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Foreword

• Shape and topology optimization is a ubiquitous con-
cern in the design of physical systems.

• Many “topology optimization” approaches represent the
design variable by a density function, e.g. the homoge-
nization method or the SIMP method.

• Alternatively, the Level Set Method allows for an ex-
plicit representation of the optimized shape, which is a
domain Ω in Rd , d = 2 or 3.

• The Level Set Method for shape and topology optimiza-
tion relies on two ingredients:

- The Hadamard method for geometric shape variations,

- The Osher-Sethian algorithm for the robust descrip-
tion of arbitrary shape evolution, including topological
changes.

Optimization of a staircase (courtesy
of Ansys).

Dramatic evolution of a shape under
optimization.

2 / 85


 Created using medit 4.1a Mar. 30, 2012, (c) INRIA


cantils.mp4
Media File (video/mp4)



Contents of the webinar series

• Webinar 1 Introduction to the Level Set Method for shape and topology
optimization.

- The Level Set Method for interface capturing.

- Deployment of the Level Set Method for shape and topology optimization.

- First numerical experiments.

• Webinar 2 Mathematical and technical details of the Level Set Method.

- Calculation of shape derivatives by the adjoint method.

- Advanced practice of the Level Set Method: Hilbertian method,
optimization algorithm, use of simplicial meshes.

• Webinar 3 The body-fitted Level Set Method, based on remeshing.

- A taste of meshing and remeshing techniques.

- Multi-physics applications and beyond.

3 / 85



Webinar 1 Introduction to the Level Set Method for optimal design

- The Level Set Method for interface capturing.

- Deployment of the Level Set Method for shape and topology optimization.

- First numerical experiments.
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Part I

Basic principles

1 Basic principles
Presentation of the setting
Differentiation with respect to the shape
Towards numerical implementation

2 The Level Set algorithm

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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A general formulation

We consider a shape and topology optimization problem of the form:

min
Ω

J(Ω) s.t. G(Ω) = 0. (P)

In this formulation:

• The design variable is a shape, i.e. a domain Ω in Rd , d = 2 or 3.

• J(Ω) is an objective function.

• G(Ω) = (G1(Ω), . . . ,Gp(Ω)) is a collection of p (equality) constraints (for
simplicity, no inequality constraints).

• J(Ω) or some of the Gi (Ω) depend on Ω via a state uΩ, solution to a physical
boundary value problem posed on Ω.

In this first Webinar, we focus on the unconstrained problem:

min
Ω

J(Ω).

(Possibly, volume constraints are incorporated to J(Ω) by fixed penalization)
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An example in thermal conduction

Let D ⊂ Rd be made of two materials with conductivities 0 < α < β.

• The temperature is set to 0 on ΓD ⊂ ∂D.

• The remaining boundary ∂D \ ΓD is insulated.

• A source f : D → R is acting in the medium.

• The design variable is the shape Ω ⊂ D of the phase β.
<latexit sha1_base64="HnKMTBRZ6VLo8oRkqYAP58JGmHw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9OAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5hGjMo=</latexit>

D

<latexit sha1_base64="mLt1jOgpFnicbpxmzMNrdW5EH30=">AAAB73icdVDJSgNBEK2JW4xb1KOXwSB4CjMi0YOHgIIeI5gFkiHUdHqSJt09Y3ePEIb8hBcPinj1d7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFqypmkdcMMp61EURQhp81weD7xm3dUaRbLGzNKaCCwL1nECBortTqXKAR2L7rFkl/2pnC9X+TTKsEctW7xrdOLSSqoNISj1m3fS0yQoTKMcDoudFJNEyRD7NO2pRIF1UE2vXfsHlil50axsiWNO1W/TmQotB6J0HYKNAP905uIf3nt1ESnQcZkkhoqyWxRlHLXxO7kebfHFCWGjyxBopi91SUDVEiMjajwNYT/SeOo7FfKlevjUvVsHkce9mAfDsGHE6jCFdSgDgQ43MMjPDm3zoPz7LzMWnPOfGYXvsF5/QCfBY+y</latexit>

�D

<latexit sha1_base64="8ASWFKr2YR3m6NLHUkDehh/6QoU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXrwZwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjG1zP/4Ylqw5S8t5OEhgIPJYsZwdZJ7d6toEPcL1f8qj8HWiVBTiqQo9kvf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0r6oBvVq/a5WadTyOIpwAqdwDgFcQgNuoAktIPAIz/AKb57yXrx372PRWvDymWP4A+/zB16Njvg=</latexit>

⌦

The temperature uΩ inside D is the solution of the two-phase conductivity equation:
−div(γΩ∇uΩ) = f in D

uΩ = 0 on ΓD ,

γΩ
∂uΩ
∂n

= 0 on ∂D \ ΓD ,
where γΩ(x) =

{
β if x ∈ Ω,

α if x ∈ D \ Ω.

The mean temperature within D is minimized, for a given amount of good conductor:

J(Ω) =
1
|D|

∫
D

uΩ dx , G(Ω) = Vol(Ω)− VT , where Vol(Ω) :=

∫
Ω

dx .
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An example in solid mechanics

• The shape Ω ⊂ Rd is a mechanical structure.

- It is fixed on a subsett ΓD of its boundary,

- Surface loads g : ΓN → Rd are applied on a
disjoint region ΓN ⊂ ∂Ω.

• The displacement uΩ : Ω → Rd is the solution to
the linear elasticity system:

−div(Ae(uΩ)) = 0 in Ω,
uΩ = 0 on ΓD ,

Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ,

where e(u) = 1
2 (∇uT + ∇u) is the strain tensor,

and A is the Hooke’s law of the material.

• One common objective function is the compliance:

J(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx =

∫
ΓN

g · uΩ ds.

�D

The linear elasticity model

Optimized design of a pylon
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A wide variety of applications beyond
More recently, optimal design appears in such diverse fields as:

• Fluid mechanics: external aerodynamics, fluid transport, mixing devices, etc.

Optimized 2d section of a heat exchanger. Optimized shape of a solid obstacle to a fluid flow.

• Electromagnetism: electric machines, current sensors, photonic crystals...

Optimized section of a rotor. Optimized shape of a nanophotonic polarization converter.

