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Webinar 2 Mathematical and technical details of the Level Set Method

- The calculation of shape derivatives.

- Advanced practice of the Level Set Method.

x
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⌦

•

The null-space algorithm. Topological derivatives. The Level Set Method on a triangular mesh.

- Further numerical experiments.
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Part I

Shape derivatives

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method

3 A glimpse of related techniques

4 Some applications of the Level Set Method
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Reminder of Webinar 1 (I)

In Webinar 1, we have introduced:

• Hadamard’s method for describing varia-
tions of a shape Ω of the form:

Ωθ := (Id + θ)(Ω),

for “small” vector fields θ : Rd → Rd .
⌦

⌦✓

✓(x)

x
•

• The shape derivative J ′(Ω)(θ) of a function of the domain J(Ω), through the Taylor
expansion:

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o (||θ||) .
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Reminder of Webinar 1 (II)

• We have discussed the shape derivatives of “simple” objective functions:

- If f : Rd → R is a smooth function,

J(Ω) :=

∫
Ω

f (x)dx has shape derivative J ′(Ω)(θ) =

∫
∂Ω

f θ · n ds;

- If g : Rd → R is a smooth function,

J(Ω) :=

∫
∂Ω

g(x)ds(x), then J ′(Ω)(θ) =

∫
∂Ω

(
∂g

∂n
+ κg

)
θ · n ds.

• We now aim to calculate shape derivatives of “physical” functionals, depending on
Ω via the solution of PDE posed on Ω.

• Céa’s method used to this end is a shape optimization instance of the celebrated
adjoint method.
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A review of the adjoint method (I)

Let us consider the following optimization problem:

min
ρ∈Uad

J(ρ) = j(ρ, uρ),

where

• The set Uad of admissible designs ρ is a subset of Rk for some k ≥ 1;

• For given ρ ∈ Uad, the state uρ ∈ Rn is the solution to the system

A(ρ)uρ = b,

where b ∈ Rn and A(ρ) is an invertible n × n matrix.

The adjoint method is a systematic way to calculate the derivative of J(ρ).

References: See

- [Li] for the seminal idea,

- [Err, GiPier, Ple] for comprehensive, application-oriented introductions.
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A review of the adjoint method (I)

• This task relies on the Lagrangian functional L(ρ, u, p):

For ρ ∈ Uad, u ∈ Rn and p ∈ Rn, L(ρ, u, p) = j(ρ, u) + p · (A(ρ)u − b) .

• For each ρ ∈ Uad, the state uρ is the solution to:

∂L
∂p

(ρ, uρ, pρ) = 0.

• We introduce the adjoint state pρ as the solution to:

∂L
∂u

(ρ, uρ, pρ) = 0, that is: A(ρ)Tpρ = − ∂j
∂u

(ρ, uρ).
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A review of the adjoint method (II)

Theorem.
The derivative of J(ρ) reads:

J ′(ρ) =
∂L
∂ρ

(ρ, uρ, pρ) =
∂j

∂ρ
(ρ, uρ) + pρ · A′(ρ)uρ.

Proof:

• Since the state uρ satisfies the constraint A(ρ)uρ = b, we have:

For any ρ ∈ Uad, J(ρ) = L(ρ, uρ, p).

• Taking derivatives with respect to ρ and using the chain rule yields:

J ′(ρ)(ρ̂) =
∂L
∂ρ

(ρ, uρ, p)(ρ̂) +
∂L
∂u

(ρ, uρ, p)

(
∂uρ
∂ρ

(ρ̂)

)
,

featuring the “difficult” derivative ∂uρ
∂ρ

(ρ̂) of the mapping ρ 7→ uρ.

• By definition of the adjoint state, setting p = pρ in this identity cancels the last
term and proves the result.
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Céa’s method for shape optimization (I)

Let us now turn to the geometric optimization problem

min
Ω∈Uad

J(Ω) =

∫
Ω

j(uΩ) dx (P)

where

• Uad is a set of admissible shapes Ω;

• For given Ω ∈ Uad, the state uΩ is the solution to an equation:

PDE(uΩ) = 0 in Ω.

In the spirit of the adjoint method, Céa’s method relies on the Lagrangian:

For all Ω ∈ Uad and functions u, p,

L(Ω, u, p) =

∫
Ω

j(u) dx︸ ︷︷ ︸
Objective function at stake

+ VF(Ω, u, p).︸ ︷︷ ︸
Variational Formulation of the PDE

with a test function or Lagrange multiplier p
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Céa’s method for shape optimization (II)

• The shape Ω and the variables (u, p) featured in the definition of L(Ω, u, p) must
be independent.

• Again, the state uΩ and the adjoint pΩ make up a saddle point of the Lagrangian:

uΩ is characterized by: ∀p̂, ∂L
∂p

(Ω, uΩ, pΩ)(p̂) = 0,

and
pΩ is characterized by: ∀û, ∂L

∂u
(Ω, uΩ, pΩ)(û) = 0.

.

• The derivative of the objective function J(Ω) follows as:

J ′(Ω)(θ) =
∂L
∂Ω

(Ω, uΩ, pΩ)(θ).

• The method is formal, as it assumes that the mapping Ω 7→ uΩ is differentiable.
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Céa’s method for shape optimization (III)

We exemplify the use of Céa’s method in shape optimization with 3 situations:

¶ The PDE at stake is the Laplace equation with Neumann boundary condition;
the complete calculation is described.

· The PDE is the Laplace equation with Dirichlet boundary condition.

¸ We consider an elliptic equation featuring two material phases, whose interface
is optimized, instead of the exterior boundary.

� G. Allaire, C. Dapogny, and F. Jouve, Shape and topology optimization, in Geometric
partial differential equations, part II, A. Bonito and R. Nochetto eds., Handbook of
Numerical Analysis, vol. 22, (2021), pp.1-132.
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Céa’s method: the Neumann case (I)

• To set ideas, we consider the Laplace equation with Neumann boundary conditions:{
−∆u + u = f in Ω,

∂u
∂n

= 0 on ∂Ω.

Here, the +u term is added to ensure that the system is well-posed in H1(Ω).

• The Lagrangian functional associated to the problem (P) reads:

For any shape Ω ∈ Uad, u, p ∈ H1(Rd), L(Ω, u, p) =∫
Ω

j(u) dx︸ ︷︷ ︸
Objective function

where uΩ is replaced by u

+

∫
Ω

∇u · ∇p dx +

∫
Ω

up dx −
∫

Ω

fp dx︸ ︷︷ ︸
Penalization of the “constraint” u=uΩ:∫

Ω (−∆u+u−f )p dx=0

.

• The variables Ω ∈ Uad and u, p ∈ H1(Rd) are independent.
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Céa’s method: the Neumann case (II)

We look for the saddle points of the Lagrangian (u, p) 7→ L(Ω, u, p):

• By construction, for all p̂ ∈ H1(Rd),
∂L
∂p

(Ω, u, p)(p̂) =

∫
Ω

∇u · ∇p̂ dx +

∫
Ω

up̂ dx −
∫

Ω

f p̂ dx .

