult, e.g.

• The calculation of integrals on Ω or Γ.
• Physical PDE on Ω(t), which are often the building blocks of the velocity

field V (t, x) have to be approximated by equations on D.
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The “classical” practice of the level set method (II)

(Upper row) Evolution of a rising bubble of fluid immersed in another, more dense fluid; (lower row) isolines of
associated level set functions.
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A few definitions about meshes (I)

Let Ω ⊂ Rd (d = 2 or 3) be a polyhedral domain.

Definition 3.
A simplicial mesh T of Ω is a collection {Ti}i=1,...,NT

of open simplices (triangles in
2d, tetrahedra in 3d) such that

Ω =

NT⋃
i=1

Ti .
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A few definitions about meshes (II)

Most often, the mesh T is required to be

• Valid: the open simplices Ti are mutually disjoint: Ti ∩ Tj = ∅ when i 6= j ;

• Conforming: each intersection Ti ∩ Tj , i 6= j is reduced to either a vertex, an
edge, or a face of the mesh.

Overlapping elements in an invalid
mesh

A non conforming mesh A valid, conforming mesh
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A few definitions about meshes (III)

• The mesh T naturally comprises a sur-
face mesh ST associated to the bound-
ary ∂Ω:

- In 2d, ST is a collection of segments;

- In 3d, ST is a surface triangulation.

• In practice, the meshed domain Ω is
not polyhedral and ST is meant to be
an approximation of ∂Ω.

Tetrahedral mesh T (in green) and associated surface
triangulation ST (in yellow).
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Quality of elements

• The accuracy of most numerical methods using
T as computational support (e.g. finite element
computations) crucially depends on the quality of
the simplices T ∈ T .

• The latter is measured by a quality factor Q(T ):

- Q(T ) ≈ 1 when T is close to regular;

- Q(T ) ≈ 0 when T is nearly flat.

• In practice, Q(T ) should “smoothly” discriminate
“good”, “bad” and “not so good” simplices T .

• A popular quality factor is for instance:

Q(T ) = α
Vol(T )(

d(d+1)/2∑
i=1

|ei |2
) d

2
.

A regular tetrahedron (Q(T ) ≈ 1)

A nearly degenerate tetrahedron (Q(T ) ≈ 0)

66 / 123



Quality of the geometric approximation (I)

The surface mesh ST should be a close approximation of ∂Ω, e.g.:

dH(ST , ∂Ω) ≤ ε,
where ε is a user-defined threshold and dH(·, ·) stands for the Hausdorff distance:

Definition 4.
The Hausdorff distance dH(K1,K2) between two compact subsets K1,K2 ⊂ Rd is:

dH(K1,K2) = max(ρ(K1,K2), ρ(K2,K1)), where ρ(K1,K2) := max
x∈K1

d(x ,K2).
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⇢(K2, K1)

The Hausdorff distance between K1 and K2 measures the “maximum gap” between both sets.
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Quality of the geometric approximation (II)

(Left) Rough approximation of a domain Ω ⊂ R3; (right) fine geometric approximation of Ω.
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Meshing vs. remeshing (I)

• Meshing starts from the datum of a (line or surface) mesh S of the boundary ∂Ω.

• It aims to fill the volume Ω with simplices, i.e. to construct a mesh T of Ω with
surface part ST = S.
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Meshing vs. remeshing (II)

• Remeshing assumes the input of a valid, conforming mesh T of Ω.

• It aims to modify T into a “better” mesh T̃ of Ω.
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Meshing vs. remeshing (III)

Remeshing hinges on the intertwinement of four local operators, which are carefully
driven to improve the mesh quality, and its geometric approximation capability.

T

a0

a1

a2
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Splitting of the three edges of a surface triangle T ∈ ST , positioning the new points on the ideal surface S.
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Collapse of point p over q in a surface configuration.
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Meshing vs. remeshing (III)

Remeshing hinges on the intertwinement of four local operators, which are carefully
driven to improve the mesh quality, and its geometric approximation capability.

p

q

•
• • •

• • • •

a1
an a2

•

•

•

•

p

q

•
• • •

• • • •

a1
an a2

3d edge swap.

•
@⌦

•p
ep

Relocation of node p ∈ ST .
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Remeshing with respect to a local size prescription (I)

Remeshing is often guided by a local size prescription, which may stem from

• A priori or a posteriori finite element estimators;

• Geometric approximation requirements of Ω.