• Quantum chemistry, with the theory of Maximum Probability Domains.
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Part I

Basic principles

1 Basic principles
Presentation of the setting
Differentiation with respect to the shape
Towards numerical implementation

2 The Level Set algorithm

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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Differentiation with respect to the shape

• The solution of (P) calls for a notion of derivative of a function J(Ω) with respect
to the shape Ω.

• In a vector space, derivatives are defined from “small variations” of the variables.

<latexit sha1_base64="1oNNcPuIRKs9Y+0fpdBeKM9p/XU=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpGSqfdFdy4bMFeoB1KJj1tYzOZIckIZegTuHGhiFsfyZ1vY6atoKI/BD7+cw455w9iwbUh5MPJbWxube/kdwt7+weHR8Xjk46OEsWgzSIRqV5ANQguoW24EdCLFdAwENANZtdZvXsPSvNI3pp5DH5IJ5KPOaPGWi0yLJZImRCvSmo4A7fieUsgXt3DbgZWJbRWc1h8H4wiloQgDRNU675LYuOnVBnOBCwKg0RDTNmMTqBvUdIQtJ8uF13gC+uM8DhS9kmDl+73iZSGWs/DwHaG1Ez171pm/lXrJ2Zc81Mu48SAZKuPxonAJsLZ1XjEFTAj5hYoU9zuitmUKsqMzaZgQ/i6FP8PnauyWy1XW5VSo76OI4/O0Dm6RC7yUAPdoCZqI4YAPaAn9OzcOY/Oi/O6as0565lT9EPO2yfUvoz1</latexit>
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f(x+h)
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f 0(x)(h)

The derivative f ′(x) of f : R2 → R is defined from the fact that, for “small” h ∈ R2, f (x + h) ≈ f (x) + f ′(x)(h).

• Likewise, shape derivatives build on “small variations” of a given shape Ω.

• What is a convenient small increment for a shape ?
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Differentiation with respect to the shape: Hadamard’s method (I)

• Hadamard’s boundary variation method
features variations of a shape Ω of the form:

Ωθ := (Id + θ)(Ω),

for “small” vector fields θ : Rd → Rd .

• In the mathematical theory θ ∈ C1(Rd ;Rd). ⌦
⌦✓

✓(x)

x
•

• Idea: Perturbations of a reference shape Ω are parametrized by the vector field θ.

• When θ is “small”, Ω and Ωθ have the same topology.

� A. Henrot and M. Pierre, Shape Variation and Optimization, EMS Tracts in
Mathematics Vol. 28, 2018.
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Differentiation with respect to the shape: Hadamard’s method (II)

Definition.
Let Ω ⊂ Rd be a smooth domain. A function Ω 7→ J(Ω) is shape differentiable at Ω
if the mapping

θ 7→ J(Ωθ)

is differentiable at 0, i.e. the following expansion holds:

J(Ωθ) = J(Ω) + J ′(Ω)(θ) + o (θ) , where
o(θ)

||θ||
θ→0−−−→ 0.

The mapping θ 7→ J ′(Ω)(θ) is the shape derivative of J(Ω) at Ω.

A descent direction for J(Ω) is a vector field θ such that J ′(Ω)(θ) < 0:

For “small” τ > 0, J(Ωτθ) ≈ J(Ω) + τJ ′(Ω)(θ) < J(Ω);

⇒ A “small” perturbation of Ω according to θ entails a decrease of J(Ω).
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First examples of shape derivatives (I)

Lemma.

Let Ω ⊂ Rd be a smooth bounded domain, and let f be a fixed smooth function.
Consider the functional:

J(Ω) =

∫
Ω

f (x) dx

Then J(Ω) is shape differentiable at Ω and its shape derivative is:

J ′(Ω)(θ) =

∫
∂Ω

f (x)
(
θ(x) · n(x)

)
ds(x).
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First examples of shape derivatives (II)

<latexit sha1_base64="MYiM2HELet/l2eAqlUAhx1+3Umg="></latexit>

⌦✓

⌦
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f✓ · n
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f✓ · n

Intuition: For “small” θ, the variation of J(Ωθ) with respect to J(Ω) is proportional to the distance θ · n between
both sets and to the magnitude of f .
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First examples of shape derivatives (III)

• This formula is a particular case of the Transport (or Reynolds) theorem, used to
derive the equations of motion from conservation principles in fluid mechanics:

d
dt

(∫
Ω(t)

f (t, x) dx

)
︸ ︷︷ ︸
Total amount of f (t,x)

within moving domain Ω(t)

=

∫
Ω(t)

∂f

∂t
(t, x) dx︸ ︷︷ ︸

“Eulerian” change of f (t,x)
over time

+

∫
∂Ω(t)

f (t, x)(θ · nt)(x) ds(x)︸ ︷︷ ︸
Variation of f due to
the motion of Ω(t)

.

• This result gives the shape derivative of the volume functional

Vol(Ω) =

∫
Ω

1 dx .

Indeed,

Vol′(Ω)(θ) =

∫
∂Ω

θ · n ds =

∫
Ω

divθ dx .

⇒ If divθ = 0, the volume is unchanged (at first order) when Ω is perturbed by θ.
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First examples of shape derivatives (IV)

Lemma.

Let Ω ⊂ Rd be a smooth bounded domain, and let g : Rd → R be a smooth
function. Consider the functional:

J(Ω) =

∫
∂Ω

g(x) ds.

Then J(Ω) is shape differentiable at Ω and its shape derivative is:

J ′(Ω)(θ) =

∫
∂Ω

(
∂g

∂n
+ κg

)
(θ · n) ds,

where κ is the mean curvature of ∂Ω.

Example: The shape derivative of the perimeter Per(Ω) =
∫
∂Ω

1 ds is:

Per′(Ω)(θ) =

∫
∂Ω

κ (θ · n) ds.
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First examples of shape derivatives (V)

⌦

•

• •

•
✓

⌦✓
<latexit sha1_base64="rhq08dkCWcyaVizDALcG4+ToXMQ="></latexit>

Intuition: θ = −κn is a descent direction for Per(Ω) which is reduced by smearing the bumps of ∂Ω (i.e.
θ · n < 0 when κ > 0), and sealing its holes (i.e. θ · n > 0 when κ < 0).
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Structure of shape derivatives (I)

Theorem.
The shape derivative of a function J(Ω) has the following Hadamard structure:

J ′(Ω)(θ) =

∫
∂Ω

vΩ(x) θ(x) · n(x) ds(x),

where the scalar field vΩ : ∂Ω→ R depends on:

• The state uΩ, solution to the physical boundary value problem at play (if
applicable).