The variational formulation of the state equation is given by:
∂L
∂p

(Ω, u, p)(p̂) = 0.

This implies that u ≡ uΩ.

• The adjoint state pΩ is characterized by:

∀û ∈ H1(Rd),
∂L
∂u

(Ω, uΩ, pΩ)(û) = 0.

An elementary computation yields
∂L
∂u

(Ω, u, p)(û) =

∫
Ω

j ′(u)û dx +

∫
Ω

∇û · ∇p dx +

∫
Ω

ûp dx ,

and we deduce that pΩ is solution to:{
−∆pΩ + pΩ = −j ′(uΩ) in Ω,

∂pΩ
∂n

= 0 on ∂Ω.
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Céa’s method: the Neumann case (III)

Theorem.
The shape derivative of the objective function J(Ω) is:

∀θ : Rd → Rd , J ′(Ω)(θ) =
∂L
∂Ω

(Ω, uΩ, pΩ)(θ)

=

∫
∂Ω

(
j(uΩ) +∇uΩ · ∇pΩ + uΩpΩ − fpΩ

)
θ · n ds.

Proof:

• Since uΩ is the solution to the state equation, it holds:

For any q ∈ H1(Rd), L(Ω, uΩ, q) =

∫
Ω

j(uΩ) dx = J(Ω).

• Differentiating with respect to Ω in a direction θ and using the chain rule yield:

J ′(Ω)(θ) =
∂L
∂Ω

(Ω, uΩ, q)(θ) +
∂L
∂u

(Ω, uΩ, q)(u′Ω(θ)),

where u′Ω(θ) is the Eulerian derivative of Ω 7→ uΩ (which is assumed to exist).

14 / 86



Céa’s method: the Neumann case (IV)

• Now, choosing q = pΩ and using the cancellation of the adjoint

∀û ∈ H1(Rd),
∂L
∂u

(Ω, uΩ, pΩ)(û) = 0,

we obtain:
J ′(Ω)(θ) =

∂L
∂Ω

(Ω, uΩ, q)(θ).

• Eventually, applying the “elementary” shape derivative formula:

F (Ω) =

∫
Ω

f (x) dx ⇒ F ′(Ω)(θ) =

∫
∂Ω

f θ · n ds,

to compute the above partial shape derivative ∂L
∂Ω

of the Lagrangian

L(Ω, u, p) =

∫
Ω

j(u) dx +

∫
Ω

∇u · ∇p dx +

∫
Ω

up dx −
∫

Ω

fp dx ,

we arrive at the desired formula:

J ′(Ω)(θ) =

∫
∂Ω

(
j(uΩ) +∇uΩ · ∇pΩ + uΩpΩ − fpΩ

)
θ · n ds.
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Céa’s method: the Dirichlet case (I)

• Let us consider the counterpart situation featuring Dirichlet boundary condition:

J(Ω) =

∫
Ω

j(uΩ) dx , where
{
−∆uΩ = f in Ω,
uΩ = 0 on ∂Ω.

• Difficulty: Since u = 0 on ∂Ω, the arguments of a “naive” Lagrangian are not
independent.

• Solution: We penalize this boundary condition by adding an extra variable
λ ∈ H1(Rd) to the Lagrangian:

For all u, p, λ ∈ H1(Rd),

L(Ω, u, p, λ) =

∫
Ω

j(u) dx︸ ︷︷ ︸
Objective function

where uΩ is replaced by u

+

∫
Ω

(−∆u − f )p dx︸ ︷︷ ︸
penalization of the
“constraint”−∆u=f

+

∫
∂Ω

λu ds︸ ︷︷ ︸
penalization of the

“constraint” u=0 on ∂Ω

.
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Céa’s method: the Dirichlet case (II)

Theorem.
The shape derivative of the objective function J(Ω) equals:

For all θ : Rd → Rd , J ′(Ω)(θ) =

∫
∂Ω

(
j(uΩ)− ∂uΩ

∂n

∂pΩ

∂n

)
θ · n ds

where the adjoint state pΩ is the solution to:{
−∆pΩ = −j ′(uΩ) in Ω,

pΩ = 0 on ∂Ω.

Remarks.

• The shape derivative formula is different from that in the Neumann case.

• The optimal value of the extra Lagrange multiplier equals λΩ = − ∂pΩ
∂n

on ∂Ω.
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Céa’s method: Two-phase shape optimization (I)

We optimize the interface between two phases:

min
Ω⊂D

J(Ω) =

∫
D

j(uΩ) dx .

In this formulation,

• D is a fixed “hold-all domain”,

• The conductivity γΩ inside D reads:

γΩ(x) =

{
β if x ∈ Ω,
α if x ∈ D \ Ω.

• The state uΩ ∈ H1(D) is solution to:{
−div(γΩ∇uΩ) = f in D,

uΩ = 0 on ∂D. <latexit sha1_base64="HnKMTBRZ6VLo8oRkqYAP58JGmHw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9OAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5hGjMo=</latexit>

D
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⌦

Difficulty: The gradient ∇uΩ is discontinuous across ∂Ω, since

uin
Ω = uout

Ω and β
∂uin

Ω

∂n
= α

∂uout
Ω

∂n
on ∂Ω,

where uinΩ and uoutΩ denote the restrictions of uΩ to Ω and D \ Ω, respectively.
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Céa’s method: Two-phase shape optimization (II)

Remedy: We introduce two extra variables λ, µ ∈ H1(D) in the Lagrangian to
penalize the transmission conditions:

L(Ω, u, p, λ, µ) =

∫
D

j(u) dx +

∫
Ω∪(D\Ω)

(−div(γΩ∇u)− f )p dx+∫
∂Ω

λ[u]ds +

∫
∂Ω

µ

[
γΩ
∂u

∂n

]
ds

where u = (uin, uout), p = (pin, pout) are discontinuous at ∂Ω and [a] := ain − aout.

Theorem.
The shape derivative of J(Ω) reads:

For all θ : Rd → Rd , J ′(Ω)(θ) = (α− β)

∫
∂Ω

∇TuΩ · ∇TpΩ θ · n ds

−
(
1
α
− 1
β

)∫
∂Ω

(
γΩ
∂uΩ

∂n

)(
γΩ
∂pΩ

∂n

)
θ · n ds,

where ∇Tu := ∇u − ∂u
∂n

n is the tangential gradient and the adjoint
state pΩ ∈ H1(Rd) is the solution to:{

−div(γΩ∇pΩ) = −j ′(uΩ) in D,
pΩ = 0 on ∂D.
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Part II
Advance practice of the

Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method
Hilbertian method of extension and regularization
Constrained optimization algorithms
Solving the Level Set advection equation on simplicial meshes
Coupling with topological derivatives

3 A glimpse of related techniques

4 Some applications of the Level Set Method
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The “Hilbertian trick” (I)

• The shape derivative of “most” functionals J(Ω) has the Hadamard structure:

J ′(Ω)(θ) =

∫
∂Ω

vΩ(θ · n) ds, for some function vΩ : ∂Ω→ R.