When the size prescription is isotropic, it is encoded in a size map h : Ω→ R:

For each p ∈ Ω, h(p) = desired size for the edges near p.

(Left) Size map h defined at the vertices of a mesh; (right) modified mesh.
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Remeshing with respect to a local size prescription (II)

• An anisotropic size prescription can be encoded in a metric tensor M : Ω→ Rd×d

[VaHeMan].

• Rationale: The length `M(e) of an edge e = pq with respect to M is defined by:

`M(e) =

∫ 1

0

√
M(p + t(q − p))(q − p) · (q − p) dt.

• Introducing the eigenvalue decomposition of M(p)

M(p) = O(p)

 d1(p) 0 0
0 d2(p) 0
0 0 d3(p)

O(p)T ,

the quantities di (p) and O(p) are defined so that:

di (p) =
1

h2i (p)
, hi (p) = desired size in the direction of the i th column vector Oi (p).

• The mesh T then fulfills the size prescription if

∀ edge e ∈ T , `M(e) ≈ 1.
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Remeshing with respect to a local size prescription (III)

(Left) velocity field of a supersonic flow; (right) adapted mesh.
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A(nother) word of advertisement

Most of the features discussed in this presentation are integrated in the free,
open-source environment Mmg.

https://www.mmgtools.org

https://github.com/MmgTools/mmg
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Refinement of the mesh near the 0 level set of a function (I)

• Let D ⊂ Rd be a hold-all domain equipped with a
simplicial mesh T and let Ω ⊂ D be smooth.

• Let φ : D → R be a smooth level set function for Ω.

• We wish to adapt T to the 0 level set

Γ = {x ∈ D, φ(x) = 0} .

• More precisely, let φT be the P1 finite element inter-
polate of φ, and

ΓT :=
{
x ∈ D, φT = 0

}
.

We aim that:

dH(∂Ω, ∂ΩT ) ≤ ε,

where ε > 0 is a user-defined tolerance.
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Refinement of the mesh near the 0 level set of a function (II)

• Let pΓ(x) be the projection of a point x ∈ D onto Γ.

• For p ∈ Γ, v1(p), v2(p) (resp. κ1(p), κ2(p)) are the
principal directions (resp. curvatures) of Γ at p.

• The metric tensor M(x) is defined by

M(x) =


κ1(p)
ε

0 0
0 κ2(p)

ε
0

0 0 1
h2min

 , p ≡ pΓ(x)

in the local orthonormal frame (v1(p), v2(p), n(p)).
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x

The principal curvatures of Γ at p satisfy
κ2(p) < κ1(p).
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Refinement of the mesh near the 0 level set of a function (III)

Computation of the signed distance function to the Stanford "Happy Buddha" ; (left) isovalues of the signed

distance function, (middle, right) two cuts in the adapted mesh.
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Refinement of the mesh near the 0 level set of a function (IV)

(left) The initial Buddha (middle) isovalue 0.001 of the computed signed distance function right isovalue 0.01.
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Isosurface discretization

• In many applications of interest, the hold-all domain D is equipped with a
computational, simplicial mesh T .

• A scalar “level set” function φ : D → R is defined at the vertices of T .

• We wish to construct a surface mesh of the 0 level set Γ of φ, or a volume mesh of
the negative subdomain Ω:

Γ := {x ∈ D, φ(x) = 0} , Ω := {x ∈ D, φ(x) < 0} .

(Left) Isolines of a level set function φ defined at the vertices of a mesh T of a computational box D (right).
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Isosurface discretization (II)
A two-step solution:

¶ Discretize explicitly the 0 level set of φ into T by using patterns.

⇒ a new valid, conforming mesh Ttemp is obtained, which is of very low quality.

· Improve the quality of Ttemp by remeshing, to obtain T̃ .

⇒ A high-quality mesh T̃ is obtained, where Ω and D \ Ω are explicitly discretized.

(Left) One level set function φ defined at the vertices of T ; (middle) low-quality mesh Ttemp obtained from the
discretization of the 0 level set of φ into T ; (right) high-quality mesh T̃ obtained after remeshing Ttemp. 84 / 123



Isosurface discretization (III)

(Left) Some isosurfaces of an implicit function defined in a cube, (centre) result after rough discretization in the

ambient mesh, (right) result after local remeshing.
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Volume mesh generation from an invalid surface triangulation (I)

• Let Ω ⊂ Rd be a domain, supplied only via a surface mesh S of its boundary ∂Ω.