• An adjoint state pΩ, solution to a problem depending on J(Ω).

• Geometric quantities related to ∂Ω (normal vector, curvature).

This may hold in the sense of distributions and depend on surface derivatives of θ · n.

The practical computation of shape derivatives by the adjoint method will be
presented in Webinar 2.
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Structure of shape derivatives (II)

• The structure of J ′(Ω)(θ) encodes that it only depends on the normal component
of θ on the boundary:

θ · n = 0 on ∂Ω ⇒ J ′(Ω)(θ) = 0.

⌦

✓⌦✓

A tangential vector field θ, (i.e. θ · n = 0) only accounts for a convection of the shape Ω and J′(Ω)(θ) = 0.

• A descent direction for J(Ω) is readily revealed from this expression:

θ = −vΩn ⇒ J ′(Ω)(θ) < 0.
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Part I

Basic principles

1 Basic principles
Presentation of the setting
Differentiation with respect to the shape
Towards numerical implementation

2 The Level Set algorithm

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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A generic numerical algorithm

Hadamard’s boundary variation method paves the way to a gradient algorithm for the
(unconstrained) problem

min
Ω

J(Ω). (P)

• Input: Initial guess Ω0.

• For n = 0, ..., until convergence,
¶ Compute the solution uΩn (and the adjoint pΩn ) on the domain Ωn.

· From the shape derivative J ′(Ωn), infer a descent direction θn for J(Ω).

¸ Update the shape Ωn according to θn, so as to get

Ωn+1 := (Id + τ nθn)(Ωn),

with a “small” descent step τ n > 0 such that J(Ωn+1) ≤ J(Ωn).

• Return: Optimized shape Ω∗.

This geometric shape optimization algorithm faces two main difficulties:

• The shape representation has to be updated during the iterations Ωn 7→ Ωn+1;

• The topology of Ωn never changes.
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The classical framework: “Lagrangian” approach

• Each shape Ωn is represented by a (triangular) mesh T n.

• The Finite Element method is applied on T n for computing uΩn (and pΩn ).

• The descent direction θn is obtained from the surface form of the shape derivative:

J ′(Ωn)(θ) =

∫
∂Ωn

vΩn θ · n ds ⇒ θn = −vΩnn on ∂Ωn.

• The update Ωn (Id+τnθn)7−→ Ωn+1 is realized by pushing the nodes of T n along τ nθn,
to obtain the new mesh T n+1:

∀ vertex x ∈ T n, x 7−→ x + τ nθn(x).

Pushing nodes according to the velocity field may result in an invalid configuration.
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An example of the “Lagrangian” approach

• We minimize the compliance C(Ω) of a cantilever beam:

C(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx ,

where uΩ is the elastic displacement of Ω.

• A volume constraint is imposed: G(Ω) = Vol(Ω)− VT .

⌦�D

<latexit sha1_base64="MSJj2WBYUCYygB6pQsOZeHHDpWM="></latexit>

�N

<latexit sha1_base64="E9Ly6eFXeSIKH7x/mXQRQZEVauQ="></latexit>g

The topology does not change and the algorithm stops because it wants to, but cannot break a thin bar.
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Part II

The Level Set algorithm

1 Basic principles

2 The Level Set algorithm
Capturing interfaces with Level Sets
The Level Set equations governing the evolution of shapes
Numerical solution of the Level Set equation
(Re-)Initializing Level Set functions

3 The Level Set Method for shape and topology optimization

4 A few illustrations

25 / 85



Foreword about the Level Set Method

• The Level Set algorithm was pioneered by Osher and
Sethian [OSeth] to represent moving interfaces.

• A moving shape Ω(t) is described implicitly, via a
Level Set function

φ(t, x), t > 0, x ∈ D,

defined on a fixed “hold-all” domain D.

• The shape Ω(t) is not meshed, and can undergo
dramatic evolutions, including topological changes.

• This viewpoint has progressively been adopted in
applicative fields so diverse as fluid mechanics, ma-
terial science, imaging, solid mechanics,...

• ... and shape and topology optimization!

Collapse of a water column

Active contour algorithm for
image segmentation [CreRouDe].
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Origin of the Level Set algorithm (I)

• Let Ω(t) be a shape with boundary Γ(t), evolving via a given velocity field V (t, x).

• Early Lagrangian approaches to represent the motion of Ω(t) track the motion of
its individual points.

Definition (Characteristic curve).

Let V : Rt × Rd
x → Rd be a smooth velocity field. The characteristic curve

t 7→ χ(x0, t) emerging from a point x0 ∈ Rd at time t = 0 is defined by the ODE:{ d
dt (χ(x0, t)) = V (t, χ(x0, t)) for t ∈ (0,T ),

χ(x0, 0) = x0.

•
•

•

x0

x1

x2

<latexit sha1_base64="rlnUdEFW0ota12Uq2eNf4MuKApc="></latexit>

V (t0, x0)

Three characteristic curves of the velocity field V starting at t = 0 from different points x0, x1, x2.
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Origin of the Level Set algorithm (II)

“Intuitive” definition of an evolving domain
A domain Ω(t) evolves from an initial configuration Ω(0) according to a velocity field
V (t, x) if it is obtained by advection of its points along V :

Ω(t) =
{
χ(x0, t), x0 ∈ Ω(0)

}
.

⌦(t0)

⌦(t)

•

•

x0

<latexit sha1_base64="+ghR4N++o1ErNisL71nTyM3kXCs="></latexit>

�(x0, t)

V (t0, x0)

<latexit sha1_base64="lR2WQONYfH2ksxUfizvg2XJF1rQ="></latexit>

V (t, �(x0, t))
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Origin of the level set algorithm (III)

• This Lagrangian viewpoint is unable to accommodate the onset of singularities and
self-intersections.
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• A robust method for dealing with such phenomena should be:

- Irreversible: the algorithm “selects” a behavior when Ω(t) becomes singular.
- Capable of handling general velocity fields V (t, x) depending on Γ(t)
through its normal n(t, x), mean curvature κ(t, x), etc.