• A descent direction for J(Ω) is readily suggested by this formula:

θ = −vΩn on ∂Ω ⇒ J ′(Ω)(θ) < 0.

• This “naive” choice is actually awkward for multiple reasons:

- It solely prescribes θ on ∂Ω, while in practice, it is crucial to define θ on Rd .

- It may be irregular, e.g. because of numerical errors in the Finite Element
analyses.

The use of the irregular shape gradient in the very sensitive problem of drag minimization of an airfoil
immediately causes large undesirable artifacts (Taken from [MoPir]).
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The “Hilbertian trick” (II)

• The “Hilbertian trick” is a principled method to extend and regularize the shape
gradient into a new field ξ which is

- Smoothed, with a controlled length-scale of variations;

- Defined on the whole ambient space Rd ;

- Guaranteed to be a descent direction for J(Ω).

• The idea is part of the “shape optimization folklore” [AWu, Bu, Gou, MoPir].

• It is a common ingredient in the practice of gradient flows [Neu].
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Reminder: Derivatives and gradients (I)

Definition (Fréchet derivative).
Let (X , || · ||X ) be a Banach space. A real-valued function F : X → R is differentiable
at u ∈ X if there exists a linear, continuous mapping F ′(u) : X → R such that:

F (u + v) = F (u) + F ′(u)(v) + o(||v ||X ), where
o(||v ||X )

||v ||X
v→0−−−→ 0.

The linear mapping F ′(u) ∈ X ∗ is the Fréchet derivative of F at u.

Definition (Gradient).
If in addition X contains a Hilbert space (H, 〈·, ·〉H), H ⊂ X , the Riesz representation
theorem allows to identify the derivative F ′(u) with an element ∇F (u) ∈ H:

∀v ∈ H, F ′(u)(v) = 〈∇F (u), v〉H ;

The element ∇F (u) ∈ H is called the gradient of F at u (with respect to H).
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Reminder: Derivatives and gradients (II)

Interpretation: If F is differentiable at u ∈ H, then, for “small” τ > 0:

∀û ∈ H, ||û||H ≤ 1, F (u − τ û) ≈ F (u)− τ〈∇F (u), û 〉H ,
≥ F (u)− τ ||∇F (u)||H ,

where equality holds if and only if û = ∇F (u)
||∇F (u)||H

(Cauchy-Schwarz inequality).

⇒ −∇F (u) is the best descent direction for F from u.

•<latexit sha1_base64="9TQHebbm7guF71z2uN6NBTFIhp8="></latexit>

•<latexit sha1_base64="9TQHebbm7guF71z2uN6NBTFIhp8="></latexit>

u
<latexit sha1_base64="vssMVFOlxX80zjT6utuQAYLAB1Y="></latexit>

rF (u)
<latexit sha1_base64="UJIpfgXp7FAkixA5IDM/VQPMqUM="></latexit>

Some isolines of a function F : R2 → R and the gradient ∇F (u) ∈ R2 at some point u ∈ R2.
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The Hilbertian method (I)

• The “naive” (scalar) descent direction −vΩ stems from the formula:

J ′(Ω)(θ) =

∫
∂Ω

vΩ θ · n ds︸ ︷︷ ︸
=:〈vΩ,θ·n〉L2(∂Ω)

∀θ ∈ C1(Rd ;Rd),

i.e. vΩ is the L2(∂Ω) gradient of J ′(Ω), but L2(∂Ω) is not a subset of C1(Rd).

• Idea: Trade the “natural” L2(∂Ω) inner product for that a(·, ·) on a Hilbert space
H of “more regular” functions on D:

Search for the scalar field g ∈ H s.t. ∀w ∈ H, a(g ,w) = J ′(Ω)(wn).

• The vector field −gn is still a descent direction for J(Ω), since

0 < a(g , g) = J ′(Ω)(gn) for the choice w = g 6= 0.

Thus, for “small” τ > 0

J((Id− τgn)(Ω)) = J(Ω)− τa(g , g) + o(τ) < J(Ω).

• It is naturally defined on D, and inherits the regularity of functions in H.
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The Hilbertian method (II)

• Introducing a large computational domain D, a common choice in practice is:

H = H1(D), with inner product a(u, v) = α2
∫
D

∇u · ∇v dx +

∫
D

uv dx .

• The identification problem for g ∈ H1(D):

∀w ∈ H1(D), α2
∫
D

∇g · ∇w dx +

∫
D

gw dx = J ′(wn)

is a simple Laplace-like variational problem.

• The regularized field g writes:

g(x) =

∫
∂Ω

G
(x − y

α

)
vΩ(y) ds,

where G is the fundamental solution of u 7→ −∆u+u.

• The parameter α is a regularization length scale for
the information in J ′(Ω).

• In practice, α ≈ a few mesh sizes.

• This idea is formal: H1(D) is not a subset of C1(D).

<latexit sha1_base64="fgEdIvkysiyYyUeFY+1MXw8RNEg=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPYSZI1FvAi8cIZoFkCDWdnqRJT0/T3SOEkI/w4kERr36PN//GziLE7UHB470qqupFSnBjff/DW1ldW9/YzG3lt3d29/YLB4cNk2aasjpNRapbERomuGR1y61gLaUZJpFgzWh4PfWb90wbnso7O1IsTLAvecwpWic1yx0UaoDdQjEo+TMQ/xf5soqwQK1beO/0UpolTFoq0Jh24CsbjlFbTgWb5DuZYQrpEPus7ajEhJlwPDt3Qk6d0iNxql1JS2bq8sQYE2NGSeQ6E7QD89Obin957czGl+GYS5VZJul8UZwJYlMy/Z30uGbUipEjSDV3txI6QI3UuoTyyyH8TxrlUlApVW7Pi9WrRRw5OIYTOIMALqAKN1CDOlAYwgM8wbOnvEfvxXudt654i5kj+Abv7RP/wI9X</latexit>

2↵
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The Hilbertian method (III)

• Multiple other regularizing problems are possible, associated to different inner
products or different function spaces, allowing for instance to:

- Extend the vector velocity θ = −vΩn, by using an inner product over vector
fields such as that of linear elasticity.

- Require the descent direction to vanish on imposed or non design regions of D.

• This Hilbertian method also allows to extract a descent direction from the volume
form of the shape derivative:

J ′(Ω)(θ) =

∫
Ω

(rΩ · θ + SΩ : ∇θ) dx ,

with known fields rΩ : Ω→ Rd , SΩ : Ω→ Rd×d , see [GiaPanTra] about this issue.