• The mesh S may be invalid (i.e. show intersecting elements, small gaps, etc.).

• We wish to construct a mesh of Ω from this datum.

An invalid surface mesh of a domain Ω.
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Volume mesh generation from an invalid surface triangulation (II)

One possible solution:

¶ Calculate the signed distance function dΩ to Ω, at the vertices of a mesh T of a
larger, computational box D.

• This calculation is possible even if the surface mesh S is invalid.
• The mesh T may be adapted so that this calculation is accurate.

· Apply the isosurface discretization operation to obtain a new mesh T̃ of D in
which Ω is explicitly discretized.

Mesh S of the contour ∂Ω.
Isolines of dΩ at the vertices of a
mesh T of a bounding box D.

New mesh T̃ of D, enclosing Ω
as a submesh.
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Volume mesh generation from an invalid surface triangulation (III)

(Left) isosurfaces of the signed distance function to the “Sagrada Familia”, calculated at the vertices of an
adapted mesh (right).
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Volume mesh generation from an invalid surface triangulation (IV)

Reconstructed mesh by using the isosurface discretization operation from the signed distance function to Ω.
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Adaptation to a size map

• In the original applications of the level set method, the computational mesh is
fixed.

• One key application of remeshing consists in adapting the size of the mesh with
respect to a user-defined size map.

• This allows to enforce “small” elements in regions of particular interest, and
coarser elements elsewhere.

• Hence, the total size of the mesh is reasonable, while a particular focus is put on
regions of interest.

• Depending on the purpose, this size prescription may be guided by:

- The wish to enforce “small” elements in the vicinity of a moving front.

- An a posteriori error estimate, attached to the resolution of a physical
phenomenon by the finite element method;
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Example: bifluid flows (I)

As a result of the rupture of a dam, a water column discharges into a lower basin.

• The problem involves two complementary fluid phases Ω0(t), Ω1(t) ⊂ D.

• Ω0(t) is filled with water, Ω1(t) is made of air.

• The velocity V (t, x) of the motion is the solution to the two-phase Navier-Stokes
equations.
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Example: bifluid flows (II)

Evolution of a collapsing water column
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A large deformation example (I)

• The initial domain Ω(0) is a sphere, inside the computational domain D = (0, 1)3.

• The domain Ω(t) evolves according to the analytical vector field

V (t, x) =

 2 sin2(πx1) sin(2πx2) sin(2πx3) cos(πt
T

)
− sin(2πx1) sin2(πx2) sin(2πx3) cos(πt

T
)

− sin(2πx1) sin(2πx2) sin2(πx3) cos(πt
T

)

 ,

which causes an extreme stretching of Γ(t) at t = T/2, before returning to the
initial configuration.
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A large deformation example (II)

3d deformation test case : sequence of computed surfaces.
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A large deformation example (III)

(Top) Cut in the interface at t = 1.5; (bottom) Computational mesh using (left) isotropic (≈ 1, 500, 000
points), (right) anisotropic mesh adaptation (≈ 700, 000 points).
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A large-scale example

Numerical simulation of an aeronautical burner using the Yales2 library [Yales2].
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Body-fitted interface tracking (I)

• The numerical realization of the motion of a
shape needs to reconcile the antagonistic needs
to

- account for dramatic evolutions (including
topological changes) ,

- Enjoy a mesh of the domain Ω(t) e.g. to
solve PDE on Ω(t).

• “Classical” numerical methods (e.g. acting by
mesh deformation) are not robust enough to han-
dle large shape deformations.

• The level set method with the isosurface dis-
cretization operation make this possible.
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Body-fitted interface tracking (II)

• Initialization: Mesh T 0 of the computational D in which Ω(0) is explicitly
discretized.

• For n = 0, . . . convergence:

¶ Calculate the signed distance function dΩn to Ωn on T n.