• The Level Set Method is such a Eulerian, shape capturing strategy.
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Representation of shapes with the Level Set Method (I)

Paradigm: A shape Ω is implicitly defined by a “Level Set” function φ : Rd → R:

∀x ∈ Rd ,

 φ(x) = 0 if x ∈ Γ := ∂Ω,
φ(x) < 0 if x ∈ Ω,
φ(x) > 0 otherwise.

<latexit sha1_base64="aoCj5kr9+YkzsiczxBngGkHqPSw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL96MYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4Zua3n6g2TMkHO0loKPBQspgRbJ3U6t0JOsT9csWv+nOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxtfhxmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqcFmt3dcq9VoeRxFO4BTOIYArqMMtNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AF3pjvY=</latexit>

⌦

a b
(a) A bounded domain Ω ⊂ R2; (b) Graph of an associated Level Set function.
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Implicit geometries

Most operations on shapes Ω ⊂ Rd can be realized via Level Set functions φ(x).

¶ Calculation of the unit normal vector n to Γ pointing outward Ω:

∀x ∈ Γ, n(x) =
∇φ(x)

|∇φ(x)| .

n(x)

x
⌦

•

Normal vector to a domain Ω; some isolines of φ are dotted.

· Calculation of the mean curvature κ of Γ:

∀x ∈ Γ, κ(x) = div
(
∇φ(x)

|∇φ(x)|

)
.

¸ Calculation of integrals on Ω and Γ with an Heaviside function.
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Part II

The Level Set algorithm

1 Basic principles

2 The Level Set algorithm
Capturing interfaces with Level Sets
The Level Set equations governing the evolution of shapes
Numerical solution of the Level Set equation
(Re-)Initializing Level Set functions

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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Evolving domains (I)

• Let Ω(t) ⊂ Rd be a domain with boundary Γ(t), evolving over a time period
(0,T ) according to a velocity field V (t, x).
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⌦(T )
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V (t, x)

• Let φ(t, ·) be a Level Set function for Ω(t):


φ(t, x) < 0 if x ∈ Ω(t),
φ(t, x) = 0 if x ∈ Γ(t),

φ(t, x) > 0 if x ∈ Rd \ Ω(t).

Questions

• How does the motion of Ω(t) translate in terms of φ(t, ·)?

• To start with, what does it even mean for Ω(t) to evolve according to V (t, x)?
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Evolving domains (II)

• The motion of Ω(t) depends only on the normal component of V (t, x).

A tangential velocity V (t, x), (i.e. V · n = 0) only accounts for a sliding of Ω(t).

• The tangential component of V (t, x) can thus be ignored.
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Evolving domains (III)

The motion of Ω(t) may be classified into three categories depending on the nature
of the velocity field V (t, x).

¶ Ω(t) is passively transported when V (t, x) does not depend on Ω(t), i.e. it is a
prescribed datum.

· The velocity V (t, x) depends on local features of Ω(t) or Γ(t), such as:

• The normal vector n(t, x) at x ∈ Γ(t);

• The mean curvature κ(t, x) of Γ(t).

¸ The field V (t, x) depends on global features of the domain Ω(t), e.g. it
depends on the solution to a partial differential equation (PDE) posed on Ω(t).
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Example (I): The flame propagation model

The shape Ω(t) is a burnt region, which expands with constant, normal velocity c:

V (t, x) = c n(t, x), where c > 0 is a constant.

•
•

•
•

• •

•

•
•

•

•

•

An example of the dynamics in the flame propagation model.
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Example (II): The mean curvature flow

The velocity field V (t, x) reads:

V (t, x) = −κ(t, x) n(t, x),

that is, Ω(t) evolves by “resorption of its bumps”, and “filling of its creases”.

•
•

•

• •

•

•
•

•

•

•

•

•

•
•

•

An example of the dynamics of the mean curvature flow: Grayson’s theorem [Grayson].
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Deriving an equation for the Level Set evolution (I)

• Let Ω(t) be a shape moving with velocity field V (t, x) (that may depend on Ω(t)).

• Let φ(t, ·) be a smooth Level Set function for Ω(t), i.e:

∀t ∈ (0,T ), x ∈ Rd ,


φ(t, x) < 0 if x ∈ Ω(t),
φ(t, x) = 0 if x ∈ Γ(t),

φ(t, x) > 0 if x ∈ Rd \ Ω(t).

• Let x0 ∈ Γ(0) be fixed; by the intuitive definition of an evolving domain, it comes:

∀t ∈ (0,T ), φ(t, χ(x0, t)︸ ︷︷ ︸
∈Γ(t)

) = 0.

• Differentiating and using the chain rule, we obtain:

∂φ

∂t
(t, χ(x0, t)) +

d
dt

(χ(x0, t))︸ ︷︷ ︸
=V (t,χ(x0,t))

·∇φ(t, χ(x0, t)) = 0.
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Deriving an equation for the Level Set evolution (II)

• Since this holds for any point x0 ∈ Γ(0), we obtain the Level Set advection
equation

∀t ∈ (0,T ), x ∈ Rd ,
∂φ

∂t
(t, x) + V (t, x) · ∇φ(t, x) = 0. (LS-ADV)

• Since the tangential component of the velocity does not play any role, one may
assume that V (t, x) is aligned with the normal vector n(t, x) to Ω(t), that is:

V (t, x) = v(t, x)
∇φ(t, x)

|∇φ(t, x)|︸ ︷︷ ︸
=n(t,x)

, for some scalar field v(t, x).

The equation (LS-ADV) rewrites as the Level Set Hamilton-Jacobi equation

∀t ∈ (0,T ), x ∈ Rd ,
∂φ

∂t
(t, x) + v(t, x)|∇φ(t, x)|= 0. (LS-HJ)
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Evolving domains: comments (I)

• Strictly speaking, (LS-ADV) and (LS-HJ) only hold for pairs (t, x) with x ∈ Γ(t).
However, the previous analysis applies mutatis mutandis when

x0 ∈ Γc(0) :=
{
x ∈ Rd , φ(0, x) = c

}
, for arbitrary c ∈ R.

Thus, the equations (LS-ADV) and (LS-HJ) actually encode that all the level sets
of φ move according to V (t, x).

• The velocity fields V (t, x) and v(t, x) often make sense only for x ∈ Γ(t). In the
above derivation, it is assumed that they are extended to the whole space Rd .
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Evolving domains: comments (II)

• Critically, this derivation rests upon the assumption that Ω(t), V (t, x), φ(t, x)
stay smooth over (0,T ).