• It also lends itself to the deployment of constrained optimization algorithms...
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Part II
Advance practice of the

Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method
Hilbertian method of extension and regularization
Constrained optimization algorithms
Solving the Level Set advection equation on simplicial meshes
Coupling with topological derivatives

3 A glimpse of related techniques

4 Some applications of the Level Set Method
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Constrained optimization algorithms

Let us consider a generic constrained optimization problem:

min
h∈H

J(h) s.t. G(h) = 0. (P)

In this formulation,

• The design variable h belongs to a Hilbert space H with inner product a(·, ·).

• J(h) is an objective function.

• G(h) = (G1(h), . . . ,Gp(h)) is a collection of p (equality) constraints.

Problems of the form (P) can be treated by a variety of methods:

• The augmented Lagrangian method, Sequentiel Linear Programming... [NoWri].

• We present the null-space algorithm [FeAlDa], based on linearization of (P).
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The null-space algorithm (I)

The resolution of (P) proceeds by iterations of the form:

hn+1 = hn + τ nξn, where ξn := −
(
αJξ

n
J + αGξ

n
G

)
.

This update procedure is made of:

• A null-space direction ξnJ which best minimizes J without altering constraints;

• A range-space direction ξnG aimed to decrease the violation of constraints;

• Weights αJ and αG that encode the relative priority of minimizing J(h) and
fulfilling the constraints;

• A sufficiently small (pseudo)-time step τ n.

30 / 86



The null-space algorithm (II)

• Let us place ourselves at a given iteration h = hn of the process.

• We denote by θJ and θGi the gradients of J(h) and Gi (h) at h:

∀ξ ∈ H, a(θJ , ξ) = J ′(h)(ξ), and ∀ξ ∈ H, a(θGi , ξ) = G ′i (h)(ξ).

• We search for ξJ ⊥ ξG as linear combinations of θJ and θGi :

ξJ = θJ −
p∑

i=1

λiθGi , and ξG =

p∑
i=1

βiθGi
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The null-space algorithm (III): null-space direction

• The null-space direction ξJ is the orthogonal projection of θJ on the null-space of
constraints:

G ′i (h)(ξJ) = a(θGi , ξJ) = 0, for i = 1, . . . , p.

• Interpretation: −ξJ is the “best” descent direction for J(h) that leaves the
constraint functional G(h) unchanged at first order.

• Using elementary algebra, this characterizes λ ∈ Rp in ξJ = θJ −
p∑

i=1
λiθGi as the

solution to:
Sλ = b,

where

- S ∈ Rp×p is the matrix with entries Sij = a(θGi , θGj ), which is invertible
under a classical qualification condition on the constraints (LICQ = Linear
Independence Constraint Qualification),

- b ∈ Rp is the vector with components bi = a(θJ , θGi ).
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The null-space algorithm (IV): range-space direction

• The range space direction ξG guarantees that

Gi (h − ταGξG ) = (1− αGτ)Gi (h) + o(τ), for i = 1, . . . , p,

i.e. moving along −αGξG reduces the constraints by a rate αG .

• Using a first-order expansion, this rewrites:

G ′(h)(ξG ) ≈ G(h).

• This characterizes the coefficient vector β ∈ Rp, such that ξG =
p∑

i=1
βiθGi , as:

Sβ = c,

where

• S ∈ Rp×p is again the matrix with entries Sij = a(θGi , θGj );

• c ∈ Rp is the vector with components ci = Gi (h).
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The null-space algorithm (V): final comments

• At each iteration n, a merit function is used to check the step size τ n:

Mn(h) := αJ

(
J(h)− λn · G(h)

)
+
αG

2
(Sn)−1G(h) · G(h),

i.e τ n is deemed “too large” if

Mn(hn + τ nξn) > Mn(hn).

• The choice of this merit function is motivated by the fact that

(Mn)′(hn) = αJξJ + αG (Sn)−1G(hn) · G ′(hn) ≡ ξn

• This strategy is almost parameter-free: it solely relies on 2 meaningful parameters:

αJ , αG ≈ relative decrease rates of the objective and the violation of constraints.

• This method also accommodates inequality constraints very efficiently.

• With minor adaptations, it can be deployed for shape optimization thanks to the
Hilbertian method, as any linearization-based optimization algorithm.
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Numerical example (I)

We optimize the volume of a 2d bridge under multiple compliance constraints:

min
Ω

Vol(Ω) s.t. Ci (Ω) ≤ CT,

where
Ci (Ω) =

∫
ΓN,i

gi · uΩ,i ds

is the compliance of Ω when it is submitted to the load gi on ΓN,i ⊂ ∂D.
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�N,1
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Numerical example (II)

Optimized bridge under application of 1 load.

Optimized bridge under application 3 loads.

Optimized bridge under application of all 9 loads.
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Open-source implementation

null-space optimizer [FeAlDa]: A python-based implementation, by F. Feppon.

https://gitlab.com/florian.feppon/null-space-optimizer
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Part II
Advance practice of the

Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method
Hilbertian method of extension and regularization
Constrained optimization algorithms
Solving the Level Set advection equation on simplicial meshes
Coupling with topological derivatives

3 A glimpse of related techniques

4 Some applications of the Level Set Method
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Reminder of Webinar 1 (I)

• Let Ω(t) ⊂ Rd be a domain evolving according
to a velocity field V (t, x) ∈ Rd .

In shape optimization, V (t, x) is a descent direction.

• Let φ(t, x) be a Level Set function for Ω(t).

• The motion of Ω(t) translates in terms of φ as
the “advection-like” equation:

∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0

• The motion depends only on the normal part

V (t, x) := v(t, x)
∇φ(t, x)

| ∇φ(t, x)| ,

and this rewrites as a Hamilton-Jacobi equation:

∂φ

∂t
(t, x) + v(t, x)|∇φ(t, x)| = 0.

<latexit sha1_base64="45QNjGRG6CDPKaqFjRoP7Y/djEw="></latexit>

⌦(t + dt) = {x, �(t + dt, .) < 0}

<latexit sha1_base64="/opp+SvKFacpAGWtl2msQBP1Zs8="></latexit>

V (t, x)

•

x

<latexit sha1_base64="4LmuONd+W8RgynpPCvm3VDAx3D4="></latexit>

⌦(t) = {x, �(t, x) < 0}

•

•

•
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Reminder of Webinar 1 (II)

• In practice, the time interval (0,T ) is decomposed into a series of sub-intervals:

0 = t0 < t1 < . . . < tN = T ,

and the normal velocity v(t, x) is frozen on each of them:

v(t, x) ≈ vn(x) := v(tn, x) for t ∈ (tn, tn+1).

• Doing so yields a Hamilton-Jacobi equation with steady-state velocity v(x):{
∂φ

∂t
(t, x) + v(x)|∇φ(t, x)| = 0 for (t, x) ∈ (0,T )× Rd ,

φ(t = 0, x) = φ0(x) for x ∈ Rd .

• The latter can be solver efficiently with the Osher-Sethian algorithm when the
computational domain is equipped with a Cartesian grid.