· Calculate the velocity field V n on T n;

¸ Solve the level set advection equation{
∂φ

∂t
(t, x) + V n(x) · ∇φ(t, x) = 0 on (0,T )× D,

φ(0, .) = φn on Rd ,

on the mesh T n and take φn+1 = φ(∆t, ·).
¹ Discretize the new domain Ωn+1 in the mesh T n to obtain the new mesh
T n+1.
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Body-fitted interface tracking (III)

Evolution of the rising bubble by using the combination of the level set method with isosurface discretization.
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Example: wild fire propagation (I)

• The ambient medium is a surface S ⊂ R3,
representing a land topography.

• We study the evolution of a burnt region
Ω(t).

• Ω(t) evolves according to a velocity field
V (t, x) depending on

- The geometry of Ω(t) (normal vector,
curvature);

- The geometry of S (slope, ...);

- External factors (wind, ...)
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Example: wild fire propagation (II)

Optimization of the shape of a heat diffuser, from [BriDa].
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Example: shape optimization (I)

• Shape optimization aims at improving the performance of the initial design Ω0 of a
mechanical structure (e.g. a beam, a mechanical actuator,...) or a fluid duct, with
respect to a physical criterion.

• The problem arises under the form:

min
Ω∈Uad

J(Ω),

where

• J(Ω) is a cost functional, depending on Ω in a possibly very complicated way
(via the solution to a PDE posed on Ω). For instance,

- When Ω is a structure, J(Ω) may be the work of external forces on Ω,
a vibration frequency, etc.

- When Ω is a fluid duct, J(Ω) may account for the work of viscous
forces inside Ω.

• Uad is a set of admissible designs, which encompasses, e.g. volume, or
manufacturability constraints.
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Example: shape optimization (II)

• Techniques from shape optimization make it is possible to calculate a shape
gradient at a shape Ω, i.e. a vector field VΩ : Rd → Rd such that:

J((Id + τVΩ)(Ω)) < J(Ω), for τ > 0 small enough.

⌦•

•

•

•

(Id + V⌦)(⌦)

V⌦

• Starting from an initial design Ω0, the sequence of shapes

Ωn+1 := (Id + τ nVΩn )(Ωn), where τ n is a pseudo-time step,

evolves by decreasing the criterion J(Ω).
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Optimization of the shape of a heat diffuser (I)

• A thermal chamber D is divided into

- A phase Ω with high conductivity γ1
- A phase D \Ω with low conductivity γ0.

• A temperature T0 = 0 is imposed on ΓD

and the remaining boundary ∂D \ ΓD is in-
sulated from the outside.

• A heat source is acting inside D.

• The temperature uΩ inside D is solution to
the two-phase Laplace equation.

• The average temperature inside D,

J(Ω) =
1
|D|

∫
D

uΩ dx

is minimized under a volume constraint.
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Optimization of the shape of a heat diffuser (II)

Optimization of the shape of a heat diffuser, from [FeAlDaJo].
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heat.mp4
Media File (video/mp4)



An advanced example in fluid-structure interaction (I)

• A solid obstacle Ωs := Ω is placed inside a fixed cavity D where a fluid is flowing,
occupying the phase Ωf := D \ Ωs .

• The fluid obeys the Navier-Stokes equations (Re = 60), and the solid is governed by
the linearized elasticity system.

• Weak coupling between Ωf and Ωs : the fluid exerts a traction on the interface Γ.

• We optimize the shape of Ωs with respect to the solid compliance

J(Ω) =

∫
Ωs

Ae(uΩs ) : e(uΩs ) dx ,

under a volume constraint.

⌦f

⌦s
�

v0

n

D
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An advanced example in fluid-structure interaction (II)

Optimization of the shape of a mast withstanding an incoming flow in 3d, from [FeAlDaJo].

110 / 123


fluid_structure_ns_iciam.mp4
Media File (video/mp4)



Thank you for your attention !
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Technical appendix
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Surfaces and curvature (I)

At first order, in the neighborhood of a point p ∈ Γ, a surface Γ behaves like a plane,
the tangent plane,

• With normal vector n(p),

• Which contains the tangential directions to Γ.

n(p)

�

• p
v

113 / 123



Surfaces and curvature (II)

• At second order in the neighborhood of p ∈ Γ, the surface Γ has one curvature in
each tangential direction.

• The principal directions at p are those tangential directions v1(p) et v2(p)
associated to the lower and larger curvatures κ1(p) et κ2(p).