Question

How is it possible to account for the evolution of Ω(t) when either the domain Ω(t),
or the velocity field V (t, x) has developed a singularity?

This problem is not a pure mathematicality: even in the simplest models, Ω(t) and
V (t, x) (thus φ(t, x)) become singular in finite time.
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Emergence of singularities (I)

In the flame propagation model, a domain Ω(t) initially featuring a concave region
evolves according to the velocity field V (t, x) = n(t, x).

•
⌦(0)

A few positions of Γ(t); at a critical time, Γ(t) develops a singularity where n(t, x) (thus V (t, x)) is not defined
(blue dot).
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Emergence of singularities (II)

There are then several ways of giving a sense to the evolution of the front once a
singularity has appeared.

(Left) Evolution of Ω(t) obtained by “pursuing the motion” of all the points of Γ(t) where the normal vector is
defined; (right) Evolution of Ω(t) obtained by imposing an “entropy criterion”: “a burnt point stays burnt”.
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Emergence of singularities (III)

• Singularities are inevitable, even when the initial situation is smooth.

• What happens after the onset of singularities is actually a matter of defining the
motion of a possibly non smooth domain, under a possibly non smooth velocity.

• The theory of viscosity solutions [Ba, CIL] offers a notion of solutions which selects
the correct physical evolution.

Mathematical definition of an evolving domain

¶ Start from any Level Set function φ0(x) for the initial domain Ω(0).

· Find the unique viscosity solution of the Level Set evolution equation{
∂φ
∂t

(t, x) + v(t, x)|∇φ(t, x)|= 0 for t ∈ (0,T ), x ∈ Rd ,
φ(0, x) = φ0(x) for x ∈ Rd .

¸ Define the domain Ω(t) by Ω(t) =
{
x ∈ Rd , φ(t, x) < 0

}
.
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Emergence of singularities: final comments

Why solve the non-linear Hamilton-Jacobi equation (LS-HJ) instead of using the
simple Lagrangian evolution scheme?

• The Lagrangian method is unable to define the motion of Ω(t) after the onset of
singularities.
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?

• The theory of viscosity solutions for Hamilton-Jacobi equations goes beyond the
singularities and defines fronts for all times t.

• Viscosity solutions naturally accommodate topology changes.

• This is at the price of loosing time-reversibility of the evolution.
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The Level Set method: a short summary

• Domain Ω ⊂ Rd . • Level Set function φ(t, x).

• Evolution w.r.t. a normal vector field
V (t, x) = v(t, x)n(t, x).

• Resolution of the Level Set equation.
∂φ
∂t

(t, x) + v(t, x)|∇φ(t, x)| = 0.
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Part II

The Level Set algorithm

1 Basic principles

2 The Level Set algorithm
Capturing interfaces with Level Sets
The Level Set equations governing the evolution of shapes
Numerical solution of the Level Set equation
(Re-)Initializing Level Set functions

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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Solution of the Level Set equation (I)

Let Ω(t) be a shape, described by a Level Set function φ(t, x)

Ω(t) =
{
x ∈ Rd , φ(t, x) < 0

}
,

evolving through a normal velocity v(t, x) (a descent direction for its optimization).

• The Level Set Hamilton-Jacobi equation is{
∂φ
∂t

(t, x) + v(t, x)|∇φ(t, x)| = 0 for (t, x) ∈ (0,T )× Rd ,
φ(t = 0, x) = φ0(x) for x ∈ Rd .

• We discretize (0,T ) into a series of sub-intervals 0 = t0 < t1 < . . . < tN = T ,
where the velocity is assumed to be constant in time:

v(t, x) ≈ vn(x) := v(tn, x), for t ∈ (tn, tn+1).

• Doing so, it is enough to consider a steady-state velocity v(x):{
∂φ
∂t

(t, x) + v(x)|∇φ(t, x)| = 0 for (t, x) ∈ (0,T )× Rd ,
φ(t = 0, x) = φ0(x) for x ∈ Rd .
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Solution of the Level Set equation (II)

• We present numerical schemes for first-order Hamilton-Jacobi equations of the
form: {

∂φ
∂t

(t, x) + v(x)|∇φ(t, x)| = 0 for (t, x) ∈ (0,T )× Rd ,
φ(t = 0, x) = φ0(x) for x ∈ Rd .

• The theory of viscosity solutions for Hamilton-Jacobi equations gives existence and
uniqueness of solutions for this equation.

• It also proposes adequate numerical schemes to compute viscosity solutions.

• The key idea of these numerical schemes is to rely on upwinding, as in fluid
mechanics.

• For simplicity, we focus on the 2d situation, where the space is equipped with a
Cartesian grid.
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The need for upwinding (I)

Example: When v(x) ≡ c ∈ R, (LS-HJ) is the Eikonal equation:

∂φ

∂t
(t, x) + c|∇φ(t, x)|= 0.

• The viscosity solution to this equation equals:

φ(t, x) = dΩ(0)(x)− c t, where dΩ(0)(x) =

 −d(x , Γ(0)) if x ∈ Ω(0),
0 if x ∈ Γ(0),

d(x , Γ(0)) otherwise,

is the signed distance function to the initial domain Ω(0).

• This solution is irreversible: some corners remain sharp, others get rounded.
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c = �1

• An upwind scheme is needed to distinguish both situations.
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The need for upwinding (II)

• Let us consider the one-dimensional Eikonal equation:

∂φ

∂t
(t, x) + c

∣∣∣∣∂φ∂x (t, x)

∣∣∣∣ = 0, t > 0, x ∈ R,

with constant, positive velocity c > 0.

• (Formally) Setting u = ∂φ
∂x

and taking derivatives, this becomes:

∂u

∂t
+
∂f (u)

∂x
= 0 with f (u) = c |u| convex ,

which is a one-dimensional hyperbolic equation.

• According to the “classical” theory of shock waves, the solution of the Riemann

problem with initial data u(0, x) =

{
uL x < 0,
uR x > 0. is

u(t, x) =

{
shock if uL > uR ,
rarefaction if uL < uR .

⇒
{

sharp corner for ψ,
rounded corner for ψ.

• This behavior is preserved numerically if one uses upwind schemes.
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Osher-Sethian’s first-order upwind scheme (I)

• The time interval (0,T ) is split into N = T/∆t subintervals:

(tn, tn+1), where tn = n∆t, n = 0, ...,N, and ∆t is a time step.