• The theory of schemes for Hamilton-Jacobi equations can be adapted to the
context of a simplicial mesh T , but it is a difficult task [Abgrall] [BaSe].
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The Level Set advection equation (I)

• An alternative practice is to freeze the whole vector field V (t, x) over each
sub-interval:

V (x) ≈ V n(x) := V (tn, x) for t ∈ (tn, tn+1).

• This yields an advection equation over a generic time period (0,T ) = (tn, tn+1):{
∂φ

∂t
(t, x) + V (x) · ∇φ(t, x) = 0 on (0,T )× Rd ,

φ(0, .) = φ0 on Rd ,
(ADV)

for given velocity field V (x) (= V n(x)), and initial function φ0 (= φ(tn, ·)).

• Efficient numerical schemes exist for this linear equation.

• This comes at the price of a loss of information: the consistent normal orientation
of V (t, x) is not retained.

• We present a strategy based on the method of characteristics [Pironneau, Strain]
(explicit scheme, yet unconditionally stable).
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The Level Set advection equation (II)

Definition (Characteristic curve).

Let V : Rt × Rd
x → Rd be a smooth velocity field. The characteristic curve

t 7→ χ(x , t, t0) emerging from a point x ∈ Rd at time t = t0 is defined by the ODE:{ d
dt (χ(x , t, t0)) = V (t, χ(x , t, t0)) for t ∈ (0,T ),

χ(x , t0, t0) = x .

•
•

•

x0

x1

x2

<latexit sha1_base64="rlnUdEFW0ota12Uq2eNf4MuKApc="></latexit>

V (t0, x0)

Three characteristic curves of the velocity field V starting at t = t0 from different points x0, x1, x2.
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The Level Set advection equation (III)

Theorem.
The exact solution φ(t, x) to the advection equation (ADV) is:

φ(t, x)︸ ︷︷ ︸
Value of φ at (t,x)

= φ(0, χ(x , 0, t))︸ ︷︷ ︸
Initial value of φ

at the initial position of the particle at x at t

,

where t 7→ χ(x , 0, t) is the foot of the characteristic passing through x at time t.
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�(x, 0, t2)
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V (t, x)
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�(t1, x)
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�(t2, x)

Solution of the advection equation by the backward characteristic method.
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Numerical resolution of the advection equation (I)

• For simplicity, we consider the solution of the advection equation in 2d.

• Let tn = n∆t be a discretization of the time interval (0,T ).

• The computational domain D is equipped with a triangular mesh T .

• The initial datum φ0 and the velocity field V are discretized at the vertices of T .

• They are linearly interpolated from these values when needed elsewhere.

•

• •

•

• • • •

•

•
•

•

•
•

•
••

•

• • •

•

•

•
•

• •

•

•
•
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V (x)
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K
<latexit sha1_base64="lZL9OrcrGXS5E4CBLR1V7QXCuvs="></latexit>

�0(x)

• We calculate the solution values φ(T , x) at the vertices x ∈ T .
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Numerical resolution of the advection equation (II)

A simple implementation hinges on Euler’s integration of the characteristic curves:

• Initialization: Level Set function φ0 at the
vertices of T .

• For all vertices x ∈ T :

- Set x0 = x ;

- For n = 0, . . . ,N − 1:

¶ Find K n ∈ T such that xn ∈ K n;

· Calculate V at xn by interpolation
from its values at the vertices of K ;

¸ xn+1 = xn −∆tV (xn).

- φ(T , x) = φ0(xN).
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V (x0)

Remarks:

- This strategy is cheap: ODEs are solved explicitly.

- Its efficiency can be improved by a Runge-Kutta scheme.
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The Fast Marching Method on a simplicial mesh.

The Fast Marching algorithm can also be adapted to a simplicial mesh [KiSe].

(a) (b) (c) (d) (e)

Isosurfaces of the signed distance function to the “Aphrodite” in (a): (b): isosurface
−0.01, (c): isosurface 0, (d): isosurface 0.02, (e): isosurface 0.05.
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A word of advertising: open-source implementations

• mshdist [DaFre]: Calculation of the signed distance function on simplicial meshes.

https://github.com/ISCDtoolbox/Mshdist

• advect [BuDaFre]: Resolution of the level set equations on simplicial meshes.

https://github.com/ISCDtoolbox/Advect

47 / 86



Part II
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Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method
Hilbertian method of extension and regularization
Constrained optimization algorithms
Solving the Level Set advection equation on simplicial meshes
Coupling with topological derivatives

3 A glimpse of related techniques

4 Some applications of the Level Set Method
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Differentiation with respect to the domain: topological derivatives

The notion of topological derivative features varia-
tions of a shape Ω ⊂ Rd of the form

Ωx,ε := Ω \ B(x , ε),

where x ∈ Ω, and ε � 1. We consider Neumann
boundary conditions on ∂B(x , ε). <latexit sha1_base64="omIz52IXYj7nxpuF+GQ+8qBuaVo=">AAAB7XicbVDJSgNBEO1xjXGLevTSGARPYUZcbwEv3oxgFkiG0NOpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFRTqFPFlW5FxABnEuqWWQ6tRAMREYdmNLyZ+M0n0IYp+WBHCYSC9CWLGSXWSY3OnYA+6ZbKfsWfAi+SICdllKPWLX11eoqmAqSlnBjTDvzEhhnRllEO42InNZAQOiR9aDsqiQATZtNrx/jYKT0cK+1KWjxVf09kRBgzEpHrFMQOzLw3Ef/z2qmNr8KMySS1IOlsUZxybBWevI57TAO1fOQIoZq5WzEdEE2odQEVXQjB/MuLpHFaCS4q5/dn5ep1HkcBHaIjdIICdImq6BbVUB1R9Iie0St685T34r17H7PWJS+fOUB/4H3+AF+8jvw=</latexit>
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Definition (Topological derivative).
The function J(Ω) has a topological derivative at Ω and at the point x ∈ Ω if there
exists dTJ(Ω)(x) ∈ R such that:

J(Ωx,ε) = J(Ω) + εddTJ(Ω)(x) + o(εd).

Intuition: If dTJ(Ω)(x) < 0, it is beneficial to drill a tiny hole around x .

� A. A. Novotny and J. Sokołowski, Topological derivatives in shape optimization,
Springer Science & Business Media, 2012.
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Topological derivatives in linear elasticity

Example: Let uΩ be the displacement of an elastic structure Ω,
−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ,

and let C(Ω) denote its compliance:

C(Ω) =

∫
Ω

g · uΩ ds.

Theorem.
For any point x ∈ Ω, the topological derivative of C(Ω) in 2-d equals:

dTC(Ω)(x) =
π(λ+ 2µ)

2µ(λ+ µ)

(
4µAe(uΩ) : e(uΩ) + (λ− µ)tr(Ae(uΩ))tr(e(uΩ))

)
(x).

Remark: A similar formula is available in 3d.
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Algorithmic deployment

• Input:

• Mesh (e.g. Cartesian grid) T of the computational domain D;

• Level set function φ0 for the initial shape Ω0, defined at the vertices of T .