• The mean curvature κ(p) is the sum κ(p) = κ1(p) + κ2(p).

• p

n(p)

v1

v2

�
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Runge-Kutta integration of dynamical systems (I)

Let V : Rd → Rd be a (smooth) vector field; we consider the dynamical system{
x ′(t) = V (x(t)) for t ∈ (0,T ),

x(0) = x0,

for the trajectory t 7→ x(t) of a particle with velocity V .

<latexit sha1_base64="u/JiF18/ZG5TEIbgbopRmjh9x5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9TzeuWK53pzkFXi56QCOeq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI/vLLq6R54fqXbvWuWqm5eRxFOIFTOAcfrqAGt1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AEHFo2U</latexit>

x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="8xCRVk6mF2iufM6nRBdTLReArV4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0ikqMeCF48V7Ae0oWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FQzF4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2xD8JdfXiXtS9e/cuv39WrDLeIowSmcQQ18uIYG3EETWkBgDM/wCm+OcF6cd+dj0brmFDMn8AfO5w9+s43U</latexit>

x(t)
<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•

Introducing a subdivision tn = n∆t of (0,T ), n = 0, . . . ,N := T/∆t, we aim to
calculate an approximation xn of x(tn).
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Runge-Kutta integration of dynamical systems (II)

The first-order, explicit Euler approximation of this dynamical system reads:{
xn+1 = xn + ∆tV (xn) for n = 0, . . . ,N − 1,

x0 = x0.

<latexit sha1_base64="dLxij+/jy/kDFZc0O5TvAJ4EH4k=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVol6EghePFewHtGvJptk2NJtdkqy0LP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN3O/NYTU5rH8sFMEuZHZCB5yCkxVmqNH92bcc/tlSuu486BV4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNS91Us4TQERmwjqWSREz72fzcKT6zSh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66QmvPYzLpPUMEkXi8JUYBPj2e+4zxWjRkwsIVRxeyumQ6IINTahkg3BW355lTQvHO/Sqd5XKzUnj6MIJ3AK5+DBFdTgDurQAAojeIZXeEMJekHv6GPRWkD5zDH8Afr8AYqJjv8=</latexit>

x0 = x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>• <latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="fn6Oo2aFvH1QTD5fwTPmx0b0Gsw=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCRAi7EtSLENCDxwjmAckmzE5mkyGzD2Z6JWHJwYu/4sWDIl79CG/+jZNkD5pY0FBUddPd5UaCK7CsbyOzsrq2vpHdzG1t7+zumfsHdRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc4fXUbzwwqXgY3MM4Yo5P+gH3OCWgpa6ZH3VsfIVHHQuf4vYNE0Aw4HpRCydds2CVrBnwMrFTUkApql3zq90LaeyzAKggSrVsKwInIRI4FWySa8eKRYQOSZ+1NA2Iz5STzJ6Y4GOt9LAXSl0B4Jn6eyIhvlJj39WdPoGBWvSm4n9eKwbv0kl4EMXAAjpf5MUCQ4inieAel4yCGGtCqOT6VkwHRBIKOrecDsFefHmZ1M9K9nmpfFcuVEppHFmUR0eoiGx0gSroFlVRDVH0iJ7RK3oznowX4934mLdmjHTmEP2B8fkDU/eVSg==</latexit>

x1 = x0 + �tV (x0)

<latexit sha1_base64="XuqRzcktLnXKpxaXk3enXnPpans=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuBPUY8OIxgtkEkhhmJ7PJmNmZZWZWDEv+wYsHRbz6P978GycPIb4KGoqqbrq7woQzbTzvw8ktLa+sruXXCxubW9s7xd29QMtUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMcXkz8xh1VmklxbUYJ7cS4L1jECDZWCoLy/Y1/3C2WfNebAnm/yJdVgjlq3eJ7uydJGlNhCMdat3wvMZ0MK8MIp+NCO9U0wWSI+7RlqcAx1Z1seu0YHVmlhyKpbAmDpuriRIZjrUdxaDtjbAb6pzcR//JaqYnOOxkTSWqoILNFUcqRkWjyOuoxRYnhI0swUczeisgAK0yMDaiwGML/JDhx/VO3clUpVd15HHk4gEMogw9nUIVLqEEdCNzCAzzBsyOdR+fFeZ215pz5zD58g/P2CXfTjlo=</latexit>