• The space is discretized by a Cartesian grid with steps ∆x ,∆y .

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

�x

xij = (i�x, j�y)
•

�y

j

j + 1

i + 1i

�ij
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• For i , j ∈ Z, we introduce the finite difference quantities:

D+x
ij φ =

φi+1j − φij

∆x
; D−x

ij φ =
φij − φi−1j

∆x
,

and:
D+y

ij φ =
φij+1 − φij

∆y
; D−y

ij φ =
φij − φij−1

∆y
.

52 / 85



Osher-Sethian’s first-order upwind scheme (II)

The Level Set Hamilton-Jacobi equation is solved by the following numerical scheme:

{
∀n ∈ N, i , j ∈ Z, φn+1

ij = φn
ij −∆t

(
max(vij , 0)∇+

ij φ
n + min(vij , 0)∇−ij φ

n
)
,

∀i , j ∈ Z, φ0ij = φ0(i∆x , j∆y),

with the discretizations ∇+
ij φ and ∇−ij φ of the gradient norm |∇φ| defined by:

∇+
ij φ =

(
max(max(D−x

ij φ, 0),−min(D+x
ij φ, 0))2

+ max(max(D−y
ij φ, 0),−min(D+y

ij φ, 0))2

) 1
2

,

and

∇−ij φ =

(
max(max(D+x

ij φ, 0),−min(D−x
ij φ, 0))2

+ max(max(D+y
ij φ, 0),−min(D−y

ij φ, 0))2

) 1
2

.
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Osher-Sethian’s first-order upwind scheme (III)

• The quantity ∇+
ij φ (resp. ∇−ij φ) is upwind (resp. downwind): it involves only those

values among {φi−1j , φi+1j , φij−1, φij+1} which are smaller (resp. larger) than φij .

• The discretization of the Hamiltonian H(x , p) = v(x)|p| by the quantity

max(vij , 0)∇+
ij φ

n + min(vij , 0)∇−ij φ
n

is upwind: for given i , j , n, the update φn
ij → φn+1

ij is only carried out using
information coming from

- smaller values than φn
ij if vij ≥ 0,

- larger values than φn
ij ≤ 0.

• This scheme is convergent, provided the following CFL-like condition is fulfilled:(
sup
i,j

vij

)
∆t

min(∆x ,∆y)
≤ 1, i.e.

“The information cannot travel more than one cell during one time step” .

• High-order variants of this strategy are available.
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The need for calculating / re-initializing distance functions (I)

The signed distance function is one preferred Level Set function for a domain Ω ⊂ Rd .

Definition (Signed distance function).

The signed distance function dΩ to a domain Ω ⊂ Rd is:

dΩ(x) =


−d(x , ∂Ω) if x ∈ Ω,

0 if x ∈ ∂Ω,

d(x , ∂Ω) if x ∈ cΩ,

where d(x , ∂Ω) = inf
y∈∂Ω

|x − y | is the usual Euclidean distance to ∂Ω.

••
0 1

••
0 1

Two Level Set functions for the domain Ω = (0, 1) ⊂ R. The signed distance function (right) satisfies
|∇dΩ(x)|= 1 for a.e. x ∈ Rd .
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The need for calculating / re-initializing distance functions (II)

• For numerical stability, it is crucial that the Level Set function φ(t, ·) of Ω(t) stay
“close” to a signed distance function for t ≥ 0:

|∇φ(t, x)|= 1 for a.e. x ∈ Rd ⇒ φ(t, ·) is not “too steep”, nor “too flat” .

• Unfortunately, even if the initial Level Set function φ0 is a signed distance
function, φ(t, ·) is bound not to stay so during motion.

• In the practice of the Level Set Method, it is essential to

- Convert the initial shape Ω(0) into a Level Set function by calculating its
signed distance function, e.g. via the Fast Marching Method.

- Periodically re-initialize a current, very steep or flat Level Set function into a
signed distance function for the same domain.

• Remark: The use of the signed distance function as a Level Set function is not
required by the theory: it is a (crucial) matter of numerical accuracy [Cho].
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Initializing distance functions with the Fast Marching algorithm

• The Fast Marching Method was pioneered in [SethianFMM].

• Inspired by Dijkstra’s algorithm, it mimicks the expansion of a front from Γ.

• An upwind discretization of the eikonal equation |∇φ|= 1 is used to predict trial
values at nodes “on the front”, from accepted values, where it has already passed.

• The front advances from closer to further nodes.

•

•
•

•

•

••
•

•

•

�

•

• accepted nodes

active nodes

far nodes

Ω

•
•

•

•

•

•
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Level Set redistancing

• Let Ω ⊂ Rd be a domain, described with a possibly “ill-shaped” Level Set function
φ0 (with very steep or flat variations).

• The function φ0 is used as the initial state of the redistancing equation [Cho]:{
∂ψ
∂t

(t, x) + sgn(φ0(x)) (|∇ψ|−1) = 0 for (t, x) ∈ (0,∞)× Rd

ψ(0, x) = φ0(x) for x ∈ Rd .

• Formally, its steady state ψ̃ satisfies:

|∇ψ̃|−1 = 0, and

ψ̃(x) = 0 on Γ = {x ∈ Rd s.t. φ0(x) = 0},

i.e. ψ̃ is the signed distance function to Ω.

• Its study reveals that φ0 is steadily “regularized” into
dΩ, starting from Γ, to the “far” region [AuAu].
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The Level Set Method: computational efficiency

• The numerical algorithms for the practice of the Level Set Method are very cheap:
no linear systems need to be inverted.

• They are explicit algorithms on Cartesian meshes: low CPU, low memory
requirement.

• Several time steps can be performed at each optimization iteration: the explicit
time step is not the descent step of optimization!

• In the next Webinar 2, we shall see how to handle the Level Set Method on
simplicial (triangular) meshes.
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Part III

The Level Set Method for
shape and topology

optimization

1 Basic principles

2 The Level Set algorithm

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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The level set Method for shape and topology optimization

• Preliminary forays of the Level Set Method in
shape optimization appear in [SeWie, OSan].

• The method was later made more systematic in
[AlJouToa, AlJouToa2, Wan].

• The shapes Ωn are embedded in a working domain
D equipped with a fixed (e.g. Cartesian) mesh T .