• For n = 0, ..., until convergence

¶ Solve the state equation for uΩn on T .
· Solve the adjoint equation for pΩn on T .
¸ If n mod. ntop = 0,

- Calculate dTJ(Ωn)(x) at all points x ∈ Ωn,

- Find the point xn ∈ Ωn where dTJ(Ωn)(x) is minimum,

- Set φn+1(x) = max(φn(x), τ − |x − xn|) for τ n small enough.

Else: Proceed with shape derivatives.

¹ Stopping criterion.

• Return: Level set function φ∗ for the optimized shape Ω∗.
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Numerical example (I)

• We minimize the compliance of a bridge under a volume constraint:

min
Ω

C(Ω) s.t. Vol(Ω) = VT, where C(Ω) =

∫
ΓN

g · uΩ ds.

• The initial shape has a “simple” topology.

• We periodically try and insert holes by leveraging topological derivatives.
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Numerical example (II)
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Other uses of the Level Set Method: a word of caution

Recommandation
Use Hadamard’s shape derivatives to optimize with respect to the shape Ω.

Some authors rather use the Level Set function φ as the optimization variable.

¶ A regularized Heaviside function is used to define material properties and
integrals on the shape:

Hε(φ) =
1
2

(
1− φ√

φ2 + ε2

)
,

where ε > 0 is a “small” parameter.

· Derivatives are computed with respect to φ, like in density methods.

¸ This heavily relies on the redistanciation of φ into a signed distance function.

Danger of this practice

• The values of φ in the range (−ε,+ε) are favored by the optimization algorithm
because intermediate material properties are often “beneficial”.

• Penalization is required (by re-distancing) but it is known to be a delicate issue.
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A glimpse of related techniques

• We outline 3 popular shape and topology optimization frameworks, related to, but
different from the “classical” Level Set Method.

• To set ideas, we consider a two-phase optimization problem within a domain D:

min
Ω⊂D

J(Ω), where J(Ω) =

∫
D

j(uΩ) dx . (P)

• The state uΩ ∈ H1(D) is solution to:{
−div(γΩ∇uΩ) = f in D,

uΩ = 0 on ∂D,

where the conductivity γΩ inside D reads:

γΩ(x) =

{
β if x ∈ Ω,
α if x ∈ D \ Ω.
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⌦

• One-phase and void optimization is formally retrieved at the limit α→ 0.
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Phase-field methods [BouCha, BlanGar]

• The phase-field method considers the perimeter penalized version of the problem:

min
Ω

J(Ω) + `Per(Ω).

• The repartition of materials α and β is accounted for by a phase-field function:

ϕ : D → [0, 1] s.t.
{
ϕ(x) = 0 and 1 in the pure phases α and β,
ϕ(x) ∈ (0, 1) where there is a mixture of both materials.

• A material law A(ϕ) assigns a conductivity to intermediate regions:{
−div(A(ϕ)∇uϕ) = f in D,

uϕ = 0 on ∂D.

• The perimeter functional Per(Ω) is approximated by:

Fε(ϕ) = ε

∫
D

|∇ϕ|2 dx︸ ︷︷ ︸
Penalization of the transitions between phases

+
1
ε

∫
D

W (ϕ) dx︸ ︷︷ ︸
Penalization of mixtures

,

where W (·) ≥ 0 is a double-well potential, which equals 0 at ϕ = 0 or 1 only.

• The new problem
min

ϕ:D→[0,1]

∫
D

j(uϕ) dx + `Fε(ϕ),

is a parametric optimization problem.
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S. Amstutz’ algorithm [AmHan, Am] (I)

• This algorithm represents the shape by a Level Set function, but appraises the
sensitivity of J(Ω) with topological derivatives only.

• The topological expansion of J(Ω) is written under the form:

J(Ωx,ε) = J(Ω) + εdsΩ(x)gΩ(x) + o(εd), where sΩ(x) =

{
1 if x ∈ Ω,

−1 if x ∈ D \ Ω.

• The first-order necessary conditions for optimality of a shape Ω then read:{
∀x ∈ Ω, gΩ(x) > 0,
∀x ∈ D \ Ω, gΩ(x) < 0,

that is:
−gΩ is one Level Set function for Ω.

• A fixed point algorithm with relaxation is implemented to enforce this condition:

Search for a Level Set function φ : D → R s.t. ||φ||L2(D)= 1 and

φ = − 1
||gΩ||L2(D)

gΩ, where Ω := {x ∈ D, φ(x) < 0} .
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S. Amstutz’ algorithm [AmHan, Am] (II)

Initialization: Initial Level Set function φ0,

For n = 0, . . . until convergence:

¶ Calculate the state uΩn and adjoint pΩn ;

· Calculate gΩn (x) and gn := 1
||gΩn ||L2(D)

gΩn .

¸ Calculate an := arccos(φn, gn)L2(D);

¹ Choose a relaxation step 0 < τ n < 1;

º The updated Level Set function φn+1 is ob-
tained by spherical interpolation:

φn+1 =
sin((1− τ n)an)φn + sin(τ nan)gn

sin an
,

corresponding to the new shape

Ωn+1 =
{
φn+1 < 0

}
.
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An algorithm combining topological derivatives with a diffusion equation

• The continuous-in-time shape Ω(t) is represented by a Level Set function φ(t, x).

• The shape evolves through a diffusion equation:

∂φ

∂t
− ε2κ(φ)∆φ︸ ︷︷ ︸

Diffusion term

= κ(φ) dTJ(Ω)︸ ︷︷ ︸
Source term

.

• Like the perimeter in phase-field methods, the diffusion term smoothes the Level
Set function over a length scale ε.

• The topological derivative as source term imposes that:

- φ decreases where dTJ(Ω)(x) < 0;

- φ increase where dTJ(Ω)(x) > 0.

• The coefficient κ(φ) may be tuned depending on the situation.

� T. Yamada, S. Nishiwaki & A. Takezawa, A topology optimization method based on the
level set method incorporating a fictitious interface energy, Computer Methods in Applied
Mechanics and Engineering, 199 (45-48), (2010), pp. 2876–2891.
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Part II

Some applications of the
Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method

3 A glimpse of related techniques

4 Some applications of the Level Set Method
Optimization of nanophotonic devices
Structural optimization under accessibility constraints
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Optimization of nanophotonic devices (I)
C. Dapogny, A. Gliere, K. Hassan, N. Lebbe & E. Oudet

• Nanophotonic devices are the basic components
of photonic integrated circuits.

• In these, light is transported by wave guides.

• The electric and magnetic fields are governed by
the time-harmonic Maxwell’s equations.

• The shape Ω of air inclusions in the Si core is
optimized to achieve particular effects.

⌦

One nanophotonic component inside a complete photonic circuit.
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Optimization of nanophotonic devices (II)

Duplexers steer incoming waves to different output channels, depending on their
wavelength.