V (x1)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•<latexit sha1_base64="6her86q+92OdjdHBzsB5sE5OzvE=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4GqYaWuru4IblxWtLbRjyaSZNjSTGZKMWIY+ghsXirj1idz5NmbaCip6IPBx7r3k3uPHnCntOB9Wbml5ZXUtv17Y2Nza3inu7t2oKJGEtkjEI9nxsaKcCdrSTHPaiSXFoc9p2x+fZ/X2HZWKReJaT2LqhXgoWMAI1sa6ur8t94slx3ac2kmtjjJwK5XKDJz6WQW5GRiVYKFmv/jeG0QkCanQhGOluq4Tay/FUjPC6bTQSxSNMRnjIe0aFDikyktnq07RkXEGKIikeUKjmft9IsWhUpPQN50h1iP1u5aZf9W6iQ5OvZSJONFUkPlHQcKRjlB2NxowSYnmEwOYSGZ2RWSEJSbapFMwIXxdiv6Hm7Lt1uzqZbXUsBdx5OEADuEYXKhDAy6gCS0gMIQHeIJni1uP1ov1Om/NWYuZffgh6+0TVTuNyg==</latexit>

x2

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="b2LeknsUEyPUkWn6BBWdYY2Xj3c=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJqa3uCm5cVrQXaGOZTKft0MkkzEzEEvoIblwo4tYncufbOGkrqOgPAx//OYc55w9izpR2nA8rt7S8srqWXy9sbG5t7xR395oqSiShDRLxSLYDrChngjY005y2Y0lxGHDaCsYXWb11R6VikbjRk5j6IR4KNmAEa2Nd3996vWLJsR2nclqpogxcz/Nm4FTPPeRmYFSCheq94nu3H5EkpEITjpXquE6s/RRLzQin00I3UTTGZIyHtGNQ4JAqP52tOkVHxumjQSTNExrN3O8TKQ6VmoSB6QyxHqnftcz8q9ZJ9ODMT5mIE00FmX80SDjSEcruRn0mKdF8YgATycyuiIywxESbdAomhK9L0f/QPLHdil2+Kpdq9iKOPBzAIRyDC1WowSXUoQEEhvAAT/BscevRerFe5605azGzDz9kvX0CVr+Nyw==</latexit>

x3

This method is only first-order accurate as ∆t → 0:

∀n ∈ 0, . . . ,N, |x(tn)− xn| ≤ C∆t for some constant C > 0.
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Runge-Kutta integration of dynamical systems (III)

According to the Runge-Kutta 2 method, the iterate xn+1 is obtained from xn by:

¶ An attempt step is performed
with the 1st-order Euler method:

x̃n+1 := xn + ∆tV (xn).

· Another attempt step is per-
formed from x̃n+1:

x̃n+2 := x̃n+1 + ∆tV (x̃n+1).

¸ The point xn+1 is obtained by av-
eraging:

xn+1 =
1
2

(xn + x̃n+2).

<latexit sha1_base64="dLxij+/jy/kDFZc0O5TvAJ4EH4k=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVol6EghePFewHtGvJptk2NJtdkqy0LP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN3O/NYTU5rH8sFMEuZHZCB5yCkxVmqNH92bcc/tlSuu486BV4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNS91Us4TQERmwjqWSREz72fzcKT6zSh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66QmvPYzLpPUMEkXi8JUYBPj2e+4zxWjRkwsIVRxeyumQ6IINTahkg3BW355lTQvHO/Sqd5XKzUnj6MIJ3AK5+DBFdTgDurQAAojeIZXeEMJekHv6GPRWkD5zDH8Afr8AYqJjv8=</latexit>