• The successive shapes Ωn are accounted for in the
level set framework, i.e. via a function φn : D →
R which implicitly defines them.

• Once a descent direction (≡ a velocity) θn is
found, φn is updated to φn+1 by solving the Level
Set Hamilton-Jacobi equation on T .

• This approach is versatile and does not require a
mesh of the shapes at each iteration.

74 G. ALLAIRE, F. de GOURNAY, F. JOUVE, A.-M. TOADER

Figure 8. Optimal mast in 2-d: boundary conditions and iterations 6, 11, 16,
21 and 100

of a stiff material and excluded from optimization. In the formula for J2, the
localization coefficient k(x) is non-zero (equal to 1) only at the boundary and the
target displacement u0 is (0, 1) on the top boundary, (0, −1) on the bottom one
and (0, 0) on the lateral ones. The Lagrange multiplier is ! = 0. Starting from a
full domain initialization we perform 500 iterations with the coupling parameter
ntop = 15 (see Fig. 9). As usual, the convergence is slower than for compliance
minimization (see Fig. 10). Furthermore, the computed optimal design is very
sensitive to all parameters of the algorithm including the stiffness ratio between
the weak ersatz material and the true material (which is here equal to 10−2),
the coupling parameter ntop, and the initialization. Different choices of these
parameters lead to different topologies with similar performances.

Our second example is a gripping mechanism. Fig. 11 shows the boundary
conditions and the target displacement. A small force, parallel to the target
displacement in the opposite direction, is also applied on the jaws of the me-

Shape accounted for by a Level Set
description
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The level set method in the context of shape optimization (II)

Problem: At each iteration n, no mesh of Ωn is available to solve the state and
adjoint equations on Ωn.

Remedy: Approximate these by problems posed on the total domain D.

Example: In the linear elasticity context, use the ersatz material method:


−div(Ae(uΩ)) = 0 in Ω,

uΩ = 0 on ΓD ,
Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.

≈


−div(Aεe(uΩ,ε)) = 0 in D,

uΩ,ε = 0 on ΓD ,
Aεe(uΩ,ε)n = g on ΓN ,
Ae(uΩ,ε)n = 0 on ∂D \ (ΓD ∪ ΓN),

(Problem posed on Ω) (Problem posed on D)

with the approximate Hooke’s tensor Aε := χΩA + (1− χΩ)εA, ε� 1.
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Summary of the algorithm

• Input:

• Mesh (e.g. Cartesian grid) T of the computational domain D;

• Level set function φ0 for the initial shape Ω0, defined at the vertices of T .

• For n = 0, ..., until convergence

¶ Solve the state equation for uΩn on T .
· Solve the adjoint equation for pΩn on T .
¸ Identify a descent direction θn = vn(x)n(x) for J(Ω) from Ωn.

¹ Solve the Level Set Hamilton-Jacobi equation{
∂ψ
∂t

+ vn|∇ψ|= 0 on (0, τ n)× D,
ψ(t = 0, ·) = φn.

for a “small” pseudo-time step τ n, and set φn+1 = ψ(t = τ n, ·).
º Stopping criterion (typically when vn ≈ 0).

• Return: Level set function φ∗ for the optimized shape Ω∗.
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Comments on the algorithm

• One may use different meshes TFE and TLS for the Finite Element analysis and the
practice of the Level Set method, e.g.

- A Cartesian grid TLS where the previous Finite Difference schemes are used
for the Level Set Method,

- A simplicial mesh TFE of the (complex) computational domain D for
mechanical computations by a third-party solver.

This leverages interpolation operators between TFE and TLS.

• The derivative of J(Ω) is a shape derivative, which is completely different from a
parametric derivative as in density-based methods.

• The Level Set function φ is used solely for the numerical capture of the shape
evolution: it is not the optimization variable.

• In the next Webinar 2, we shall discuss the treatment of equality and inequality
constraints in the optimization problem.
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Part IV

A few illustrations

1 Basic principles

2 The Level Set algorithm

3 The Level Set Method for shape and topology optimization

4 A few illustrations
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Optimization of a mast under multiple loads (I)
G. Allaire, A. Couvelas, C. Dapogny, R. Estevez, A. Faure & G. Michailidis

We consider the optimization of an electric pylon Ω ⊂ R3.

• At its basis ΓD , the pylon is fixed to the
ground.

• It is submitted to the weight of the cables
attached to its arms, and to wind loads.

• The displacement uΩ : Ω → R3 is the
solution to the linear elasticity system.

• The compliance of the structure,

J(Ω) =

∫
Ω

Ae(uΩ) : e(uΩ) dx

is minimized under a volume constraint.
x

y

z �D

•

•

•

••

•

•
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Optimization of a mast under multiple loads (II)
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•
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Optimization of a dome under hydrostatic pressure loads (I)
G. Allaire, F. Jouve & A.-M. Toader

We consider the optimization of the shape of a submarine dome Ω ⊂ R3.

• The dome is anchored at five points on the bottom of the design domain D.

• It is submitted to hydrostatic pressure forces:

−p0n on ∂Ω, where n : ∂Ω→ R3 is the unit normal vector to ∂Ω.

• The compliance of Ω is minimized, under a volume constraint.
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Optimization of a dome under hydrostatic pressure loads (II)
G. Allaire, F. Jouve & A.-M. Toader
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Optimization of a gripping mechanism (I)
G. Allaire, C. Dapogny & F. Jouve

• We optimize a jointless compliant mechanism, converting an input displacement
on an input region ωin into a maximum output displacement on ωout.

• We minimize the non self-adjoint “geometric advantage” criterion:

J(Ω) = −
∫
ωout
|uΩ · d | ds∫

ωin
|uΩ| ds

.
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Optimization of a gripping mechanism (II)

a b

(a) Optimized gripping mechanism; (b) Deformed configuration.
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Optimization of a stress-based functional (I)
G. Allaire & F. Jouve

• We minimize the Lp norm of the stress tensor within an L-shaped beam:

J(Ω) =

∫
Ω

k(x)||σ(uΩ)||p dx ,

under a constraint on the volume Vol(Ω) of the structure.
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<latexit sha1_base64="HnKMTBRZ6VLo8oRkqYAP58JGmHw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRL0F9OAxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ne9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9irlSv2yVL3J4sjDCZzCOXhwBVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5hGjMo=</latexit>

D
a b

(a) Setting of the L-shaped beam problem; (b) Optimized shape with respect to the compliance.
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Optimization of a stress-based functional (II)

a b c

Optimized shapes of the L-beam associated to the exponent values (a) p = 2; (b) p = 5, and (c) p = 10.
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The Level Set Method: assets and drawbacks

Assets of the method:

• Optimal design problems are formulated in the exact language of shapes: the
expressions of pressure loads, geometric constraints.... are natural.