Optimization of the shape of a nanophotonic duplexer.
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Optimization of other nanophotonic devices
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<latexit sha1_base64="demYqA8joVo6gramk8QqEJw1am4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHe3qMtw==</latexit>

1

<latexit sha1_base64="eZR/HSoUQtuNhX4dJN4Hoxu4ji0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI1VvBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXbvM4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHefaMtg==</latexit>

0

<latexit sha1_base64="BbMUaJ+11bsgySMNW/tq+qpNCpg=">AAAB/nicbVDLSgNBEJz1GeMrKp68DAbBU9gViXoLiOAxgnlAsoTZ2U4yZHZ2mekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5BIYdB1v52l5ZXVtfXcRn5za3tnt7C3XzdxqjnUeCxj3QyYASkU1FCghGaigUWBhEYwuB77jQfQRsTqHocJ+BHrKdEVnKGVOoXDNsIjZjcKdG9IQ1BG4HDUKRTdkjsBXSTejBTJDNVO4asdxjyNQCGXzJiW5yboZ0yj4BJG+XZqIGF8wHrQslSxCIyfTc4f0ROrhLQba1sK6UT9PZGxyJhhFNjOiGHfzHtj8T+vlWL30s+ESlIExaeLuqmkGNNxFjQUGjhK+7dgXAt7K+V9phlHm1jehuDNv7xI6mclr1wq350XK1ezOHLkiByTU+KRC1Iht6RKaoSTjDyTV/LmPDkvzrvzMW1dcmYzB+QPnM8f+i2WIg==</latexit>E
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Optimization of (left) A power divider; (center) A mode converter; (right) A polarization converter.
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Part II

Some applications of the
Level Set Method

1 Practical calculation of shape derivatives

2 Advanced practice of the Level Set Method

3 A glimpse of related techniques

4 Some applications of the Level Set Method
Optimization of nanophotonic devices
Structural optimization under accessibility constraints
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Structural optimization under accessibility constraints (I)
G. Allaire, M. Bihr, B. Bogosel & M. Godoy

• Additive manufacturing techniques assemble shapes in a layer-by-layer fashion.

• Although they allow to proceed complex shapes, they usually experience difficulties
with large overhangs, i.e. horizontal regions hanging over void.

• To assemble such patterns, a support structure S is often erected alongside Ω.

• This structure has to be removed with a machine tool before the final use of Ω.

<latexit sha1_base64="8ASWFKr2YR3m6NLHUkDehh/6QoU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwZwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d6toEPcL1f8qj8HWiVBTiqQo9kvf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0r6oBvVq/a5WadTyOIpwAqdwDgFcQgNuoAktIPAIz/AKb57yXrx372PRWvDymWP4A+/zB16Njvg=</latexit>

⌦

<latexit sha1_base64="JcrsjouDBxTizgOloWVaI/9dbUo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxClEcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXrVcbVRKtUoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AK2BjNQ=</latexit>

S

(Left) Layer-by-layer assembly of a shape; (Right) Support structure for the assembly of an overhang region.
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Structural optimization under accessibility constraints (II)

• We optimize the shapes Ω of a 3d bridge and S of its support structure:

min
Ω,S

J(Ω,S), s.t.
{

Vol(Ω) ≤ VΩ,T,
Vol(S) ≤ VS,T.

• The objective function reads:

J(Ω, S) = C(Ω) + Cman(Ω,S),

where:

- C(Ω) is the compliance of Ω in its use-case;
- Cman(Ω, S) is the compliance of the total structure Ω ∪ S during construction.

Physical boundary conditions on (left) The support structure; (right) The bridge in its use situation.
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Structural optimization under accessibility constraints (III)

Optimized shape of the bridge Ω (in grey) and its supporting structure S (in
blue) with respect to their end-use and manufacturing compliances.
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Structural optimization under accessibility constraints (IV)

Problem:

• After construction, the support structure S has to be removed by a machine tool;

• So that it is possible, it must be accessible from a given entry region.

Supports have to be accessible from one of the transparent green sides

• We add an accessibility constraint on S from one of the green sides.

• The latter is modeled from the signed distance function dΩ.
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Structural optimization under accessibility constraints (V)

(Left) Optimized shape of the bridge Ω (in grey) and its supporting structure S (in blue), taking into account
accessibility constraints.

Values of the accessibility functional (Left) Without, (right) While taking into account accessibility constraints.
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The Level Set shape and topology optimization framework: conclusions

Assets of the method:

• The Level Set Method is efficient and compatible with industrial requirements:

- It is cheap: the total CPU cost is essentially that of the PDE solver;
- It can be used on arbitrary design domain meshes;
- It is readily combined with constrained optimization solvers.

• The variable is the shape Ω ⊂ Rd . This allows to formulate naturally “difficult”
geometric constraints about, e.g.

- The thickness and castability of Ω [AlJouMi],
- The absence of overhang features [AlDaEs],
- Its accessibility to manufacturing tools [AlBiBoGo].

Drawback:

• Like any fixed mesh method, the solution of physical PDEs on Ω is not
straightforward. This task can be addressed by:

- Approximations of the PDE, e.g. by the ersatz method in elasticity.
- Use of intrusive numerical solvers: X-FEM or CutFEM [ViMau, ViMau2].

• The shape gradient is calculated at the continuous level, then discretized: the
convergence of the method is never “perfect”.
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Program of the next webinar

Webinar 3 A body-fitted variant of the Level Set Method.

- A taste of remeshing;

- Presentation of the method;

- Application examples.

72 / 86



Thank you!

Thank you for your attention!
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Technical appendix
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The Sobolev space H1(Ω)

Let Ω ⊂ Rd be open, and let L2(Ω) be the space of square integrable functions on Ω.

• The Sobolev space H1(Ω) is defined by:

H1(Ω) =

{
u ∈ L2(Ω) s.t. u has a weak derivative

∂u

∂xi
∈ L2(Ω) for i = 1, . . . , d

}
.

• This space is a Hilbert space for the inner product and norms:

〈u, v〉H1(Ω) =

∫
Ω

uv dx +
d∑

i=1

∫
Ω

∂u

∂xi

∂v

∂xi
dx , and ||u||H1(Ω):= 〈u, u〉

1/2
H1(Ω)

.

Reminder:

• Let u ∈ L2(Ω) and i ∈ {1, . . . , d}; if there exists a function wi ∈ L2(Ω) such that:

∀ϕ ∈ C∞c (Ω),

∫
Ω

u
∂ϕ

∂xi
dx = −

∫
Ω

wiϕ dx .

then u has weak (or distributional) partial derivative wi := ∂u
∂xi
∈ L2(Ω).

• If u ∈ C1c (Ω), then u has weak derivatives which equal its classical derivatives.
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Runge-Kutta integration of dynamical systems (I)

Let V : Rd → Rd be a (smooth) vector field; we consider the dynamical system{
x ′(t) = V (x(t)) for t ∈ (0,T ),

x(0) = x0,

for the trajectory t 7→ x(t) of a particle with velocity V .