x0 = x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>• <latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="96cQPWAV5V8VTQuqDznBsyYQxbo=">AAACEHicbVDJSgNBEO1xjXEb9eilMYiKEGZE1IsQ0IPHCCYGMkno6anRJj0L3TVqGPIJXvwVLx4U8erRm39jZzm4PSh4vFdFVT0/lUKj43xaE5NT0zOzhbni/MLi0rK9slrXSaY41HgiE9XwmQYpYqihQAmNVAGLfAmXfvdk4F/egNIiiS+wl0IrYlexCAVnaKSOveXdigBQyADyu37bpcf0ru3QXeqdgkRGkda3jbDTsUtO2RmC/iXumJTIGNWO/eEFCc8iiJFLpnXTdVJs5Uyh4BL6RS/TkDLeZVfQNDRmEehWPnyoTzeNEtAwUaZipEP1+0TOIq17kW86I4bX+rc3EP/zmhmGR61cxGmGEPPRojCTFBM6SIcGQgFH2TOEcSXMrZRfM8U4mgyLJgT398t/SX2v7B6U98/3S5XyOI4CWScbZJu45JBUyBmpkhrh5J48kmfyYj1YT9ar9TZqnbDGM2vkB6z3L2IFmtE=</latexit>

ex1 = x0 + �tV (x0)

<latexit sha1_base64="XuqRzcktLnXKpxaXk3enXnPpans=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuBPUY8OIxgtkEkhhmJ7PJmNmZZWZWDEv+wYsHRbz6P978GycPIb4KGoqqbrq7woQzbTzvw8ktLa+sruXXCxubW9s7xd29QMtUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMcXkz8xh1VmklxbUYJ7cS4L1jECDZWCoLy/Y1/3C2WfNebAnm/yJdVgjlq3eJ7uydJGlNhCMdat3wvMZ0MK8MIp+NCO9U0wWSI+7RlqcAx1Z1seu0YHVmlhyKpbAmDpuriRIZjrUdxaDtjbAb6pzcR//JaqYnOOxkTSWqoILNFUcqRkWjyOuoxRYnhI0swUczeisgAK0yMDaiwGML/JDhx/VO3clUpVd15HHk4gEMogw9nUIVLqEEdCNzCAzzBsyOdR+fFeZ215pz5zD58g/P2CXfTjlo=</latexit>

V (x1)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•<latexit sha1_base64="o9UfKYZj+soqbrbghlap8AkK+tw="></latexit>

ex2 = ex1 + �tV (ex1)
<latexit sha1_base64="GgCPX1/momHRh5PMPX95p2187uU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadmEqDkGvHiMYB6QLGF20psMmZ1dZmaFsOQjvHhQxKvf482/cfICNRY0FFXddHcFieDaeN6Xk9vY3Nreye8W9vYPDo+KxyctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsXwwkwT9iA4lDzmjxkrtXpAKgaZfLHmuNwfx3Eq1VrmqkfJKWZESLNHoFz97g5ilEUrDBNW6W/YS42dUGc4ETgu9VGNC2ZgOsWuppBFqP5ufOyUXVhmQMFa2pCFz9edERiOtJ1FgOyNqRvqvNxP/87qpCWt+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFWwIay+vk1bFLV+71ftqqe4u48jDGZzDJZThBupwBw1oAoMxPMELvDqJ8+y8Oe+L1pyznDmFX3A+vgGgVI+3</latexit>•

<latexit sha1_base64="RdI49MI/fXOa5nnqdCfd3eQgojA=">AAACEHicbVDJSgNBEO1xN25Rj14agxgRhpkhai5CwIvHCGaBbPT01CSNPQvdPZow5BO8+CtePCji1aM3/8bOBm4PCh7vVVFVz405k8qyPo25+YXFpeWV1cza+sbmVnZ7pyqjRFCo0IhHou4SCZyFUFFMcajHAkjgcqi5Nxcjv3YLQrIovFaDGFoB6YbMZ5QoLXWyh/22jc9x0xeEpvYwdYb5ftvCx7h5xzxQjHuA+23nqJPNWaY1BrZMp1B0TorYnikzkkNTlDvZj6YX0SSAUFFOpGzYVqxaKRGKUQ7DTDOREBN6Q7rQ0DQkAchWOn5oiA+04mE/ErpChcfq94mUBFIOAld3BkT15G9vJP7nNRLlF1spC+NEQUgni/yEYxXhUTrYYwKo4gNNCBVM34ppj+hslM4wo0P48/JfUnVM+9QsXBVyJXMaxwraQ/soj2x0hkroEpVRBVF0jx7RM3oxHown49V4m7TOGdOZXfQDxvsXsZKbFA==</latexit>

x1 =
1

2
(x0 + ex2)

This method is second-order accurate:

∀n = 0, . . . ,N, |x(tn)− xn| ≤ C∆t2 for some constant C > 0.
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