• The Level Set Method allows to account for dramatic evolutions of the shape.

Drawbacks:

• The shape Ω is not meshed exactly: need to approximate the physical equations.

The ersatz material method works pretty well for compliance or stress optimization, but much less so for the
design of compliant mechanisms.

• The Level Set Method is quite sensitive to the initial design, especially in 2d.

• At first glance, its implementation is more complex than that of density methods:

- Admittedly, the theory of shape derivatives is pretty involved;

- Efficient open-source libraries exist for the practice of the Level Set Method.

75 / 85



Overview of the next webinars

• Webinar 2 Advanced methods for the practice of the Level Set Method.

- Practical computation of shape derivatives;

- Details on the optimization algorithms;

- Making the Level Set Method efficient in practice;

- A few applications.

• Webinar 3 A body-fitted variant of the Level Set Method.

- A taste of remeshing;

- Presentation of the method;

- Multi-physics applications.
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Thank you!

Thank you for your attention!
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Technical appendix
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Surfaces and curvature (I)

At first order, in the neighborhood of a point p ∈ Γ, a surface Γ behaves like a plane,
the tangent plane,

• With normal vector n(p),

• Which contains the tangential directions to Γ.

n(p)

�

• p
v
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Surfaces and curvature (II)

• At second order in the neighborhood of p ∈ Γ, the surface Γ has one curvature in
each tangential direction.

• The principal directions at p are those tangential directions v1(p) et v2(p)
associated to the lower and larger curvatures κ1(p) et κ2(p).

• The mean curvature κ(p) is the sum κ(p) = κ1(p) + κ2(p).

• p

n(p)

v1

v2

�

80 / 85



Bibliography

81 / 85



References I

[Al] G. Allaire, Conception optimale de structures, vol. 58 of Mathématiques &
Applications (Berlin), Springer-Verlag, Berlin, (2007).

[AlDaJou] G. Allaire, C. Dapogny, and F. Jouve, Shape and topology
optimization, in Geometric partial differential equations, part II, A. Bonito and
R. Nochetto eds., Handbook of Numerical Analysis, vol. 22, (2021), pp.1-132.

[AlJouToa] G. Allaire, F. Jouve and A.-M. Toader, A level-set method for shape
optimization, C. R. Acad. Sci. Paris, Série I, 334 (2002), pp.1125–1130.

[AlJouToa] G. Allaire, F. Jouve and A.-M. Toader, Structural optimization using
sensitivity analysis and a level-set method, Journal of computational physics,
194(1), (2004), pp.363–393.

[AuAu] J.-F. Aujol and G. Aubert, Signed distance functions and viscosity
solutions of discontinuous Hamilton-Jacobi Equations, INRIA Research Report
n◦ 4507, (2002).

[Ba] G. Barles, Remarks on a flame propagation model, INRIA research report,
RR-0464, (1985).

82 / 85



References II

[Cho] D. L. Chopp, Computing Minimal Surfaces via Level Set Curvature Flow,
J. Comput. Phys., 106, (1993), pp. 77–91.

[CIL] M.G. Crandall, H.Ishii and P.L. Lions, User’s guide to viscosity solutions of
second order partial differential equations, Bulletin of the American
Mathematical Society, 27 (1992), pp. 1–67.

[CreRouDe] D. Cremers, M. Rousson and R. Deriche, A review of statistical
approaches to level set segmentation: integrating color, texture, motion and
shape, International journal of computer vision, 72, (2007), pp. 195–215.

[DaFau] C. Dapogny, A. Faure, G. Michailidis, G. Allaire, A. Couvelas and R.
Estevez, Geometric constraints for shape and topology optimization in
architectural design, Computational Mechanics, 59(6), (2017), pp. 933–965.

[Grayson] M.A. Grayson, The heat equation shrinks embedded plane curves to
round points, J. Differential Geometry, 26, (1987), pp. 285–314.

[NovSo] A. A. Novotny and J. Sokołowski, Topological derivatives in shape
optimization, Springer Science & Business Media, 2012.

83 / 85



References III

[OFed] S.J. Osher and R. Fedkiw, Level Set Methods and Dynamic Implicit
Surfaces, Springer Verlag, (2003).

[OSeth] S.J. Osher and J.A. Sethian, Fronts propagating with
curvature-dependent speed : Algorithms based on Hamilton-Jacobi
formulations, J. Comput. Phys., 79 (1988), pp. 12–49.

[OSan] S. J. Osher and F. Santosa, Level set methods for optimization problems
involving geometry and constraints: I. Frequencies of a two-density
inhomogeneous drum, Journal of Computational Physics, 171(1), (2001),
pp. 272–288.

[SethianFMM] J.A. Sethian, A fast marching level set method for monotonically
advancing fronts, Proc. Natl. Acad. Sci. USA Vol. 93, (1996), pp. 1591–1595.

[Se] J.A. Sethian, Level Set Methods and Fast Marching Methods: Evolving
Interfaces in Computational Geometry, Fluid Mechanics, Computer Vision, and
Materials Science, Cambridge University Press, (1999).

84 / 85



References IV

[SeWie] J.A. Sethian and A. Wiegmann, Structural boundary design via level set
and immersed interface methods, Journal of computational physics, 163(2),
(2000), pp. 489-528.

[Wan] M.Y. Wang, X. Wang and D. Guo, A level set method for structural
topology optimization. Computer methods in applied mechanics and
engineering, 192(1-2), (2003), pp. 227–246.

85 / 85


	Basic principles
	Presentation of the setting
	Differentiation with respect to the shape
	Towards numerical implementation

	The Level Set algorithm
	Capturing interfaces with Level Sets
	The Level Set equations governing the evolution of shapes
	Numerical solution of the Level Set equation
	(Re-)Initializing Level Set functions

	The Level Set Method for shape and topology optimization
	A few illustrations
	Appendix

	anm1: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