<latexit sha1_base64="u/JiF18/ZG5TEIbgbopRmjh9x5k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Qe0oWy2k3bpZhN2N2Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+HoZua3HlFpnsgHM04xiOlA8ogzaqx0/9TzeuWK53pzkFXi56QCOeq98le3n7AsRmmYoFp3fC81wYQqw5nAaambaUwpG9EBdiyVNEYdTOanTsmZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vE5moutgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI/vLLq6R54fqXbvWuWqm5eRxFOIFTOAcfrqAGt1CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AEHFo2U</latexit>

x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="8xCRVk6mF2iufM6nRBdTLReArV4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0ikqMeCF48V7Ae0oWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa59FQzF4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90EGZNJaqgki0VRypGJUf44GjJFieFTSzBRzN6KyBgrTIyNp2xD8JdfXiXtS9e/cuv39WrDLeIowSmcQQ18uIYG3EETWkBgDM/wCm+OcF6cd+dj0brmFDMn8AfO5w9+s43U</latexit>

x(t)
<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•

Introducing a subdivision tn = n∆t of (0,T ), n = 0, . . . ,N := T/∆t, we aim to
calculate an approximation xn of x(tn).
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Runge-Kutta integration of dynamical systems (II)

The first-order, explicit Euler approximation of this dynamical system reads:{
xn+1 = xn + ∆tV (xn) for n = 0, . . . ,N − 1,

x0 = x0.

<latexit sha1_base64="dLxij+/jy/kDFZc0O5TvAJ4EH4k=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgadmVol6EghePFewHtGvJptk2NJtdkqy0LP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfqPC2vrG5lZxu7Szu7d/UD48auo4VZQ1aCxi1Q6IZoJL1jDcCNZOFCNRIFgrGN3O/NYTU5rH8sFMEuZHZCB5yCkxVmqNH92bcc/tlSuu486BV4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNS91Us4TQERmwjqWSREz72fzcKT6zSh+HsbIlDZ6rvycyEmk9iQLbGREz1MveTPzP66QmvPYzLpPUMEkXi8JUYBPj2e+4zxWjRkwsIVRxeyumQ6IINTahkg3BW355lTQvHO/Sqd5XKzUnj6MIJ3AK5+DBFdTgDurQAAojeIZXeEMJekHv6GPRWkD5zDH8Afr8AYqJjv8=</latexit>

x0 = x0

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>• <latexit sha1_base64="zDLyga+yO606+XlG4VUT59lveGc=">AAAB7XicdVDLSgNBEOz1GeMr6tHLYBDiZdmVoB4DXjxGMJtAsoTZyWwyZnZmmZkVw5J/8OJBEa/+jzf/xslDiK+ChqKqm+6uKOVMG8/7cJaWV1bX1gsbxc2t7Z3d0t5+oGWmCG0QyaVqRVhTzgRtGGY4baWK4iTitBkNLyd+844qzaS4MaOUhgnuCxYzgo2VgqBy3/VOuqWy73pTIO8X+bLKMEe9W3rv9CTJEioM4Vjrtu+lJsyxMoxwOi52Mk1TTIa4T9uWCpxQHebTa8fo2Co9FEtlSxg0VRcncpxoPUoi25lgM9A/vYn4l9fOTHwR5kykmaGCzBbFGUdGosnrqMcUJYaPLMFEMXsrIgOsMDE2oOJiCP+T4NT1z9zqdbVcc+dxFOAQjqACPpxDDa6gDg0gcAsP8ATPjnQenRfndda65MxnDuAbnLdPd9SOWg==</latexit>

V (x0)

<latexit sha1_base64="rNE6QdB0GElSRGLOtq6MeMKP2BM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ikqMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2leuf+3WH+q1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/dPuPmQ==</latexit>•
<latexit sha1_base64="fn6Oo2aFvH1QTD5fwTPmx0b0Gsw=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCRAi7EtSLENCDxwjmAckmzE5mkyGzD2Z6JWHJwYu/4sWDIl79CG/+jZNkD5pY0FBUddPd5UaCK7CsbyOzsrq2vpHdzG1t7+zumfsHdRXGkrIaDUUomy5RTPCA1YCDYM1IMuK7gjXc4fXUbzwwqXgY3MM4Yo5P+gH3OCWgpa6ZH3VsfIVHHQuf4vYNE0Aw4HpRCydds2CVrBnwMrFTUkApql3zq90LaeyzAKggSrVsKwInIRI4FWySa8eKRYQOSZ+1NA2Iz5STzJ6Y4GOt9LAXSl0B4Jn6eyIhvlJj39WdPoGBWvSm4n9eKwbv0kl4EMXAAjpf5MUCQ4inieAel4yCGGtCqOT6VkwHRBIKOrecDsFefHmZ1M9K9nmpfFcuVEppHFmUR0eoiGx0gSroFlVRDVH0iJ7RK3oznowX4934mLdmjHTmEP2B8fkDU/eVSg==</latexit>

x1 = x0 + �tV (x0)

<latexit sha1_base64="XuqRzcktLnXKpxaXk3enXnPpans=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoMQL8uuBPUY8OIxgtkEkhhmJ7PJmNmZZWZWDEv+wYsHRbz6P978GycPIb4KGoqqbrq7woQzbTzvw8ktLa+sruXXCxubW9s7xd29QMtUEVonkkvVDLGmnAlaN8xw2kwUxXHIaSMcXkz8xh1VmklxbUYJ7cS4L1jECDZWCoLy/Y1/3C2WfNebAnm/yJdVgjlq3eJ7uydJGlNhCMdat3wvMZ0MK8MIp+NCO9U0wWSI+7RlqcAx1Z1seu0YHVmlhyKpbAmDpuriRIZjrUdxaDtjbAb6pzcR//JaqYnOOxkTSWqoILNFUcqRkWjyOuoxRYnhI0swUczeisgAK0yMDaiwGML/JDhx/VO3clUpVd15HHk4gEMogw9nUIVLqEEdCNzCAzzBsyOdR+fFeZ215pz5zD58g/P2CXfTjlo=</latexit>

V (x1)
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x2
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x3

This method is only first-order accurate as ∆t → 0:

∀n ∈ 0, . . . ,N, |x(tn)− xn| ≤ C∆t for some constant C > 0.
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Runge-Kutta integration of dynamical systems (III)

According to the Runge-Kutta 2 method, the iterate xn+1 is obtained from xn by:

¶ An attempt step is performed
with the 1st-order Euler method:

x̃n+1 := xn + ∆tV (xn).

· Another attempt step is per-
formed from x̃n+1:

x̃n+2 := x̃n+1 + ∆tV (x̃n+1).

¸ The point xn+1 is obtained by av-
eraging:

xn+1 =
1
2

(xn + x̃n+2).
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x0 = x0
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ex1 = x0 + �tV (x0)
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ex2 = ex1 + �tV (ex1)
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x1 =
1

2
(x0 + ex2)

This method is second-order accurate:

∀n = 0, . . . ,N, |x(tn)− xn| ≤ C∆t2 for some constant C > 0.
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